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2 Mr GreenkUl, Note on Mr Larmar's [Oct. SO, 

The President in returning thanks for his r6-election referred 
to the work of the Society during the past year. The number and 
importance of the communications made to the Society had 
rendered the year a remarkable one ; and he especially noticed the 

Eapers relating to Botany, a subject which till i-ecently had been 
ut rarely brought before the Society. In the year a Committee 
of the Council had prepared a greatly extended list of Foreign 
Institutions to which tne Transactions and Proceedings of the 
Society should be sent. The list had been approved by the 
Council, so that the publications of the Society were now widely 
circulated abroad, and the complaint that they were difficult 
to consult on the Continent could not justly be made in the future. 
The Council had also reprinted Vol. II., part 1, of the Transac- 
tions, so that complete sets of the Transactions could now be 
procured. A Committee of the Council were at present cum- 
sidering the question of improving and rendering more useful 
and available the publications of the Society, as, for example, 
by publishing and offering for sale all papers separately, or 
forming separate parts consisting only of papers relating to the 
same group of subjects. He regretted that the Society nad lost 
two of their officers, Dr Pearson, and Mr Hicks, who had gone out 
of residence : but he was glad that Mr J. W. Clark had consented, 
in spite of his numerous engagements, to accept the office of 
Treasurer, and that the Society had obtained the services of 
Mr Olazebrook and Mr Vines as secretaries. 

The following papers were communicated to the Society : 

1. On ths effect of vieoaaity on the tides. By the Rev. 0. 
Fisher, M.A. 

2. Note on Mr Larmor's comnmnication on ^Critical Sqmr 
librium,*' By A. G. Greenhill, M.A 

Mr Larmor has expressed the results of the integration of his 
differential equations in Legendre's notation, but a slight modifica- 
tion will exhibit them in Jaoobi's notation for the direct elliptic 
functions. 

Thus for the differential equation 

integrating, supposmg fi the amplitude of vibration 



18^] oommtMwerikMi on "Oritical Efumbrium." 8 

and therefore, sapposing e small, so that Jf»%8*-}o is positive, 

wheie S-1-— • 

8a 
1 — — - 

and therefore f- X, £* 



•ad then 22* is the time of a vibiatioD. 

Ifc-0, then ^-1, i" - «» - J « rfn* 46», 

t 



fimK 



« ibJT 



where JT- 1'86407. 

Again, in the solution of 

mtsgiating (^'-i/*08«-n 



and ^ 



/S* 



-/S* 



1+7 

l+onZ^^ 



(V8 + l)-(V8-l)cnr{,* 



1—2 



Mr QrmMU, CwnpUm irtift4){i(xilibfi [Oet ». 



S. OomfUm MuUipKoatian of EOipHe FuneHam. By A. CL 
Obunhill^ M i^i 

In a previous oommaniofttion to the Cambridge Philoeophied 
SodetY on Nor. S7> 1882, 1 had the honour of shewing that it-im 
possible to express 



y«on^l-(-t-wjtt 



in terms of mm ontf, 

by a rational transformation of the p^ order, 

JT 

where "T^^^ 

^hen « ii of the form ^ •- 1, or 

n s 8 (mod. 4). 

V JT— tJP 
Denoting x ^ ^ ^^ ^7 ^* ^^ transformation ii 

K p 

of the form 
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M 10 
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en(S«-l)» 



if p It odd : and of (be fi>nn 



1-y ./ . . 1 — » ie TT 

1+?- ^ 1+' .-1 

«0 «0 
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1 + 
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cn(is-l)# 
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if p is even. 



188&] 0/ mUptic Fmctm$. 5 

Thmb tnuMiiannatioiia shew th«t it if not poisiUe to ezpresa 
|&}(1 + W^)^ in terms otvau, or dn| (1 + iJn)uin terms of dim, 
bjr a latioDal tnmsformation, when us S (mod 4). 

For the mmainbg series of odd ^ues of n, nsmely where n ii 
of the fenn 4p + 1, or 

fisl(mod. 4)» 

it is not posnble to express on^ (l+u/n)u rationally in terms of 
cais although it is possiUe to express on (1 -f i^ii)tt rationally in 
tsnns of en« by a tnmsformation of the n + 1* mler. 

I haTO howerer leoeiTed a letter fifom ICr O. H. Stuart, 
formerly Fellow of Emmanuel College, in which he points out that 
when n ■> 6, that is, when 

tbai.ir •»-i(jr-<r), 

eau 



-7rv^W(r7 




cn|(l+«VS)v 

^ cnSci^ en 

a tnmsfarmation, so to speak, of the order 1 + }. 

This theosem can be immediately generalised ; for if 

wmxu, y»on}(l+«V**)«; 
where -jn-Hv^n, 

sad a is of the form 4p -I- 1, or 

nsl(mod.4); 

•iid,if o-J, 



sad 



%> + l ' 






'^ ' OIl(S«-l)» 

* tnarfgnnstioii of tliA <wd«r p + ^, eqaivalent to 

. i-3r-a+<o)(i-.)n(iTeiiky-^- 
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leading to the differential relation 

For instance, when n »!, then p«0, c* 1, and 

cnii 

Thia can easily be verified ; for if we put 

J(l+$)ti-v, 
then t* = (l— t)!;, 

and then the above relation gives 

_ . l-tcn' ^( l + f)u 

the well-known relation, leading to 

dy _ (1 — t)(fa 

V(i-y*)~v(r^r?)' 

if « — cnv, y«cn(l— i)t». 



Again, when -j^ » y'S, 



2JtJfc' - V3 - 2, 

c-V5 + 2 + 2V(V5 + 2), 
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and we have to verify that, if 
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therefore 


1 = - 


. a - 1 /a* - 
tc. — -rr . (-3- 


-"V 



which should be satisfied by the preceding value of a. 
Differentiating y logarithmically 

i ? 

1 dy ic a 

ydx 07* I ? 

1+T 1--^ 
c' a 






S Mr OrmiUU, Omtlf MnUitliMim [OotS, 

'V(»**-i)('-|)\/('-'-»*?) 

or a^ + 2<0a'-2tca + oP">O; 

bat thiB is the equation of which one root is 

I ens** 1 cnu 
f r *" to *" to / cn*tt + 2ibcn*ii — 2tccntt + <P\ * 

- . cn8M* . , cnuVcn^tt— 2»ocn*u-(-2ioontt-(-<f/ ' 

1+ : 1+— y— 

%c to 

With the above values of c and a, the value of M should reduce to 

When ^ C-V9, 2W?'-(2-VS)", 

and c-(2 + V8)* + 2712(2 + V8X 



1888.] i(f XU^ Fmotmt. 

tmi I-y-(l+»)a-.)(l-!)"(l-g'+A 

^- ('-j)(>*3'('-i)'= 

and ffmcai{K-%K\ <«cn|(jr-tir); 

K J-V18, «**'-6V18-18-(^^^|::^y; 

and if «aion«k ya«en}(l +tVlS)u» 

,.v(-.) //Ill) hMJlhi) 



where a«ca|(jr-ar)* /8-onf (£'-t£')> Y"cnf(Jr-tJt); 
ttdaoon. 

Hie saperior regularity of the periods of the en functioiiy and 
of the poeitions of the critical points of the conreeponding in- 
tegial 




-^•>+?)' 



lender the en ftmction preferable to the an and dn function for 
cmplojment in the general formuln of trantfonnation and of com- 
plex multiplication. 



10 Mr GreenkiU, Complex MtdtipUcation [Oct 29, 

For instance in the general transformation of an odd order, if 

fls^enti, y^cnf—, XJ 

to V tc/L cn(2«-l)»J 

tc \ tc/L cn(2«-l)»J 

When n is an evep namber however, the sn function must be 
employed ; for instance, if 

^-V2, thenfc-V2-l; 

and if op^sn^ y»8n(l + $ V2)tf ; 

1 1^— 

where w^^{K^%K'); 

leading to the equations 



1 -y 1 -f fcr / ""snfi> 1 



sno' 

1— ty _ 1 —a ? /l-fjfc£8n»y 
l+Ay~H-fl?Vl — kxsnw) 

Also 8n««J^-t, 

so that 8n*2<» = .g^, , 

and y«(l + tV2)a: ^^^^^Yf;^^^_^.^^i 

(l-htV2)a;-(V2-l)tfl^ 
" l-(V2-l)(V2-i)a:* • 
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These transfoTmatioiui shew that it is not poorible to ezpreas 
en (1 4- i^2) u in terms of en tt, or dn {l + %'^2)uin terms of dnu, 
bj a imtionkl transformation. 

Again, if ? * ** 

then ik->8-2V2; 

and if a^^snu, y^Bn{l + i%)tt, 

1 ^« A n \ sn* 240/ v sn' 4a»/ 

then y-a-^80^ ^1,t^^,^ia^)(i^ifei^3n'4a>r 

where w-iC^'-iJ^O; 

leading to the equations 

snip \ / an8fl> I 
Bna> ^ snSflo 

1-ity ^ l-g / "snSSttiA / 8n4« \ 
l+Ay"l+a?l ^r_M «: T 

^ ^8n2«^ ^ sn*®'^ 

to that en (1 +2t) ti has a factor dn u, and dn (1 +2%)u a factor 

cntf. 

•• 

Also, if -j^ = V6, 

then *- (VS- V*) (2- V8); 

and if ammu, y »8n(l +tV6)u, 

then 

^ /I . • /i>\^ \ sn*2a>/\ sn'WV Bn*6a>/ 
y(l-hW6)a^ ^^^^^^ , ^^^^^y^^ , ^^^^^^y^^,^^^ , 

where ti-f (JT-tiT'); 
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kadii^ to the eqnfttiont 

(1 ^ V /I I ^ \' ;l ^ \i 

snail/ snStfl/ anSwi 
■n «*' \ an R^ > • «n JC^*'^ 



811 Si# ^ ' •n5«»' 






l-*y lJ:^ 

n^* ^ 

8n2«^ ^* 8n4c»^ ^*'^sn6«i 
andioon. 



If n if a oomponte number rt^, then the modular equation of 
the nth order ia obtained by combining the modular equations of 

the orders r and t^, and the modulus when -j^ «■ V^ is obtained 

by putting \»k' ib the modular equation. 

But another root of the' same modular equation will be the 
modulus when 

and by properly choosing r and r' it will be possible to represent 
any assigned value of -js • 

The general problem of the '' Complex Multiplication of EOiptie 
Functions" is then to express the sn^ en, or dn of (of -f biP)vih 

terms of the sn» en, or dn of Kv, where -^ * . /— ; but it ii 

necessary that b should contain a &ctor r, so that the complex 
multiplier always reduces to the form 

a + K ^fr\ 

For in expressing the elliptic functions of « w m in terms of 

the elliptic functions of u, the fini transformation of the order r 
from the modulus i to a smaUer modulus X, and then the ssooai 
transformation of the order / from X to a larger modulus V must 
be employed ; so that if iT, Jf ' are the corresponding multiplien 
of the transformations, 

Nm— iV'» — • 
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and the nmltaat multiidier 

80 that if u -• KVf then -^mrK'v. 

For inttaaoei if t '^ i/lS m' ^fs, 

then <^(ifcJk')-ainl8'; 

'-"' I'VI- 

then ^(U0-sin54* 

(Jonbert, Compt0$ Btntku, t. 60); 

and 2JfeJfe'-tMV», 

o-^-(7 + 4./8)(4-V16). 

VSo-(2 + V8)(V5-V8). 
Then,if « ■■ en JTv, y ■ on } (Z'+ Sif^ «, 

4P. 



or 



^-'"p.)(?j 



/8' 
wtieie afi^ — %0 

are (xnuiistent equataena; and lead to 



(1-J^(l + ^ (1 -«-)(! + ?)' 



where if-i(l+tV15). 
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This has been verified arithmetically by Mr Pilkiiigtoii, and his 
verification is here appended 



K c-(7 + WS)(4-Vl6), 

then 72c»(2 + 78)(^/6■-^/8); 

and if 

1 — y _ 1 1— dg fo-hg / s/— to-hg y 

*'^**c-fl?-(l-ic)«*ic-ai* + 2aj7^ 
then 1— y 

" jgr 

where 2)-(i-l+V&){(fc-flO'-2«*>/^(l- tc)} 

and 1+y « 

(<-i-Ka7g-c-tc)<(»c-g^)«-ag«V:ni"(i-<c)n-(t-i-8N/a?- «-ic) (i« - «n(i- ^/^•• 
g — 

This should be of the form 

P(a*/9'+2a^/8(g+/8)a)+[(<i+/9)*+2a/8]<^->.8(«+/9)4(^+a<'| 

2) • 

whence, by comparing, we muBt have the following relationf 

P-»-l + 2^^-c-tc (1), 

«'/9'-»V (2), 

(a+/9)*+2a/9--2tc-27^a-w) „(8), 

2,^(a^^)- ;:;;lj|:;:^ .ib(i-7r^y w. 
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From (4) wad (5) we have a/3--»o, which satisfies (2): 
thea by (8) and (6) ^ ^' 

(« + /8)* — 2^/=^(l_tc), 
therefore we most hare 

(fEi^ffeD'c -«-«^)'-8V=;5(i-<.), 

or (»-l-2V2c-c-»c)*[l-«<>-(l-«')^S]* 

— 4(l-»)^(l-»c)(.•-l + 2^/&-o-w)^ 
The light-hand side of this equation 

- - 2» + 8 v'^c + 82*0 - 40c ^/2c - 68icP 

•ad the left-hand side 

- 8 (t + 1) ^ - 64*0 -I- 40 (» - 1) c ^^ 

-h 40 (» + 1) c» yij - 64w' + 8 (»• - 1) c» yg^, 
therefore equating we get 

2t + 8» V2c - 96*0 -h 40»e v^ + eStc* 

+ 40*B» n/2o - 96»b» + 8*0* ^/2o + 2<c« « 0, 
« 1 + 4^20 -48o + 200-^ -l-84d» 

+ 20(^ Tie - 48(^ -I- 4<? v^ + «« « 0. 

Sabstitoting the above values of e and ^Sc, the left-hand side of 
this equation becomes 

-1 - 12- 8^8 + 8>/6 -1-4 Vl5- 1844- 768^8 

+ 576^/6 + 886^/i6 
+ c {- 60 - 40 ^8 -H 40 ^/5 -H 20 715 + 952 -I- 644 ^/8 

-40875-238715} 
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+ 0* {- eO - 40 s/S + 40 7« + to -yiS - 1S44 - 768 VS 

+ 676^5 + 886 TlS) 

+cP{-12-8^/8 + 8^+4^/l6 + 28+ 16^/8-11^-7^^1 

.- 1856 - 766 VS + 684 VS + 840.yi5 
+ {891 + 60478-868^/6-218^ 
- c* {1404 + 808 V8- 616 ^/6 - 866 ^} 
+<f{16 + 8^-4>/6-87l6l 

- - 1866 - 776V/8 + 684 75 + 840 ^/i6 

+ c {892 + 604 75 - 868 >/6 - 218 7l6} 
-^ (J* {17 + 8 78} 

- - 1866-77678 + 68476 + 840 716} 
+ {82 + 873+476-8716} 

« - 1865 - 776 78 + 684 76 + 840 7l6 

+ 1866+776.^-68475-840715 
«0. 

Therdbre tiie equations for a and are consiBtentk and therefim 
1 + y can be put into the required form. 

Thus i+y^iSE±^gi±^, 

where P«»-l + 272c-o-»o, 

2) - (i- 1 + 72c) {(»c - «0* - «*• >/^ (1 - w)} 

+ («-l-^) (ie-af)(JL-j'^f, 

and a and fi are j^ven by the equations 

2(a4-i8)- *:-;:^-^-^-^ (i-7^)'. 
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Agtin from the oiij^nid ^uatibiif we hare 

baralbn ic+ym 

p 

This will be in the form 

m 

where Q - A) ^/2e - 2e - 2tb + >/2e. 
provided web»Te 



Thisffivee J^±jejie_ %-l-c -ie 

* 2o+25~ -2VS~' 

-2(i+w)-a+«'){(»-i)-c(»+i)) 

« — 2 — 2tc 
ftn identitj. 

Therefoie %c +y takes the required form. 

thereforo 1+ y _ P (« + ^); (ff -f ^; 

when J . ♦-l+g'^i^-o-fe 

V •<'72o-2c-2ic + ^ 

_»-l + 2%^-(l+»)o 



^^{M + l-^(l+«■) 



VOL. V. PT. I. 
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«*w+l-72c(l+») 




%e' 



therefore l+l^^^i^^+'^J^+'lT 

which proves the first pert 

We have then 
(1 -y)D-- (1 -u!)(.*- 1)(1 -«)(w+«)(7^r5+,)«, 
(l+y)2)- P(a + «)*05 + «)«, 
(tc- y) i) - - (»c - 1) ^ (1 + ») (»0 - «) (,yr^ _ «)•, 
(«+y)i)- «(a-«)*08-a!)*; 
therefore (l-/)(y*+c^2)* 

-Pe (1- »•) ^ (1 - ic)*(l- «?)(«^ +c •)(«•- «^»(/8«- «»/(ic +«?)•, 

_ 2P'c (1 - ib)'(a« - a^'py- a^(tc + tfj* ... 
Again, since 

ve have 

4^ »— 1+c-f M 

♦ -l+c + io 
-P 
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iD 



row D^ii-l+JU) {(tc-a^/-2«*V^(l -»e)} 

^-(♦-1 +,^){"4(»c-«0<r-4«7r^a-*c)} 

+ (»-l-7S)(»c - 8«^(1- ^/^^ 
therefoie 



+ (t - 1 - 71c) (1 - ^/^IM)•« («<} + ««), 



(te - 8<i^ Z> - (ie - a^ « T- 

- (» - 1 + ^) (io + ««) l(w - «0* + V V^(l - m)} ; 

X {(«- a?) [(» - 1 + TS?) yr^ (l- i.) (- 4«) 
+(»-l-^/&) (»c -«^ (1 - -/=m)T 

+(»-l-^) (1 - y^)» x] 
- (1 - 7^)* (» - 1 + V2«) [(ic - a?)* 

-*^^=^^^(& + «0 {(M-«^* (I -y^^)* (-2^) 

+ 2«» ^P& (1 - M) (1 - yiTc)* (- 2 ^/lc)} 

- **(•«»+ -0(1- 7^* (-2y&){(tc-«0* 



+ 2*«s/-tc(l-»o)} 



2—2 



so Mr GrmkiU, Ckm^ Uklttptiotttion [OetID, 

therefore 

5* 2(»--l)(l-V-V**»' ! 

Substituting in (A), we h»Te j 



or 



W (i-/){3r+oo p 



r 2« (»-l) (1- «c - 2^^^ ]* 

r 2>(i-jc-2V^) T 

■Li-(«+i)V&+*j-' 

"L l-V2i+«(«-V2c) J 

" L 4+ 2^3 -2yJ-7l5+» (31+18^-14 J5 -8^} J 

which proves the second part. 



As another example of the case when -^ m ijn, where m is a 
composite nunber, suppose n « 6. 
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Thflo,if T*"^^' 

*-(V8-VJ)(S-V5). 
a oua alraady oootiderad. 

Batif f.yi. 

•ad if •«KiJr«, ya8n(£r+8tX)»; 

then 



Vaa-S«) (1 - i^di^ni'W) (1 - ITj^an'Qm) ' 



y-(l + «V«)«^ 
vfaera ««f(r-8t2r). 

In tb« praoediog traoafonnatioiM the fiustor | htw been intro- 
dooed m the namben a tad 6 of the comj^ez nultiplien a + hi^n; 
it m intemtiitg to tee how other frcttm Uke |, {,... may oome in. 

For inctanoeb if in the ezpreanon of y«>ctt^(l + tVS)i* in 
tenna of • ■■ onit, we pot 

i(l+»V5)i«-», 

then ««^(1-»V6)«. 

and the aune expr eaa i on will giro m^ea^(l — ii/b)v in termaof 
I" en f hj the aolution of a oubio equation. 

Again, if « >■ en ^ (1 + t'V'^) v« then 



wd) 



— -, «- en J (A' -I A"), 

, 1+' 

%o' a 



M^ ^ M 



eonaaetiag aaien|(l — »V6)« or x«>cnt^ 
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and equivalent to the traoaformation 



to ^ a' %c 



a transfonnation which is capable of affording an independent 
yeiification. 






/S'-cnK^'+ir); 



and therefore 






^' ^^-^^ 



or 



l + cn(J,x) l+cn(J>,v)' 



or, ^ (y ' ^) ^^ (j^» ^') " '» 

where tiy«^(2-fVS)«« 

In the same way, from the expression of y»cnl (1 +«V7)* 
in terms of d^Bcnu, we can obtain ««cn^(l — fV#)v in tenitf 
of y « en 9 by the solution of a quadratic ; and also from the ex- 
pression of y«>cn|(l +iV15)u in terms of a^cnu, we can 
obtain dP B en 4 (1 -iV15)vin terms of y^cnv, also by the eolu* 
tion of a quadratic equation. 



188&] Mr M. J. M. SiU, On aam Cfmeral EqwOiana. 



23 



(4) On 9ome OenefxU EquaUont which i 
of ffydrodynamiei. By IL Jt IL Bjll, ILA. 



the Equationa 



[AMraeL] 
1. If ii|ii^...ig» be (n + 1) ftmctioDS of »^^...mJL which satisfy 



(a) the n ecniations which may be obtained by ehanging r 
ivdy into 1, % 8...fi in 



and 08) the equation 
it is pioved that 

where K satisfies the equation 

(dp p.^ ^t*-m/+ ■>. + <•/ 

sod where P^P, ... P. are « independent integrals of the equation 

and/j^ -••/• '^'^ arbitrary functions of P^P^ ... P,. 

2. K if^'JZ^'jr ^^^ ^^ fiff'fci ^ square roots of the 
eoeffidenti of fuf^ •••(••*'* ^^® detennioant 



S 
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it is shewn tbat if n be odd 



and n equations, of which the following is a type, 

" p2^ pS^ *'* p dip,* 

When A is eyen, these reduce to identities and are replaoed fay 
the single equation 

S. Adopting the language, of Fluid Motion it is shewn that 
the Tortex lines 

always oontain the same partides. 

4. It is shewn that ujia^ ^... + u^dm^ (if n be odd) mayalwayi 
be reduced to the form 

which is Gebech's form (see his paper ''Ueber die Integration dsr 
hydrodynamisohen Oleichungen.^ OrtXU, Bd. lvl); and the mean- 
ing of this form is that the vortex lines are the interseotjons of the 
(n — 1) loci 

P„ P„ ... P^, P^ ... P^, » constant, respectiTely. 
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ISfmmJbtT 12, 1883. 
Mr GLATHmm, FftniDiirr, n thk Chaib. 

The following coinmnmfflfctioai waie made to the Society : 

(1) On the Struekure of Seoretory CMa amd an the Chaaiges 
nAiek take place in Wmn annrmg Bearetion. By J. N. Lanqlkt, 
If 1 A n F*R.Bb 



We haTe, from different obeerven, diflbrent descriptions of the 
straotnre of each of the ▼arions kinds of gland-cdls. Moreoyer, 
rwy diflerent aooonnts are given of the changes whidi take place 
dnnng secretion, not only in the varioos kiids of gknd-ceUs, bnt 
also in riand-oells of the same kind. 

And this is not nnnatamllj the case, rince different observers 
have examined the riand-cells under di£brent conditions ; in some 
instaiioes the ceUs nave been examined in the fresh state, in 
others^ after treatment with osmio acid or with alcohol or with 
chromic acid. 

But scaroelj any attempt has been made to reccmcile these 
vaxioos accounts, or to ascertain what are the common points of 
stractare, and the common ohfmges which take place during 



This I wish to do here, but to do veiy briefly, since I truat 
sooQ to give a more detailed aoooont, accompanied by figures of 
the diffiarent glands. For this reason also, I may pemaps be 
sUowed to cmmne myself to a statement of conclusions without 
paniting out how ht uey coincide or dash with the condusi<»is of 
previous observers. 

The glands of vertebrates in which I find that the secretory 
cells have fundamentally the same structure are ; the serous and 
mucous salivarv glands and the similar glands of the mucous 
membrane of the mouth, nose, pharynx, ossophagus, etc.; a few 
eiceptions with the chief cells of mammalian ga^c glands; the 
nstne ffiandB of such birds, fishes, reptiles and amphibia as I 
Save examined; the ceeophageal glands of the frog; the pancreas ; 
the liver. 

It win be seen that this list includes most of the secretory 
^ands of vertebrates. The mammary glands and sweat glands of 
mammals, I have not yet sufficiently mvestiffated to be certain 
whether they have the same structure as the preceding. The 
intestinal (^ds and the kidney, I omit for the present, since they 
have some special points of structure depending upon their special 
fcmetion cf absorption and excretioii respectively. 
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The border-oells (Belegzellen) of mammalian gastric glaacb» 
the pyloric ^Dd-cells, and those of the chief cells which are not 
distmctly granular in life — the exceptions mentioned above — ^I ahidl 
consider separately. 

The secretorr cells of all the glands in the list which I have 
given, have the followin|^ common points of stnicture\ 

The cell substance is composed of (a) a fiamewoik of living 
substance or protoplasm, connected at the periphery with a thin 
continuous layer of modified protoplasm ; the mmework in some 
cases has the form of a network of small threads of equal size as 
described bv Klein*; in others of flattened bands. Further the 
threads or bands ma^ vary in sise in different parts of the cell, 
and the meshes in different parts of the cell may be of different 
size aud shape. Within the meshes of the framework are enclosed 
two chemical substances at leasts viz. {h) a hyaline substaaoe in 
contact with the framework, and of (c) q>h6rical granules which 
are embedded in the hyaline substance. 

In the gland-cells which secrete much organic matter the 
cell-ffHAnules are conspicuous and fairly large. In the ffland-oells 
which secrete comparatively little oiganic matter, the ceU-«aaaIe8 
are generally speaking smaller and less distinct^ the lower the mean 
percentage of organic matter is in the fluid secreted. 

The cell-gnmnles are in nearly all cases mesostates, i.e. substances 
stored up in the cell and destined to oive rise to the organic sabstanoes 
of the secretion. The granularity of a cell in the resting state thus 
depends upon its storage-power. Qenerally speaking the gioatoi the 
storage-power of a cell, the higher is the peroentage of oiganic safasteiioe 
in its secretion, bnt this is not always the case, since it may happen 
that the rate of secretion of water may increase without any oorrespoiMl- 
ing increase in the rate of secretion of organic substance, and in conae- 
quence the peroentage of organic substance in the secretion may be 
small; further it is possible that under spedal drcomstanees a cell 
with small storage-power might secrete a la^e quantity of its stored-np 
material and that a cell with large storage-power might secrete a very 
small quantity of its stored-up material, the amount of water secreted 
by the two cells being approximately equal 

In all these cells, during active secretion, the following changes 
take place. The granules decrease in number and usually, if not 
always, in size; the hyaline substance increases in amount; the 
network grows. The increase of the network is much less than 
that of the hyaline substance. 

Moreover in the majority of the cells, the details of the changes 
which take place are much the same. The hyaline substcoice 

^ This I have already described for the liver-eells iPrae, Ray, Soe, Ko. S90. 
Ap. 1888). ' 

^ Quart Joum. Mie. Science, Ap. 1879. 
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incroiiflOB chiefly in the outer region of the cells, and the ffranulea 
disappear from this region; so that an outer non-granuuur zone 
and an inner granular sone are formed. The network stretches 
throuffhout the cell in all cases: in the outer zone its meshes 
are mled with hyaline substance; in the inner zone its meshes 
are filled with granules and a small amount of hyaline substance. 

The glands in which an outer non-granular zone is not formed ^ 
during secretion are^ most of the gastric slands of the frog and 
toad ; the gastric glands of the snake, and the liver of mamimJs. 

In the gastric glands of the snake, the decrease in the granules, 
and the increase of the hyaline substance, is equal or neany equal 
in all parts of the cell In the gastric glands of the frog and 
toad, wliikt the same chaises are most marked in all parts of the 
cell, the^ go on most rapidly in a narrow strip next the lumen. 
In the liver ceUs of mammals, the changes are most active in the 
ce&tnd part of the cells around the nucleus. 

It is to be remembered that thers is reason to believe, that the three 
parte of the oeli are continually being formed and changed into other 
s tt beteaeas; the extent of the change which can be obsorved in a cell 
duing aeoretion depends upon the relative rates at which theae processes 
go on« I have previously pointed out' that different glaDd-oells vary 
considerably with regard to the different relative rates at which the 
fomatioa Mid breaking down of their constituents take plaoa 

The differences shown by the different cells after the same 
treatment^ depends, partly upon the different chemical characters 
of the framework, hyaline substance, and granules in the different 
cells, and {^rtly upon the different arrangement of these con- 
stituenta. With regard to the former of these causes of difference 
a few instances may be given. 

In the rabbit's sub-mazillary gland, after treatment with osmic 
acid, the granules are indistinguishably mixed with the hyaline 
sobstance; and the resulting mass differs so little in refractive 
and staining power from the network, that the nodal points only of 
the network are at all distinctly seen. 

In the chief-cells <^ the cat's gastric glands, after treatment 
with osmic acid, the granules and hyaline substance are aJao 
indietinguiBhable ; but the network is much more distinct than 
the network in the rabbit's sub-maxiliarv gland. The network is 
however much less distinct than in a gland that has been treated 
with chromic add. 

In the chief-cells of the bat's gastric glands, aft;er treatment 
with osmic acid, the granules are perfectly distinct, but they are 

' The ^iric dands of birds haTe not as yet been examined for the ehanges 
oeeorring m digettton. Cf. however Nniebftimi, Arch. f. mic, Anat, xxi. p. S97, IMS. 
> Tram. Royal, Soe. Pari ni. 18S1. 
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apparently embedded in a homogeneoos mass, which other reagents 
snow to be oomposed of network and hyaline snbetanoe. 

The same cells, after treatment with alcohol, show an indistinct 
network, containing an interfibrillar mass in which the grannies 
and the hyaline substance cannot be separately seen. 

The oesophageal glands of the froe and the pancreas of all 
animals, after treatment with alcohol, snow the shrunken remains 
of the granules, but leave the network and hyaline substance in* 
distinguishable or nearly so. 

Even chromic acid which in most gland-cells brings out the 
network clearly, does not act in quite the same manner on all 
riand-oells, for it differentiates the network and hyaline substance 
Mss clearly in the oesophageal glands of the frog, than in the 
salivary and gastric cells; and differentiates them less deariy in the 
pancreas than in the oesophageal elands of the frog. 

It will be noticed that the ceUs mentioned above form a series 
in which the network and hyaline substance are less and less easily 
distinguished from one another, that is, a series in which the net- 
work and hyaline substance become more and more alike in 
chemical characters. 

In the above general description I have not induded the pyloric 
gland-cells, the border cells (Belegsellen) of mammalian gastric 
fflands, or the semi-transparent chief-cells which are found m the 
wtter part of the flreater curvature in some animals. In these 
the changes described above as taking place in digestion have 
not yet Men observed. This, I think, is due to their oontaining 
very sraidl granules, which are not obvious during life, and which 
are not preserved by any reamnt ; in consequence a change in 
theirgranulaiity is very difficult to observe. 

With r^;ard to their structure they certainly have a frame* 
work end'^ng hyaline substance, the only difficulty is to show 
that they contain also granules embedded in the hyaline substance. 

These ceUs in life do not show distinct mnules, but when 
they are teased out in salt solution they become very findy 
sranular. This is not caused by the cell network, for the network 
has rather lai^ meshes. In those chief-cells which are apparently 
homogeneous m life, the granules are often fiurly distinct on teas* 
ing out the cells in salt solution; in the pyloric gland-cells the 
granules are usually so indistinct that I should not feel justified 
on the microscopic appearances alone, in assuminff that they are not 
due to a slight alteration in the hyaUne intembriUar substance. 
There are nowever other grounds which render, I think, this 
assumption justifiable. 

In all cells which contain much pepsinof^en, distinct granules 
are present. Further, the quantity of pepsmoeen varies directly 
with the mass (Dumber and size) of the granules ; that iB» pepsi- 
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nogen when present in ceUi in suflBcient quantitjr to be readily 
observed is present in the form of granules^ hence it seems 
probable that in cells which contain a miall amount only of pep- 
siiioffen» the pepainogen is also present in the form of granules 
whicn however are not conspicuous on account of their small siae. 

And in fiust in most cases, the less pepsinogen a cell contains 
the smaller are its granules; this is especially well seen in the 
gsstrio gbmds of lower vertebrates, in some of these moreover the 
ghuuls near the pyloric region may be semi-transparent and appa- 
rently homogmeous during life whilst after treatment with osmic 
acidigiaaules become obvious, which except as rej^aids siae are like 
the granules, grannies which are of the anterior region of the 
stooiach visible in life in the cells. ^ Since the fpranules are in these 
esses preserved by osmic acid, their detection is easy* 

It is then probable that pepsinogen when present in a cell is 
present in the f<»m of granules^ and that wnen pepsinogen is 
present in small quantity the granules will be too small to be 
easiljr seen. Now the semi-transparent chief-cells of the posterior 
gastiio glands of the rabbit do contain pepsinogen, but they con- 
tain comparatively little; and the still more transj^arent pyloric 
gland-celts also contain pepsinqgen but they contain much less 
tiian the chief-cells ; hence I conclude that the granules which are 
fiurly well seen in the one, and indistinctly in the other, in fresh 
teased out specimens, are realljr pepsinogen ffianules comparable 
to those easily seen in the minority of the chi^-cells of mammalian 
gastric fflanda. 

Wiu regard to the border cells^ there is no satisfectory proof 
that they contain pepsinogcoi, and the evidence for the presence 
of granules in these rests simply on the granular appearance of 
the fresh teased out cells, evidence which I readily admit to he 
anything but conclusive. 

I may now pass to consider how the statement pven above of 
the changes wluch take place in the cells durins diffeetion har- 
maniaes vrith the description given by Heidenhain^ and othera 

The serous cells, the mucous cells and the chief-cells of mam- 
malian gastric glands, after treatment with alcohol, are described 
as beizig more granular and as staining better, in the active than 
in the resting i^te ; that is, during secretion there is an increase 
dt granular substance staining with carmine, and a decrease ot 
subfltanoe not staining with carmine. The granular staining 
snbstanoe, Heidenhain considers to be protoplasmic substance; 
with this I agree, except that I consider the apparent granules of 
sloobol specimens to be parts of the cell network indistinctly seen, 
80 that I take the increase of staining sub«tance in the cells 

1 Ct Handlbueh, d. Pfty/iiol. (Hemiaiiii), B<L v. 1880. 
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to be the expression of a growth and rearrangement of the cell 
network. 

The non-staining substanee is considered by Heidenhain, to be 
substance stored up for secretory purposes, and comparable to the 
zymogen granules of the pancreas ; with which I agree in part 
only ; I consider the non-staining substance to consist of hyaune 
and of granular interfibrillar substance, the latter onlv correspond- 
ing to the zymogen mnules of the pancreas. In all these casoii 
as in the pancreas, uie granules disappear from the outer parti 
of the cells during secretion, but in alconol specimens this cannot 
be observed. The active pancreatic cells differ in appearance 
in stained alcohol specimens from the serous and other cells men- 
tioned above, chiefly because, in the pancreatic cells, the hyaline 
interfibrillar substance as well as the network takes up the colour- 
ing matter. 

Another change has been described by Ortttsner^ and by myseir 
as occurring in various cells during secretion. The cells, after thqr 
have been actively secreting, take a darker and browner tint on 
treatment with osmic add, than they take on similar treatment 
after a period of rest Formerly I referred this to the whole of 
the non-granular part of the cell, in which I did not then dis- 
tinguish a network and hyaline substance. The change of staining 
power shown by the cells during secretion is however, I think, due 
to a change in the hyaUne suMtance, and not to a change in the 
network. It is chiefly caused by the increased amount of hyaline 
substance. I say chieflv, since it may be partly due to the fluid, 
whidi permeates the cell, containing during secretion a greater pro- 
portion ofaobrtanoe capaUe of leduoiiig omic acid than it contviii 
during rest 

The <}uestion now naturally occurs, What is the nature ci the 
hyaline mterflbrillar substance t We have seen that as the 
granules diminish, the hyaline substance increases, and that as the 
granules increase, the hyaline substance diminishes; so that an 
obvious hypothesis is tliat the protoplasmic network forms the 
hyaline substance and then out of this manufactures the granules^ 
which are, as we know, converted during seisretion into some one 
or more of the organic bodies of the fluid secreted. It is some- 
what in &vour of this hypothesu, that in peptic glands there aie 
apparently certain intermediate stoges in the formation of pepsi- 
nogen ; it may further be noted that in the liver-cells, the hyaune 
subrtance is often indistinguishably mixed with a substance allied 
to glycogen. 

On the above hypothesis it would I think be most natural to 

^ Areh,/, d. gu. PhgHoh zz. | SOO, 1879; Proe, Rog. 8oe. zxiz. p. S77, 1S79; 
Jown, ofFkgtiolL n. p. Ml, 1879; Tram, Roff. Soe. Ft. xn. 1881, p. MS. 
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v^|Md tlie network, and peripheral layer of the cell, as the only 
liTiiig portioiifly but we have not as yet sufficient facts to allow us 
to oome to any definite conclusion ; it may be that the hyaline 
interfibriUar substance is protojdasmic (living) like the network, but 
is leas differentiated. The network appears to be the result of the 
two-fold tendency of the protoplasm to form fibrills and to store 
up substances within its grasp ; in most cases it is obviously not 
constant in form, but is contmuously altering the arranfl;ement of 
its bars and the size of its meshes. This is especially distinct in 
mucous cells in which during secretion numerous fresh connect* 
iug filnillss are formed. 

(2) Kote on the Fibrin Ferment. By A. S. Lea, M.A., and 
J. R. Orixn. 

The object of this communication was to endeavour to reconcile 
certain statements made by Gamgee^ as to the apparent nature 
and properties of the ferment body obtained from Buchanan's 
'washed blood-dot' with those which are usually made respecting 
the pro|)ertie8 of the ferment obtained bv Schmidt's methoda 
From his experiments on ' washed blood-clot Qamgee came to the 
conclusions that an active fibrin-ferment could be extracted from 
the clot, and that from the reactions of the salt solution used for 
its extraction the ferment " is in reality a proteid body belonging 
to the ffroup of globulins." If this is so then the ferment body 
nepared hv Gamgee must be a very different body to that obtained 
07 Schmidt. The authors then gave an account of their own 
exmriments which will shortly be published in detail It will 
nmce here to say that bv appropiate methods they were able to 
isolsto firom the ' washed Uood-clot* a substance which is readily 
piecipitable^ by excess of alcohol, is soluble in distilled wat^ and 
does not give any reactions (Xiemthoproteic) characteristic of a 
proteid. 'fke aaueoua solution of this substance added to a diluted 
sslt-pUsma^ leaos to the rapid formation of fibrin in this plasma. 
This power is lost if the solution of the ferment is heated for 
a short time to 70* C. The active properties of the solution are 
not very largely diminished by dialysis. From their results the 
authors came to the conclusion that the ferment contained in the 
washed dot is essentially i4entical with that prepared by Schmidt 
They observe however that there are still some points in which 
it does not entirely resemble Schmidt's ferment ; thus the solution 
of the ferment as prepared by them does not lose its activity by 
being dialysed (agreeing in this with Hammarsten's statements), 
whereas Schmidt states that his ferment solutions do laigely lose 



> Jl Ph^$iol. Yol. II. 1879, p. 145. 
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their aoUvily by dialjBii. Agidn Schmidt says^ that his femmit 
8datioD8» althouffh they begin to be less active if heated to M*C^ 
wad are materiuly deteriorated if heated to 70*0., require to be 
boiled for 5—10 minutes in order that their aotiTe nroperties may 
be entirely destroyed; the ferment body asprepared by the aathon 
loses its active properties if heated to 70* CC 

To account for the results obtained by Qamgee the anthoo 
pointed out that when ' washed blod-dot' is treated with 8per oeoi 
solution of sodic chloride, not only does' the ferment body go into 
solution, but ako a considerable proportion of ordinary gJobulia. 
This extract was apparently assumea by Qamgee to. contain the 
ferment only and hence his results. Some other facts were also 
ddscussed in the communication, such as the lipparent greater 
solubility of the fefanent body in solutions of common salt, or as 
the auUiors prefer to consider it» the greater readiness of its ex- 
traction by sudi saline solutions from predintates with which it 
has been carried down. Analogous cases were pointed oat^ audi 
as the extraction of an amylolytic ferment from the alcoholio 
precipitate of liver extracts, and of 'rennet' from the mucous 
membrane ot the calf s stooiach or from the seeds of a certain 
plant 

The authors finally showed that £Brment solutions of great 
activity can be prepared from ordinary fibrin, not differing so moA 
in this respect m>m the similar extracts of 'washed blood-clots' as 
might have been, expected from the statement made by Qamgee 
that tibey are ' much weaker/ 

(8) On the Structure of the loe Ptant (Mesembryanthemum 
Ciystallinum L.). By K C. Potteb, B JL, St Peter's Oollege. 

. Mesembryanthemum Crystallinum, known as the Ice Plant, has 
obtained its name from the circumstance that its stem and fleshy 
leaves appear as if covered with minute drops of frozen water. 
This appearance is caused by numerous vesicles on the stem and 
leaves which are tensely fiUed with a clear colourless cell sap. 

These vesicles, as described by M. Martinet*, are of various 
forms, generally spherical on the upper surface of the lea( ovoid on 
the lower, and elongated at the apex. Each vesicle arisei as the 
outgrowth of a single epidermal celt, and has its apex pointed like 
the neck of a borne, caused by the epidermal cell growing out- 
wards when the vesicle is first formed, and by this part not be- 
coming rounded off, when the vesicle afterwards increases in siae. 

1 Pfltlger'f Arch. Bd. vx. (1873) S. 468. 

s J. B. Martinet, "OrffoieB de ste^tion dei T^taos.** Atm. da 8ci. NvL, 6ih 
Series^ Y6L zrr. 1871. 
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\ M. Martinet bas not however more fully investigated the nature 

' and development of these vesicles. 

The vesicles had been previously described by Mirbel* and 
Gnettard as Olomdes utricuiairee ou ampulairea, and by Schrank 
as SeUauchdrUsen, De Candolle* had described them as Olamdee 
utricuiairee formed by a swelling of the epidermal cells and con- 
taining a colourless alkaline fluid. They had also been roughly 
•figored by Meyen* and Lindley\ 

The vesicles are formed on the surface of the stem and leaves, 
when very young. Each vesicle arises from a single epidermal 
cell, and always remains unicellular. The epidermal cell about to 
form a vesicle ^rows outwards, as seen in Figures i. and iv. a. This 
part of the vesicle, which is first formed does not always alter its 
form, but sometimes remains as the drawn out apex of the vesicle 
(Fig. v.). This occurs especially on the leaves. The vesicle, 
when Toong, has its base about as wide as the cells of the ground 
tissue lying next to the epidermis, and which support it. As these 
oeUa increase and divide, the vesicle grows uniformly with tbem, 
and at the same time grows outwardly, forming a bladder-like 
excrescenoe on the epidermis (Figs. v. and vi.) which is supported 
by numerous cells belonging to the ground tissue and not to the 
epidermis. They are eenerally elongated in the direction of the 

E^wth of the psot of tbe plant on which they are borne, and thus 
ve their bases much longer than broad. 
The vesicles formed in the manner above described are situated 
dose to each other, are filled with a clear colourless cell sap, and so 
canae the plant to appear covered with ice. They are separated 
firam each other by a small but varying number of epidermal cells, 
among which lie scattered numerous stomata. The vesicles are 
formed very early close to tbe growing point of the stem and 
fanaches and the leaves, whilst still very voung : as these parts 
grow and increase in rize new vesicles are formed from the young 
cells of the epidermia 

Thin sections of the stem or leaf-bearing vesicles stained with 
Chlor. Zin. lod, (Schultz solution) shew that tbe wall of the vesicle 
is much thickened and composed of cellose, since it is stained 
Mae ; on the exterior of the vesicle, however, is seen a thin line of 
cuticle stained yellow, and continuous with that covering the 
adjacent epidermal cell. The wall of the vesicle is uniformly 
thickened, except that part which separates the cavity of the 
▼esicle from the cavity of the cells supporting it. Here lenticular 
are left unthickened, as seen in Fig. vii., a longitudinal 

1 BUm, de Phyrtol. Vigit. et de Bot. PariB, ISlff. 
* Orgamogr, Vigil, i. p. 78. 

' Ueber die Seerettone^organe der Pflanten. Berlin, 1837. 
« IiUroducUoH to Botany ^ Vol. i. fig. 16 «, page lo9. 

VOL. V. PT. I. 3 
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section through the base of a yestde ritnAfed on the stem, and in 
Fig. vnL a surfiBu^ view of cells supporting a ye8icle\ 

Throu(|hout their life the vesicles have a well-defined nudeuSi 
and contain a large Quantity of protoplasm. When young the 
protoplasm entirely fills the vesicle (Fig. rv.), but as it increases 
vacuoles are formed in the protoplasm, so Uiat when the vesicle 
has obtained its full size a layer of protoplasm lines the inside of 
the vesicle in close contact with the cell wall, and stands of pioto* 
plasm ivroceed from this parietal layer to tiie nucleus (Fig. vl). 
The nucleus is generally round in the protoplasm at the base ci 
the vesicle. Tms protoplasm adheres more firmly to the pitted 
base of the vesicle, as snewn by the fict that» when the water is 
absorbed from the vesicle through the action of alcohol the proto- 
plasm is found generally adhering to the basal waU and in dose 
contact with it (Fiff. v.). Where, however, the protoplasm has 
broken away from uiis wall it is found elevated and depressed so 
as accurately to fill the pits. 

As regards the use and function of these vesicles, it would appear 
probable, from the fact that since the Ice Plant lives in dry sandy 
places, and that the exterior of the vesicles is protected by being 
cuticularised, that the vesicles are useful in storing up moisture 
during times of drought This proves to be the case, for on an Ice 
Plant which had been grown in a flower pot with no water given 
to it, the vesicles became less and less turgid, and finally shrunk 
up as the soil in the pot became diy ; but when the pot had been 
copiously watered the vesicles, after a few hours, resumed their 
former turgidity, and were again subjected to internal pressure. 
Again the vesicles are always found to be the laivest when the 
plant is well supplied with moisture. If portions of the plant are 
cut off they remain green, and live for a much lon^r period than 
parts of plants which are not provided with reservoirs of moisture ; 
the vesicles in the meantime become less and less turgid, and 
shrink. If, however, water is forced into the part at its cut 
surface the vesicles soon resume their former turgidity and are 
distended by internal pressure. 

^ Pits at the bue of a hair are common, lee Sach'e Text look of iXoteay, Snd 
English edition, page 48. 
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(4) On (hs PhysioUKnccU Siffnificance of Water Glands and 
IS'eciaries. By Waltcb Gabdiner, B.A., Clare College. 

Although the fact of the exudation of water and of nectar hy 
Taiioufl specialised parts of plants has heen long known, the nume- 
rous observations wnich extend over a ffreat number of years, deal 
more especially with the structural oetails of such oigans, and, 
nieaking generally, have not for their object the consideration of 
the physiological significauce of the organs in question. 

In the present paper I propose to briefly consider what, from 
the already existing uterature and mv own observations, would 
appear to be the physioloncal bearing of water-glands and nectaries 
in the general economy of the plant 

Water-glands. 

It is to XJnfferS de Bary', and more recently to Volkens* that 
we aie especially indebted, not only for tbeir own valuable obser- 
▼alicMks but also for their clear summaries of what has been made 
oot by foregoing investigators as to the structure of water-glands, 
sad a survey of the literature connected with the subject will be 
sufficient to show that our knowled|[e of the structural details of 
saeh <»gsos is at the present time fairly complete. 

Water-glands usually occur on the margms or at the apices of 
leases thou^ in some cases, e.g. species of Crassula, Ficus and 
Urtiea, they ma^ be distributed over the upper leaf surface. In 
stractore, what is usually known as a typical gland consists of a 
of modified parenchyma ceUs (to which de Bary^ gives the 
of epithem ceUs), which abut immediately on the end of a 
vaacalar bundle; are covered externally bj an epidermis; and are 
]daoed in communication with the exterior by means of one or 
more water-pores or water-stoma. Tbe epithem tissue is usually 
disiinffuishea by the clear hyaline character of its cells; by the 
aboDMnoe of protoplasm in them; and by the absence from their 
stroctore of chlorophyll grains. The vessels of the vascular 
bandies do not^ as volkens* bas represented, end blindly at the 
epithem tissue, but between the two forms of tissue are interposed 
nomevoos tracheides, so that there is always a gradual transition 
fiom the one form to the other, and when studied from a 
developmental point of view* we see quite clearly how this 
tnmsitton oocttiB. 

I Unger, B^Urdge aar PhytioU>gi€ der PJUMten. 

• Ds Biiiy, V^rgl. AnttUniU^ p. 66 el lea. and S90 et leq, 
> Yolkni, J0krb. K. BoL QmUm. fisriin, ISSS. 

* De Baiy, loe. eit. p. S91. , ^ 

* YolkeDS, loe. eU., lee FIge. of Flstee lY. Y. and YL 

• Ckodiner, Quart. Jtmm. MU. 8ei. Yol. xn. K.S. 
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Other irater-glands Taiy from this so-called typical ttractniB in 
many ways, bat chiefly in tne amount of epithem tissue composEog 
the glanOy and in the relative proportion that the cells of this tissoe 
bear to those of the tracheides. Thu% as Yolkens rightly obsenrei^ 
whereas in Dicotyledons there is usuisdly present a well-deydoped 

Sland, possessing seyeral layers of e|>ithem tissue interposed 
etween the tracheides and the epidermis, in Monocotyledons the 
tracheides firequently end directly beneath the epidermis^ or are si 
most, separated from it by one or two layers of cells, which neyer 
so £Eur as could be obswyed, show that marked distinction from the 
surrounding tissue, as do the cells of the epithem tissue proper. 

In Dicotyledons also great differences prevail, as for instanfe 
between the well-deyelopra ffland, such as that of Saeifira^ cms- 
tata, with its very numerous layers of epithem, and its distinct and 
well-defined external sheath (see Fiff. i.), and fflands of a simpler 
structure, $.g. that of SoldanMa, woere the layers are tew and 
where they are not sharply defined from the surrounding taasue. 

The number of water-stoma with which such glands are prth 
yided varies within somewhat wide limits. Thus, to take one 

Gnus : CroMula coocinea has from 1 — 3, while Oramia spathdala 
a from 16 — 20, but they may be absent altogether, as in the 
glands of Aliama and SaaiitaruL As noticed, especially by d^ 
Baiy^, the water-stoma differ markedly in siae and appearance 
firom the ordinary air-8toma,and as I showed in my paper "On the 
development of the water-gland of Saxifraaa enuMa^**, they 
make their appearance long before tiie ormnaiy stomata, and 
their mode of formation, by simjde division from a mother-cell is 
quite different 

Under appropriate conditions there exudes from the water- 
stoma, or from Uie free surface, of such glands as these, diopa, 
which apparently consist practically of pure water, e.g. Fudma^ 
&c or water containing salts in solution — ^usually carbonates of 
Calcium and Magnesium, — as in many of the Somfragaoeas and 
Crasstdaceae. 

In the case of water-glands, as indeed in so many of the ques* 
tions which concern vegetable physiology, it is to Sachs * that we 
owe by far the most important part of our knowledge as to the 
physiology of these organs, for he it was who clearly pointed out 
that the exudation of water in water-glands was dependent upon 
root-pressure, and was most strikingly exhibited at the perioa of 
minimum transpiration. He also found that when the activity of 
the roots was increased by a moderate rise of temperature, there 
was also an increase in the amount of the exudation. In other 

1 De Bait, loe, cit, p. 54 et seq. 

• Gardiner, toe, eit, 

> Sachfl, Tfxt Hook of Botany^ 1883, pp. 670 and 688. 
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woidi, whatever inoreMed the root-pfesiore increased the exudation 
of dnqse of water. 

More recently there has appeared a paper by MoU/, which also 
deals eepecialiy with the physiology of water-exudation by leaves. 
The eneiiments of this observer principally consisted in substi- 
tnting for the normal root-pressure, that of a column of mercuiy, 
so that the amount of pressure required to brinff about the exuda* 
tion might both be rmstered and varied at wilL As a whole the 
results obtained in this way are satisfiictoiv, although it would 
appear, that this cannot be said of certain of those results, which 
were the outcome of very great and certainly very abnormal pres- 
sure, not only caxma^ excessive injection of the tissue, but even in 
some cases a mechanical exudation of water over the whole surfiaoe 
of the lea£ Great interest is however attached to his observation 
that it is especially in ^oung leaves that exudation most readily 
occurs, and uiat as they increase in age, exudation becomes more 
difficult or even impossible. Thus, with one or two exceptions, 
which I shall deal with later on, Moll's results confirm those of 
Sachs, that the exudation of water by water-glands is dependent 
upon root-pressure. 

As regard Volkens'* conclusions, he finds that although in the 
greater number of instances, well-developed water-glauds and 
stoma are present in the leaves of all the hiffher plants, yet that 
in certain <«ders e. jr. Besedaceaep Linaceae and Malvaoeae no such 
structures can be detected. In the PapUionaiceae he makes the 
very interesting obMrvation, that the stomata of the upper side of 
the leaf are wger in size than those of the under simace, and 
suggests that in this instance the exudation of water takes place 
by means of these slightlv modified stomata. Like myself he 
believes that a mechanism ior permitting of the escape of water is 
p reeon t in some form or other m all plants whatsoever, and in the 
Uff hi of his own, and of Moll's researches, there seems some proba- 
buity, that in certain cases this function is even performed by 
ofdinarv undifferentiated stomata. 

Yolkens also draws attention to the difference between the 
riands of Epical Monocotyledons and Dicotyledons. He suggests 
that water-glands may be r^arded as the safety-valves of the 

euit^ and that the epithem tissue acts as a resistance, put in, 
tween the end of the vascular bundle and the free surface, so that 
for the expulsion of the water, through the water-stoma, a definite 
preesure should be required, and that the water should not merely 
run out, as out of a pipe. 

Havin{[ thus stated, in a very brief manner, the principal con- 
clusions with regard to the function of water-glanos, I may now 

1 Hbn, Bo(. Zeit, 'nzrm. ISSO, p. 36. « Yolkeni, lee. ciu 
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deal with certain of my own results, which have some beariiig on 
the question. 

With regard to the glands of Monoootjledons and Dicotyledonty 
Volkens seeks in certun instances to trace a definite epithem 
tissue, e.g. in CaUa and Aliema, As he rightlj states, there are 
certain layers of celk which are marked off m>m the rest, both on 
account of their cell-contents and on account of their small and 
old-looking nuclei, as opposed to the laive and well-developed 
nuclei of the neighbouring parenchyma cells, but it would seem 
that too much stress should not be laid upon this distinction, in con- 
seciuence of the greater and more strikme fact, that, statcid gene- 
rally, in the typical Dicotyledonous ffland there is always a well- 
developed and very conspicuous epithem, whereas in Monocoty- 
ledons, this epithem is inconspicuous and is only recognised with 
difficulty. Thus in the case of Riduirdia Africana one is led to 
believe that the whole of the narrow projecting process of the leaf 
apex should be regarded as an organ for the exudation of ipvater, 
and that in this organ, there is not that differentiation as in Dicoty- 
ledons, but only a number of well-developed water-stomata^ and a 
vascular bundle which is surrounded by a few layers of practically 
undifferentiated parenchyma cells. 

It seems an important omission on the part of Volkens^ to leave 
out of his figures the tracbeides, in which in all cases the vascular 
bundles end, for by so doing, his figure of Alisma, for instance, gives 
one the idea that the vessels of the vascular bundle end blindly, 
immediately beneath the epidermis, and that in older leaves, owing 
to the rupture of the latter tissue, the vessels open freely towaida 
the free surface. In reality however the arrangement is like that 
of Sagittaria, which I have attempted to represent in Fig. ii., and 
on rupture it is the tracbeides which are exposed. 

The water-glands and their stomata appear at a very early age 
in the development of the leaf. As I showed in Saxifraga crus- 
tata*, the development of the leaf as a whole and of each leaf 
segment, is first apical and then basal The differentiation of the 
young tissue into a vascular bundle and an epithem tissue rapidly 
proceeds, and unites the young water-gland to the general vascular- 
Dundle system of the stem, and the whole gland is developed and 
in action before the appearance of a single ordinary stoma of the 
leaf. 

As to the physiology I worked with core over Sach's resnlts, 
and over certain of those of Moll. I say certain, since I preferred 
not to use artificial pressure, but to study the phenomena as in- 
duced by the normal pressure of the root, under varying external 
conditions. 

> Volkens, (oe. Hi. > Gardiner, loe. cit 
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My FMolts in eveiy iray confinned Sach's statement, that the 
emdation in typical water-glands is dependent upon root-pressure, 
and does not take place from the leaves of parts of j>lants which 
have becon cut off, uraer water, and placed under a bell-jar standing 
over water. Although most careful and most numerous experiments 
were made, I was unable to observe any exudation of water from such 
cot parts ci plants. When however, as in many of the OroMulaceae, 
adventitious roots into the water were subsequently formed, there 
was at once a normal exudation. 

Moll, on the other hand, maintains that in certain instances, 
0.g. species of ImpaHmiM and FwMa, the exudation of water from 
the teeth does take place independently of root-pressure. In ex- 
perimenting upon this question my results appear to show that this 
IS not the case. With regard to Impaiiens I find that the leaf- 
tooth is, as in many other instances, e.g. CaHioama sp. and Fro- 
fraria swco, a composite structure; for the cells of the summit 
of the tooth are modified so as to form a nectary, while the 
true water-gland and water-pores are situated at its base\ In 
young leaves there does occur a secretion of drops of nectar, but 
the water-gland, as such, is inactive in the absence of root- 
pressure. 

In the case of Fwhfia globoaa some very interesting results 
have been obtained, for I find that if a shoot of this plant be cut off 
under water and placed with the usual precautions under a beU-jar^ 
the younger leaves become bedewed with moisture, and that in 
some cases drops are situated at the apices of many of the leaf- 
teeth. The water, however, does not come from the glands but 
from the numerous hairs with which the surface of the leaf is 
freely clothed. That this is actually the case I have proved from 
repeated experiments which were again and again varied, the 
temperature being quite constant and every possible precaution 
being tdcen. The water so exuded frequently collects on the 
teeth, being derived from the ludrs in their immediate vicinity, and 
gives the appearance of an exudation from the water-gland. I found 
m addition that the hairs of other young leaves will also exude 
water in the same way : the phenomenon being of course simply 
the expression of that very great activity, which is especially the 
attribute of epidermal tissue; in virtue of which the water is sucked 
up on one side and exuded on the other, and I have but little 
doubt that in certain instances this water may contain salts in 
solution. This will at once account for the presence of incrusta- 



^ li MODf vrobftble that the oeUnlar bodies deseribed by FrsneiB Darwin on 
tihs afieaa of tna laaflata of Aeaeia tplusroeephala are of the same morpholo^oal 
^ne at these siroetaiee. See TilnniBan Society Joninal 1S77. See also Bemke 
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tioDS of calcic carbonate on sack hain as those of Cktinmtkmi 
ckeiri as observed by de Baiy\ 

Finally, until some farther and convincing proof is brought 
forward, it would appear that Sach's statement still prevails, vis. 
that the exudation of water from the suifSace of water-glandi is 
dependent upon root-pressure. 

While investigating the physiology of water-^^ds I was stmdL 
with the fact th^ the exudation ot water appeared to take place 
much more freely in darkness than when exposed to light, and in 
consequence I instituted a number of experiments to ascertain in 
how far this was actually the case. These experiments condosively 
point to the fact that light retards very consideraUy the exudation 
of water, both from water-glands and from those secreting epidermal 
structures which are not dependent upon root-pressore, but will, 
like die hairs of Fiichaia, exude water when cut off from the parent 
plant The experiments in question were made upon the f<^wiiig 
plants. 

1. Water-glands : 

Plants of Saxijraga crtutata, Saxifraaa spaihulata, VUii 
antarctica, and Hordeum vulgar e. 

2. Secreting epidermal structures : 

Cut-off pieces of Limoniastrum {Sta^ioe) moncpeialum, 
Polypodium aureum, and Dichsia globosa. 

1. Young plants of Hordeum vulgare were grown in a house, 
the temperature of which was about 73* F. Over some of these 

f>lants pieces of newspaper were spread, while certain of them were 
eft uncovered. The former repeatedly exuded large drops of water; 
while, as regards the latter, the amount was much smaller, and in 
some instances there appeared to be no exudation at alL 

Potted plants of Saxifraga and Craseula were coyered with a 
bell-jar which fitted to a basin holding water. As Ion|^ as they 
were exposed to light, the exudation was scanty, and indeed in 
some instances not discernible, but after having been put into a 
dark cupboard — ^the temperature remaiuing constant — they exuded 
large quantities of water, so that the leaves were bathed with the 
copious exudation. On coming again into light the amount 
exuded increased but little, and was soon evidontfy arrested. 

A shoot of Vitie was placed in a manometer and exposed to a 
moderate mercury pressure, the shoot being under a bell-jar 
standing on a plate with a perforated bottom. VHiile in the light 
there was no perceptible exudation, but after having been exposed 
for some time to darkness, large drops soon appeared on the leaf- 
teetlu 

1 £>c Bao'i '<^* ^<'- P* 63. 
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I ha¥6 only dwelt yery briefly on these observation^ but 
I would remark once for all that they were conducted with great 
cara Thb temperature was as near as possible constant^ and 
eveiy precaution was taken to guard asainst transpiration. 

2. Branches of Limanioitrum, Pdypodium, and Fuchsia were 
cot off under water and placed in a glara of water in a pan con- 
taining the same liquid — the whole being covered with a bell-jar. 
Tbey were examined during the daytime and at night, and 
cueful experiments were also made m the daytime, when the 
bvancbes were exposed to the action of light, and when placed in 
artificial darkness : the temperature remaining constant The 
difference in the amount exuded in light and in darkness was 
indeed most striking, and especially so with regard to Limomai* 
trim and Polmcdium, 

As is well kuown from the obaenrations of de Bary ^ the leayes of 
JUmotUagtrum in common with so many of the Plumbaginaceas are 
coteted with small masses of chalk. These masses occupy small 
depressions on the leaf-surface, and at the base of each depression 
is situated a group of some dght epidermal cells, which are quite 
unconnected with the vascular-bundle system, and, as my results 
show, are capable of excreting by their own activity, water con- 
taining salts in solution. The latter fisM^t seems to me to be of 
some interest^ and especially so, since the activity of the glands is 
veiy pronounced For example, a piece of the stem of Ltmcnir 
adrwn was cut off and experimented upon. It was then placed 
in a glass of water, exposed to the air. Fourteen days after, it was 
placed a second time under the bell-jar and again exuded water 
from its glands with great vigour. 

In Potjfpodium and in many of the JFUicinsae we know chiefly 
from the researches of Mettenius* that the leaves are also covered 
at certain areas of their surfiEhoe, with little masses of chalk. 
Mettenius observed that these masses were placed directlv over 
the endings of certain of the vascular bundles. The bundle 
i^paiently came to the surface, and was covered by an epidermis 
fiom which stomata were absent. Since I am not aware thai 
there is a more detailed description than the above, I have thought 
it well to give a figure of the structure in question. See Fig. m. 
It will be seen that the bundle ends in a mass of tracheides, and is 
covered by some two layers of very small cell% and finally by an 
enidermis» with thin wails, large nuclei, and granular protoplasm, 
lleie^ as in Limomaatrum, there is but little doubt that it is the 
epidermal cells, which actively excrete the water containing chalk 
10 solution, which, as the water evaporates, is precipitated as a thin» 

' De Bary, toe. cii, p. US. 

* Metteoiiu, FiUce$ horti Lipti€Hii$, 
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bat very conspicuous, incrustation over the surface of the epidermal 
cells. 

With Fuchsia the same results were obtained, but in this esae 
the activity of the celk appears to be unusually great, since they 
exude some water in the daytime, and when not covered with a 
belMar. This may be seen in normal, healthy, potted pUmta. 

From these experiments there appears to be little doubt thai 
the exudation of water, whether dependent on root-pressure <nr the 
pressure of certain localized cells, is materially influenced by lights 
as such, and that the action of li^t is unfavourable to the ezudit- 
tion and also retards the assumption of turgidity of cells in generaL 
But during darkness a very definite pressure is established, which 
must, I think, be regarded as an important frctor in determinii^ 
the rapid growth which occurs at that period; at which time 
moreover such pressure reaches its maximum. 

To return to the consideration of water-glands, it moat be 
stated that the exudation of water from them is dependent not 
only upon root-pressure, but is also influenced by lip;ht 

I have now to deal in greater detail with certam other pointo 
in the structure of water-^ands. 

There seems but little doubt, that in all the higher plants 
which are provided with an apparatus for permitting Uie exudation 
of water; whether this apparatus consists of definite water-stomala 
or of tlun walled epidermal cells, placed in connection with a 
vascular bundle, and whether epithem cells are mesent or absent; 
the chief function of such an apparatus is to allow of the escspe 
of superfluous water which would otherwise cause injection of tne 
intercellular SjfMces, and even rupture of the plant tissua The 
presence of this excess of water in the tissue, is in the main de- 
pendent upon suspended transpiration, in consequence of whidi 
a definite and iiicreasing root-pressure is soon apparent The 
assumption of the turffid condition of the celk is abo materially 
aided by darkness. Thus such structures are rig:htly to be re- 

firded as the safety-valves of the plant With this MoU ayroesi 
urther, as Volkens suggests, it is extremely probable that in all 
Slants whatsoever there exists some means of relieving excessive 
ydrostatic pressure. It also seems that there is Utile doubt that 
such structures are special provisions for the relieving of pressors 
in young organs, botn from Moll's experiments as to young and 
old leaves, and from my own in the same direction, which cer- 
tainly point to such a conclusion. This view is most remarkably 
confirmed by a study of the development of water-glands, since 
they are shown to he active at an extremely early stage in the 
histoiT of the leaf. 

With regard to the epithem tisaue there is some difficul^. 
It would appear probable, as Volkens has pointed out, Uiat in glanos 
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where a well-defined epithem tissue is present, such tissue may 
serve as a resistance, put in, between the vascular bundle and the 
free surfieu^, so that the water should not mechanically run out, 
bat that a definite pressure should be required. In connection 
with this subject one can but draw attention to the fact that the 
difference between the glands of the Dicotyfedons and Mono- 
co^Iedons is very remarkable, for there are in the comparative 
study of the glands, no gradual stages from the one group to the 
other, and in fact such a study seems to give some support to 
the view which has sometimes been put forward that the Mono- 
cotyledons and Dicotyledons are branches from a common ances- 
tor, and that there is not a gradual ascent from the one fieunily 
to the other. 

I should also like to put forward here a view which has struck 
me, but upon which I would prefer to lay no stress. Comparing 
generally, the Dicotyledons witli the Monocotvledons, it seems to 
me that whereas the former are typically land-plants in their 
habit, the latter on the other hand are of essentially an aquatic 
nature. There are, I know, many exceptions to this statement, 
but considering from a broad standpoint the Oramineaet the 
Juncaceae, Butamaceae, Marantaceae, Zingibereaceae, Aroideae, 
JMmae^ and Orchidaceae, one finds that they are either typically 
water-plants or need for their erowth a plentiful supply of moisture. 
It is of interest also to note that in most of the Liliaceae we have 
bulbs which are capable of storing up large quantities of water. 
Co-related to this fact we find, that as far as we know at present, 
we have in the Monocotyledons, glands of simple structure, and that 
there is little or no resistance put in, between the vascular bundle 
and the free surface. In Dicotyledons, on the other hand, we find, 
speaking generally, well-developed glands, which are present too, in 
plants where we should suppose that thev were not needed, as in 
CaUitriche as described by Borodin \ In the glands of Dicotyledons 
there is a very pronounced resistance to the escape of wateiyand a 
greater root-pressure is required to brine about exudation. The 
constituent cells of the plant tissue, are also rendered more turgid 
in consequence of the mcreased pressure, and the water is, so to 
speak, parted with much less freely. In Monocotyledons, where the 
supply of water is fairly constant^ these special precautions for 
economirin^ water-supply are apparently not taken. With reffard 
to the liquid exuded, we know that while the majority of these 
glands exude what is apparently only pure water, others exude 
water containing salts in solution, the salts being for the most 
part^ carbonates of calcium and magnesium. Such salts must ob- 



Bot. Ztit, 1869, p. 888, and 1870, p. 841. The orgsns of whioh 
Treeol (Ann, de Sc. Nat, 1854) Bpesks, in Victoria regioj I was unable to obeerre. 
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viously be described as excreta^ ifor so far as we know these ele- 
meats are to be regarded as waste products^ and are in all esses 

Sot rid of by the plant, and excluded from the general cell-mete- 
olism, either by being excreted outside, by means of oerlain 
epidermal cells, such as those of CheiranthuBf Ltmomastntm or 
Pdmoditim, or finally are thrown down in certain cells set apart 
for the purpose, as in the cells of cystoliths\ or the crystal con* 
taining cells of so many vegetable tissues. 

The glands of such |^nts as Saxifraga cnutaia, in iheir ftuio* 
tion of excretion of salts of calcium and magnesium, may w^ 
be complied to the animal kidney, and it is a matter of interest 
that we have in the plant as in the animal, distinct excretosy 
glands. With regard to other epithem tissues which appear not 
to possess such excretory function, it is i^ question whether the 
full dignity of glands should be aJlowed them. For a stractare 
to be truly glandular there must be a distinct secretion or ex- 
cretion of some kind In those cases where the epithem tissue 
merely plays the part of a resistance, or where, as in Mono* 
cot^ledonft it is scarcely developed at all* the water mechaoi- 
cally escapes^ merely as a result of root-pressure. At present 
however, it is best not to uive this pomt, because we have 
but few analyses of such exuded water, and we do not know 
whether pure water is exuded in every instance. On the wholes 
when we compare the elands of Dicotyledons with those of their 
Monocotyledonous neighkx>uTS, where well-developed gland cells are 
wantinff, it would appear that the chief function of the epithem 
tissue IS to serve as a resistance, and that in certain instances 
it ma^ act as an excreting tissue'. We have no grounds for 
supposing that the general cell metabolism of Monocotvledons 
materially differs from that of a Dicotyledon, in virtue of whidi 
the latter should require excretory structures which the other did 
not possess. As regards the activity of the cells of epithems whidi 
do exsrete salts, it may be remarked that although their tissues 
are rich in those salts in consequence of a deiinite excretory 
capacity, yet they cannot of their own activity get rid of such 
salts in solution, but depend upon root-pressure and other favour* 
able conditions for the supply of a force which they cannot of 
tJiiemselves exert 

^ It would be of interest to obeenre, whether in the oeee of cjstolith oeUs then 
is any external ezadation of water, as in Limoniattrum, only that in this oaae the 
salts are thrown down in the cell and do not pass throngh the oell walls. 

1 In those oases where an exoretioa of chalk takes place, ctyatals are bcS 
pneent in the tissue of the plant; where no excretion takes place, e,g, FuekHm and 
UrtieOf raphides or oYstolitns are nomerons. In Ficui divenifolia I did nd 
observe cystoliths. The water-f^lands do not excrete salts, bat the smaU gland 
on the nnder side ol the leaf is covered by scales of what appear to be caldo 
casbonate. It is small in amount, however. 
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As to the glands of Lttncniaibrum and Fi>lmodium, they 
should be dearfy separated from water-glands. The gland of 
Ihhfpodium certainly resembles to some extent tliat of a Dicoty- 
ledonoos gland, but the important distinction is, that the gland acts 
independently of root-pressure, and as in Lim<miastmm,Dj virtue 
of the activity of the epidermal cells. It resembles, rather, a gland 
of Limonioutrum^ which is situated immediately over the termi* 
nation of a vascular bundle, and differs materially from a water- 
gland in the tremendous development of the tracheide tissue, as 
well as in its physiological propeities. 

One cannot but be struck by the enormous activity of the 
ceUs of the epidermal tissue, both in plants and animals. In 
both cases it is from the epidermal, or epithelial tissue, that 
well-nigh the entire secretory organs of the individual are derived. 
•The tissue of the epithem, on the other hand, is developed not 
from the epidermal but from the fundamental tissue, and as far 
as its excretoty powers go, in such glands as those of Sa/cifmgay it 
contrasts wonderfully with a similar structure in the animal, vi2. the 
kidney, which is developed not from the hvpoblast, but fh>m the 
mesoblast, and the celk of whose urinary ducts have, apart from 
blood-pressure, but little excretory powers. In the plant epithem 
the cells m so fiur as to store up in their interior, large quantities 
of salts of Calcium and Magnesium, derived from the surroundinff 
tissue, but they cannot of their own activity excrete and ffet rid 
of these salts. They cannot, as far as they are concerned, go so 
fiur as the ejccretorv cells of the kidney. However, as regards 
the epidermal cells of the plant, attention must be drawQ 
a second time to their wonderful activity, not only as demon- 
strated bv root-hairs, but also, as I have shown, by the cells of 
ihe glands of lAmomiouiram and Polypodium^ and by the ordinary 
hairs on the leaves of Fueheia and the like. 

Nectar%es\ 

Under the term nectary, which was first employed by Lin- 
baras\ are at the present time classed together a number of oigans 
difibrin^ greatly from one another, -both as regards their structure 
and their morphological value, but which are usually taken toge- 
ther in consequence of the fact that they secrete nect€ur. When 
we consider the tremendous differences as to morphological dignity 
which exist between these organs, we may well ask, as did Clos , 
whether it would not be well that the name nectary should perish 

^ Ths v«K7 complete papsri of Martinet, Aim. de 8e. Nat, 5th ser. Vol. xnt, 
im, fionnier, 6th leries, vol. Yin. 1879; and Behrene, Flora, 1879, giye a full 
aoeount of all the likeratiire with regard to this snbjeet, and flhonld be consulted. 

* Limueiie, Sytt. Naturae et Phil Bot. No. 80. 

' Cloe, Ann. de Sc. Nat. 4th ftcr. Vol. n. p. 23. 
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from botenical terminology t It is certain that neither from 
their anatomical stracture, nor from the appearance preaented bj 
their cell-contents, can they be distinctly recognised, and they mnst 
be regarded, as Bonnier* remarks, solely from their physiological 
pomt of view. 

Martinet is inclined to reject a classification based upon their 
physioloffical meaning, on account of the fact that one cannot 
alwajHB determine by tasting, that the liquid secreted actually 
contains susar ; but as Bonmer points out, a delicate chemical teat 
can always be employed, and it seems best that at present, at any 
rate, we should accept the sugg^Uon laid down by Schleiden *, to 
renounce all morphological distinction, and simply to regard their 
physiological function as Bravais* so long ago urged. It was a 
very convenient classification adopted by Caspary^ to divide 
nectaries into floral and extra-floral, and in the light of this soggea- 
tion it seems better that such classification should be adopted 
rather than that of Mirbel*, who separated them into vascular and 
non-vascular glands. 

Structures capable of secreting nectar are met with on almost 
everv part of the stem, leaf and flower. I cannot here detail 
the long list which would include all these various instances^ but 
I would draw attention to the fiftct that they are most fully treated 
of in Bonnier's* very complete paper. To Caspary, xleinke', 
Poulsen *, and Bonnier we owe the greater part of our knowledge 
with regard to extra-floral nectaries. As to floral nectaries the 
literature is so enormous and the investigators are so many that 
I cannot attempt to treat of them in the present paper, but would 
only draw attention to the papers of the audiors I have already 
cited where complete and abundant references may be found *. 

The cells secreting nectar may either consist entirely of 
epidermal tissue, e.g. the nectaiy of the stipule of the Bean, or 
as in the greater number of instances epidermal and fundamental 



^ Booniflr, toe, eit, 

* Sehleiden, Gnnutf. der wiaem. BoU 1646, Vol. n. p. 944. 

* BniTaii, *«8iir lea neoteim," Awl de Se. Nat. 1849. 
« CMOtty, Z>€ Neetarii$, ElberCdd, 1848. 

* Mirbel, M4m, tur VarganUat. dt laJUur. {Mem. de VlnttUiUt 180S.) 

* Bonnier, loe, cit 

^ Beinko, Jahrttheri^lU BoU 1875, p. 4S8. GOUin(f€r Naehriehien, 1878. N. 
895. 

* Poolaen, "Om nofU THkamer og Ntetarien.'' {Viditu. Med. K. Jdber. 187IL) 

* At tho apa of the lepil of Bcmarta Cofdeti it a •traefene wUeh is Apnh 
renily a neetuy. I haTe not leited if ragar is pieeent. The ▼Moolar hoMDe 
hendi ootwud at this point, and liee under a maee of parenohyma, whieh ia not 
well diflenntiated from the reet of the tiisoe, and ia covered bj an epidermis 
richly proTided with modified stoma. This was flrat obsenred by Idmoh. In tiie 
ftnit 01 Draeoena oristallina a neotair is present at the apex of eabn of the three 
omhff leaves. To Lyneh is also doe tnis observation. 
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tisiie. The nectaiy tiasue may or may not be supplied with 
vascular handles, and may or may not be provided with stomata. 

As with water-glanas, so with nectaries, the investigations 
esxt^ni, deal mainly with histological details ; and with the ezoep- 
lion of the observations of Sachs* and Wilson', the physiological 
ngnificance of these structures has only been treated of geneiallyi 
and has received bat little n)ecial attention. 

Sachs pointed out that the secretion of nectar was independent 
of root-preaiare, and states that the exudation of this liquid was 
due to the activity of the nectary cells themselves. Wilson, on 
the other hand, maintains that it is due to osmosis, and not to 
internal pressure. 

Dealmg first of all with Wilson's view, it may be stated that 
he comes to Ids conclusions chiefly from the fact, that a passage of 
fluid from the cells of a tissue to the exterior, may be induced by 
placing on the surface any substance or liquia which causes 
osmosis, e.ff. a drop of gum solution on a leaf of Btuma sempervi* 
rens : that the secretion is wholly under die control of external 
manipulation, for it may be stopped by repeatedlv washing the 
nectary, and drying with blbtting-^per, or mduced amin by the 
application of susar or sugar solution : and that mucn collateral 
evidence is afforded by the consideration of what takes place in 
such structures as the glands of Dicnaea which require the 
stimulus of some nitrogenous substance before the secretion of the 
digestive fluid takes pace. He also draws attention to the fact 
that in nectaries we find that the most external walls of the 
nectary cells undergo a mucilaginous degeneration, and it is the 
mucilaffe thus formed, which by its osmotic properties starts the 
flow of nectar in the first instance. Subsequently, the flow is 
nuuntained by the osmotic activity of the nectar secreted, which is 
materially concentrated in consecjuence of gradual evaporation. 

One cannot, I think, accept in their entirety Dr Wilson's views 
for several reasons. We have to begin with so many instances of 
a well-defined secretion on the part of vegetable cells, that we 
should expect on many grounds that the secretion of nectar was 
due to the activity of uie constituent cells ; but pladug aside such 
considerations^ one must turn especially to Dr Wiuon's experiments 
and deductiona 

It is a fact that the external walls of certain nectaries, e. a. 
those of NigMa 9xA Ceetrum, so well figured by Behrens*, do 
undergo mucilaginous degeneration, but so &r as I know, this 
cannot be taken as the universal rule, but as one is inclined to 

1 Saehs, toe. Ht. 

* WflMO, "The siflntion of watsr tnm ths sorfiMt of nsetsriM." Unftfr. £ol. 
ImUiMt, TftMnfSii, XSSI. 

* Behisna, Joe. eit. See Tab. n. FIsi* 0, 6, 9 sad 10. 
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Ib^ieve is ratber the exception. Affain, one cannot agree wiih tlie 
way in which certain of Dr Wilson^ experiments were performed. 
Thus, it does not seem fair to make deductions as to the production 
of nectar flow, when the osmosis was caused by particles of sugw; 
which when dissolved, produced a very strone solution of creat 
osmotic activity. We should hardly expect tnat this would act 
in the same way as a solution of a normal nectar which in some 
cases, 0. g. FrtHllaria, contains only 1 p. c. of sugar. As regaidt 
the constitution of nectary cells, one knows that their walls are 
very thin, and it seems quite possible that by the repeated 
washing with water a perceptible amount of sugar is removed 
from the cells, and that some account must be taken of the 
stimulus caused by the action, and the quantity of the water naed 
in washing. We "can, I think, understand that such treatment 
would be quite camble of seriously interfering with the normal 
cell equilibrium. Thus there is reason to believe that while 
Dr Wilson has made most valuable observations with regard to 
the secretion of nectar, he has not explained the cause of the 
secretion in the first instance. What does appear to be of special 
value is the great probability that the nectar at first secreted 
may by gradual concentration act by mere osmosis and attract 
more nectar from the tissue long after the cell is secreting in virtue 
of its own activity ; and I am led to think that this goes far to 
explain both his own and Darwin's^ observations, that the 
exudation of nectar takes place more rapidly in sunlight^ for 
according to my own observations as regards water-glands and 
the like it does not seem probable that the power of secretion as 
such is accelerated by light. 

One must conclude that the secretion of nectar in the first 
instance can only be explained in the light of Sach*s views. We 
have brought before us again and again so many and so striking 
examples of the fact that the' vegetable cell can so easily take 
up water on one side and exude it on the other; a fact which 
from some points of view might well be regarded as a property 
|>ar excellence of living vegetable tissue ; a fact moreover which 
m the end may be exjuained as the efiect of a somewhat complex 
physical law, but of which we have at present no explanation. 
Most striking examples of this force are afforded Iw root- 
hairs, and by. the epidermal cells of such glands as those of 
Limoniastrum. In fuugi, e,g. the unicellubr Mucor in PiZo- 
hduSy in the root-hairs of Marchantia, and finally, as Sadi 
has shown, in pieces of the cut stems of young grasses when placed 
in damp earth the same phenomena prevail 

In fact^ ther^ can be out littie doubt that in nectaries the first 

^ Darwin, Crot$ and Self-fertilisation of Plantt, p. 40S. 
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■oero tion is dae to the fact that the secreting cells " absorb water 
(containing substances in solution) with great force on one side 
and exude it on the other ^ '\ and this solely by their own living 
activity. The grand period of such activity may be and probably 
is of short duration, and the further exudation of nectar may be 
occaaioned in the way that Wilson has pointed but, viz. bv simple 
oamoeis. In such cells as those of Lifn<mi<utrumf on the other 
hand, this grand period of activity is, as I have shown, of long 
duration. 

It will be observed that I have spoken of the excretion of salts 
of calciam and the secretion of nectar. I did so on the ground 
that an excretion is a substance which is of no further use to the 
organism, whereas from the fact that the nectar contains sugar, 
and as first remarked by Bravais^ and confirmed by Bonnier and 
Wilaon, is frequently reabsorbed into the tissue, there seems but 
litlle doubt that the sugar of nectar can be used up in the vegetable 
metabolitin, and must therefore be regarded as a secretion. 

The view as to the use of nectar m the plant economy is, that 
it is for the purpose of protection in the case of certain of the 
eoctra-floral^ nectaries, and to insure fertilisation by attracting 
insects, as in the nectaries of fiowers, and also in the extra-fiortd 
stmctores, such as those of Marcgravia. It must be confessed, 
however, that at present we cannot give an entirely satiafiictory 
acooont of the part played by nectar in the plant economy, and 
this is especially true as regards extra-floral nectaries. 

In concluding, I beg to express vg thanks to Mr K I; Lynch, 
the able curator of the University Botanic Oardens. He has 
repeatedly made for me valuable observations, and many of the 
experiments with regard to tJhte effect of light upon the exudation 
of water were made for me by him, and always witn great success. 
His observations with regard to the occurrence of nectaries in the 
sepal and in the firuit are both new^ and of great interest 



Bxplanation of figures illustrating Mr Gardiner's paper '<0n the 
Ihjaiokgioal Signifioanoe of Water^lunds and Nectaries." 

"Fig. L Longitudinal section through a fully-developed gland of 
Smx^ / va g a enatata (after Gardiner). 

•0->iraler stoma. 
m asepithem tissue. 
t » tracheide tissue. 
9 8 vaaeolar bundle. 

As hairs to catch the deposited caldc carbonate and prevent it from 
stopping up the water pore. 

1 Saohfl, Text'Book, p. CSS. 
VOL. V, FT. I. 4 
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Fig. II. Longitudizial section of the apex of the leaf of SagiUmria 
Monte Vidienna. 

V = vascular bundle. 
t = tracheide tissue. 

e • cells corresponding to the epithem tissue of Dicotyledons. 

Fig. III. Longitudinal section of a gland of Polypodkim otcrmm. 

V s vascular bundle. 
t = tracheide tissue. 

e s excreting epidermis. 

Fig. lY. Longitudinal section of the nectary of the cotyledon of 
Bicimu communis (after Bonnier). 

V = vascular bundle. 

s s surface of nectary. 

Fig. Y. Longitudinal section through the spur at the base of the 
petal of Niffdla arveneii (after Behrens). 

V s vascular bundle. 
n= nectary surface. 



November 26, 1883. 
Mr Glaisher, President, in the Chair. 

The following were duly balloted for and elected Fellows of 
the Society : — 

Prof. Macalister, M.A., F.RS., St John's College. 
Mr J. C. McConnel, B.A., Clare College. 
Mr E. J. C. Love, B.A., St John's College. 

The following communications were made to the Sodefy : 

(1) On the measuremsnt of electric currents. By Lord Bat- 
leigh, M.A., F.RS. 

Perhaps the simplest way of measuring a current of modeMte 
intensity when once the electro-chemical equivalent of sQver is 
known, is to determine the quantity of metal thrown down by the 
current in a given time in a silver voltameter. AccordiDg to 
Eohlrausch the electro-chemical equivalent of silver is in c Qw & 
measure 1136 x 10"*, and according to Mascart 1124 x 10"^. Ex- 
periments conducted in the Cavendish Laboratory durinff the put 
year by a method of current weighing described in the Bntiah 
Association Report for 1882 have led to a lower number, Tis. 
1119 X 10~*. At this rate the silver deposited per ampere per 
hour is 4*028 grams, and the method ot measurement founaed 
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QpoB this number may be tuied with good effect when the strengdi 
of the current ranges from ^ ampere to perhaps 4 amperesL It 
requires however a pretty good balance, and some experience in 
chemical manipulation. 

Another method which gives good results and requires only 
apparatus familiar to the electrician, depends upon the use of a 
standard galvanic celL The current from this cell is passed 
through a high resistance, such as 10,000 ohms, and a Known 
fraction of the electro-motive force is taken by touching this cir- 
cuit at definite points. The current to be measured is caused 
to flow along a strip of sheet Qerman silver, from which two 
tongues project The difference of potential at these tongues is 
the product of the resistance included between them and of the 
carrent to be measured, and it is balanced by a fraction of the 




known electro-motive force of the standard cell (Fig. 1). With a 
sensitive galvanometer the balance may be adjusted to about j^* 
The German silver strip must be large enough to avoid heatmg. 
The resistance between the tongues may be ^ ohm, and may be 
determined by a method similar to that of Matthiessen and Hockin 
(Maxwell's Electricity, § 352). The proportions above mentioned 
are suitable for the measurement of such currents as 10 amperes. 

Another method, available with the strong currents which are 
now common, depends upon Faraday's discovery of the rotation of 
the plane of polarisation by magnetic force. Gordon found 15*^ 
as the rotation due to the reversal of a current of 4 amperes circu- 
lating about 1000 times round a column of bisulphide of carbon. 
With heavy glass, which is more convenient in ordinary use, the 
rotation is somewhat greater. With a coil of 100 windings we 
should obtain 15* degrees with a current of 40 amperes ; and this 
rotation may easily be tripled by causing the light to traverse the 
column three times, or what is desirable with so strong a current, 
the thickness of the wire may be increased and the number of 
windings reduced. With the b^t optical arrangements the rotation 

> rJta. 18S4. In s note reeently oommonlested to the Bcml Soewty {Proee^dUtgit 
Hov. is, 1S8S) Mr OonUm pointi out that owing to an error m reduction, the nomber 
livaibjUin te the TiJoeof Verdet*8 oonitsnft it twioe m great as it ihould be. The 
letedoot above mentiosed muift therefore be halved, a eoneetion wUeh diminiihes 
miterlaUy the proepeet ol eonstmeting a oeef ol instrument upon this prinoiple.] 
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can be determined to one or two minutes, but in an instrament 
intended for practical use Bueh a degree of delicaqr is not availaUa 
One difficulty arises from the depoliurizing properties of moai speci- 
mens of heav V glasa Arran^ments are in progress for a redeter- 
mination of the rotation in bisulphide of carbon. 

(2) On the measurement of Temperature by Water-wtpoer 
pressure. By W. N. Shaw, M.a1 

[Abstract.] 

The method practically adopted for accurately measuring 
temperature is to use a mercury thermometer as a thermoscope 
and express its indications in terms of some accepted standard of 
temperature by direct or indirect comrarison. 

The methods of comparison usually employed are by the air- 
thermometer, by calibration and repeated determinations of the 
fixed Doints and the method of direct comparison adopted at the 
Eew Observatory. The last is the one which is most generally 
applicable, but it necessitates the sending of the instrument to 
Ilcw, and examples of its application shew that it cannot be relied 
upon to give greater accuracy Ihan a tenth of a dwree. 

A water-steam thermometer, as suggested by Sir W. Thomson, 
{Ency. Brit. Edit ix., Art. 'Heat') maybe used to give a atandaid 
scale of temperature and mercury thermometers cjampared with it; 
and instead of measuring directly the saturation-pressure s of 
water-vapour, it can be calculated by the formula 

e l+at f 
760" A 'd' 

from an observation of the weight of water contained in a known 
volume of air artificially saturated, where/ is the quantity of 
moisture per unit volume of the air, d the specific ffravity of waler- 
vapour referred to air at the same temperature and prespure, A the 
density of air at O^C. and 760 mm. pressure, and i the temperature 
of the air (which maybe measured byan uncorrected thermometet) 
and QL the coefficient of expansion. The temperature is then aoca- 
rately given by Kegnault's table of tensions of water-vapour at 
different temperatures and thus the indication of the thermometer 
to be tested, placed in the saturating space, can be corrected. 

The quantities A and a of the formula are known constants^ 
the value of d was shewn by Begnault's experiments {Arm. eL 
Chim. [3] XV.) to be very nearly constant and equal to '622L 

The experimental part of the comparison of any thermometer 
with a water-steam thermometer by this method consists in the 
determination of/ This requires only the same experimental 
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imiigemeDt as that for the detenniiiatioii of the tension of 

yieous Taponr in the air, hj the chemical method of absorption 
the moistttre by desicoatmg aabetances, with the addition of an 
^ypaxatas for preTioody saturating the air. 

The ordinary form of the apparatus is modified by avoiding as 
ar as possible india-rubber connections, using glass tubes and 
neroury ioints for making, communication between the different 
Mrts. Tne saturating apparatus is similar to that used by Begnault 

The desiccating substances must be either sulphuric acid or 
ohosnhoric anhydride; chloride of calcium does not completely 
ny tne air passed over it 

With such an apparatus, which is easily constructed, corrections 
Smt a thermometer enclosed in the saturating vessel can be 
letermined which, for the thermometers experimented on, agree 
irith the Kew corrections to within a tenth of a degree. 

(8) Mecuuremeni of the Dark Rings in Quarts. By J. C. 
ICoGoHKiL^ B.A. 

IfaoCuUagh has explained the pnecnliar optical behaviour of 
|uarti, by introducing mto the equations of motion of light terms 
nvolving diGBorential coefficients of the third order. These equa- 
ions contain in addition to the two principal wave velocities only 
me arlxitrary constant So it becomes of interest to see if all the 
bets are really accurately contained in this simple theory. I 
beEeve the only published observations on the subject are those of 
Famin in 1850. He made three series of experiments on plates of 
)uarti cut peipendicular to the axis, using sodium light. In each 
ase he employed parallel rays. In the first series he used a 
Bahinet's compensator to observe the nature of the light originally 
plane polarisea, which had passed through a plate of quarts. By this 
means he obtained values of the retardation of one ray in the 
niarts rdative to the other, and of the ratio of the axes of the 
iilipses of polarisation of both rays. In the second series he 
oiouned a plate of quartz between two crossed Nicols and observed 
Aie angles when the transmitted light was completely quenched. 
lUs would happen whenever the relative retardation was an 
naet number of wave lengths. In the third series he examined 
Aie nature of the transmitted light at those points in the preceding 
nperiment where it reached a. maximum. He found that his 
ibservations confinned the theory within the limits of experimental 
BRor. But these limits were not veiy dose, as the average differ- 
moss between the observed and the calculated values were about 
^ of the quantities to be determined and there were several 
me discrepancies ; one or two amounting to -^Htk. 

I thougnt that I would try if a more accurate determination of 
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the relative retardatioDS could not be obtained by meaguiing the 
well-known dark rings seen when a plate of quartz is inserted 
between two crossed Nicols ; the light beiog maae to pass throujtb 
the quartz in a convergeot pencil. For this purpose Professor Lewis 
waa kind enough to lend me a polariscope and some thick crystalt 
of quartz cut perpendicular to the axis. 

It is important that the plate of quartz should be thick ; tor 
the peculiarities of quartz are only manifested when the light 
makes a small angle with the axis, and the thicker the plate the 
more rings will be formed within this small angle. The plate of 
quartz I used was about an inch thick. 

The arrangement of apparatus waa as follows. First a sodium 
flame placed behind a screen with a small aperture which was 
closed with ground glass. This was found to give the necessary 
steadiness to the light Atadietance of about four feet was placed 
a Nicol's prism. Then came the frame of the polariscope which 
supported the rest of the apparatus. This consisted of a lens A to 
make the light converge ; the crystal of quartz ; a lens B at whose 




focus the cross wires were put ; an eye lens C which rendered the 
rays parallet ; and a second Nicol next tiie eye. The quartz wat 
attached to a horizontal circle on the top of the frame, fitted with 
a vernier reading to minutea This afforded the means of measor- 
ing the diameters of the rings. The lens B was limited by a 
di^hragm with a small aperture ; so as to secure that the pencil 
of light should pass through the centre of the lens, and thus errors 
due to spherical aberration and the cross wires not being accurately 
in the axis of the lens, should be avoided. When the quartz was 
inclined the lateral displacement it produced on the light waa so 
great that it was necessary to also incline the frame of the 
polariscope to the incident light; but this had no influence on the 
readings. The cross wires were really thin lines ruled on glass 
and blackened. 
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After some preliminary trials the first careful set of observa* 
iions were taken bj taming the quartz till the thin line of light 
between the ring and the cross wire almost disappeared first on 
one side, then on the other, and taking the mean of the two 
readings. I took two series of these, and the two means agreed 
with one another usually within one minute, though in one case 
they differed by about six minute& To get the ndii I found the 
centre of each ring, and then measured the radius of each ring to 
right and to left from the mean centre. The general result was 
that the observed radius of the second ring was 5 greater than the 
calculated; of the third ring 3' greater; while the other rings 
agreed within 2^. 

I then took a similar double set of observations of the second 
and third rings, and measured the first ring b^ placing the cross 
wire over the blackest part. These observations agreed pretty 
well with one another and with the previous ones, the extreme 
differences amounting to S'. The observed radius of the first ring 
10' greater than the calculated. 

Next I took a double set of observations of the first nine rings ; 
time placing the cross wire as nearly as possible in the centre 



of each black iMind These observations were not quite so ffood, 
the extreme differences amounting to 4t, and in the case of the 
first ring to 7". Still the mean results agreed with the previous 
ones within 3\ 

The two methods of reading just described have a tendency to 
give rather too small values of the radii of the rings. This is due 
to the fact that the rings shade off more rapidly on the outside 
than the inside. What we actually measure is the middle of the 
dark band ; while the darkest part of the band, which is what we 
want to measure, lies on the outside of the middle. This error 
may be estimated in the above observations to amount to about 6' 
in the second rii^ and 2^ in the third ring. So if we take this into 
account we double the discrepancy between the observed and the 
calculated values. 

I thought it possible however that there might be some error, 
due to the difficulty of measuring a curved band with a straight 
croti wire ; so I took out the cross wires and substituted for them 
two needle points opposite one another and nearly in contact. I 
pot the right hand needle point in contact with the right side of 
the band, and then the left needle point in contact with the other 
side, and took the mean of the two readings for the middle of the 
band. These observations, though not auite so accurate as the 
previous ones, confirm their results and snew that no serious error 
was due to the curvature of the bands. 

Besides these I took some observations with the needle points 
more widely separated, so that I could place the band exactly 
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between them. These however, since the points were so hi apsiti 
were still more subject to the error I have described. Indeed it 
would probably amount to 10' in the second ring and 6' in the 
third. Taking this into consideration, they agree fSedrly well with 
the former observations. But as it is rather a haphaaurd oorreo- 
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tkm, I ha;v8 not thought it advisable to apply it or to introduce the 
olMOTratbns without it 

The results of my observations are stated in the table opposite. 
The first column gives the number of determinations of which the 
given figures are the mean. I have then taken the mean of the 
observed values giving equal weight to aU fourteen observations. 
I have added the proMUe conreetions alreadv mentioned, and then 
taken the difference between these corrected observed values and 
the calculated values. 

These probable corrections are obtained in the foUowiiur man- 
ner. In tne observations with the needle points the di&rence 
between the readings for the two sides of a band varies from about* 
87' for the second ting to about 17' for the seventh rinjp;, while 
in the observations with the cross wire the diiEarence fiJls m>m 86' 
to2r- 

^ It is dear that in one case the distance between the needle 
points hatf to be added in ord^ to obtain the apparent breadth of 
a band, and in the other case the thiduiess of the cross wire has to 
be subtracted. The thickness of the cross wire was v^ consider- 
ablv greater than the distance between the needle points ; so we 
shall not be far wrong in putting the apparent breadth of the 
second band at 29^. iJividing this in the ratio of the calculated 
distances of the two adjacent bands we set an approximate value 
of the position of the darkest part of we band. Of course the 
apparent breadth of a band varies to some extent with the bright- 
ness of the li^ht, but by taking the mean breadth we get the 
proper correction to apply to the mean observed value. The 
marent iMreadthof the third band was similarly found to be about 
24 and so on to about 20' for the seventh band. The first band 
was so much fainter and more ill-defined that the above remarks 
do not wply and the proper correction is probably small 

With regard to the oaloUation. Ma((^ul]ach (TVons. Jloy. Ir. 
Aead. 1887, p. 468) assumes the equations 

j^-il^ + Cjji 

Thus (and 17 are the displacements parallel to x and y at any 
time t The axis of # is the wave normal. 

where a and 6 are the principal wave velocities and ^ is the angle 
between iho wave normal and the optic axis. 
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The principal vibrations are given by 

f»l)008-j^(<t-*) 



i7«jBin-^(<t-*) 
when p, q, s, I are constants connected by the relations 



(«). 



.(4X 



Iq 

From these we get (»»-il) (*»-£)- -jf- <5> 

From the formula (8) it is dear that « is the Teiod^ of a irave 
whose wave leiurth is I. If the wave length of the same Ik^t in 
lur is X, then fi^tX. But as { only appears in the second term 
of (5) which we shall find is very small, we may put / •■ oX. Thos 

(jf-AW^B)~^ (6> 

Solving, 

•—1- * 2 '^ 

Let •,, «, be the two values of «. Then rejecting squares of 
the third term in the above equation 



*^/ 



leir'C* 



If Z be the length of the crystal traversed, measured normal to 

the wave front, LI ] is the difference of times of traversing 

the crystal, and ib therefore the relative retardation in air, the 
velocity in air being unity. Denoting the relative retardation by 
B we have approximately 

p J? '''• 

In the above we have made four ap{>roximations ; putttinff a 
for « in (6) ; rejecting squares of the third term in (7) ; taatly 
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anuming ^ is the same for both waves ; and putting A+B9»2a* 
in (8). it may be shewn however that no one of these approxima- 
tions can produce an error of as much as half a minute in the 
present case. 

K we put ^ » we obtain 

L'' a^' 

and it is not difficult to see that p/180 ■> E/\ where p is the 
rotation measured in de^pnees. Hence p/180 » iTCL/aW 

The above calculation is taken partly from MacCuUagh and 
partly from Yerdet. I have thougnt it better to give it, as 
MacCuUagh does not give equation (8) and Verdet's result is 
affected by a slight numerical error. I have used MacCullagh's 
notation. 

If in the above formula (8) we put R^nK where n is an integer 
and insert the known values of tne constants we get a series of 
values of ^ corresponding to the dark rings. Then the formula 
sin A s a sin ^' gives the value of <p>' which is the angular radius 
of the rinff outside the quartz. The first ring is ffiven by n » S. 

The tiiickness T of the piece of quartz I used was by a 
cttefol measure found to be §4-00 mm and X- Tsecf The 
value of (7 is given on MacCulla^h's theory by the formula 
iirC/aW^ p/180 where p is the rotation, measured in degrees, due 
to a plate of quartz of unit thickness. Brock has found the rota- 
tion for a millimetre to be 21*67*. He experimented on several 
different pieces of quartz, and found the mean differences to be 
about a tenth of a degree. 

I have used the values of 1/a and 1/b given by Rudberg 
1-54418 and 1*55328. 

In different specimens of quartz they apparently vary about 
OOOl. Thus a — b might vary about l/60 of itself which would 
make a difference of a^ut 8' in the tentn ring. The values I have 
taken are confirmed by the agreement between the observed and 
the calculated radii in the larger rinffs. 

In the tenth ring the absence of would only make a differ- 
ence of 12\ while it would almost double the first ring. The 
observed and the calculated values of the radii would be reconciled 
in the case of the second ring by a change in C of 1/1 0th of its 
value and in the case of the third ring of l/7th ; while a much 
smaller change would suffice in the case of the first ring. 

The final formula from which the values of ^' were calculated 
was 

sin* f - -00004207 n* cos* ^ - -0003487 (0). 

An approximate value of is sufficient in the second term. 
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The following table gives the changes in the retardation to 
which the differences recorded in tiie lAst line of TaUe L cor- 
respond. 
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The second line contkins approximate values of tho an(|^o 
between the wave normal and the optic axis ; while the last line 
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the 



ives the ratio of the diflforence between theorj and obeervation to 
whole lelatiye retardation. Thus the general result I have 
ined is that MaoCullagh*8 theory givee values of the relative 
retardation which are slightly too larse. The differences in the 
last three or four rings may be fairly put down to errors of 
observation. 

I have said nothing about the surface effects. If the plate had 
been iaotropic» the plaQe of polarisation would have been turned 
a little when tiie light entered the ciystal and aoain turned a little 
in the same direction when it left it If tf be uie angle between 
the plane of polarisation of the incident light and the plane of in- 
cidence, and ^ be a similar angle with regard to the emergent 
light, tiien tan ^»tantfsec'(^'-^). This gives ^-tf-lr at 
the most in the case of the lOth ring. Now it requires a rotation 
of either Nicol through two right angles to move a dark band from 
its place as one ring to its place as the next, so this small change 
in would have no appreciable influence. We may assume, I 
think, that the sur&ce enects in quartz are of something the same 
nature and magnitude as in an isotropic substance. 

The experiments were made in the Oavendish laboratory in 
August and October. I am much indebted to Mr Qlaaebrook for 
his kind assistance and advice throughout 



(4) On ihe origin ofeegmmited animale ani ike rekitian of the 
vunik and dXue to ike moutk of ike Oodenterata. By Aixuc 

SCDOWICK, MJL 

In the discussion which followed the communication of the 
late Professor Balfour^s notes and drawings of the early embryos of 
Peripalue Oapeneie to the Royal Society (December, 1882) I drew 
attention to the great resemblance between the embryo of P. 
Capensis with its elongated blastopore and somites, and an adult 
Actinozooid Polyp. I pointeci out that the comparison 
of these two structures suggested an explanation which, so far 
as I know, has not before been suggested, of a great morpho- 
kmcal diflBculty, viz. the origin of metameric segmentation (vide 
l^iiure, Dec 28, 1888). At the same time I pointed out that by 
Mlowing up this comparison some other morphological difficulties 
rsoeived an explanation. The hypotheses^ I suggested were 
shortly as follows. 



^ Mr E. B. 'Wilwniwbo was pnaent whan ibis diMiuaion took pkoe at the Boyal 
Boeiefar and to whom I siihfeqiiently at Cambridge showed the epedmens and draw- 
hip Of the Peiipatae emfaiyti^ infoims mo that the work (refening to PolyM) whieh 
he has sinoe done at Naples has enabled him to give some additional eyidence in 
fefonr of my views. As Mr Wilson's observations are not yet published, I am 



62 Mr Sedgwick, (h the origin of iegmented an^ [Not. 26, 

1. The numth and tinif found in most of the higher groups 
(Vermes, MoUusca, Arthropoda, and in all probability Vertikrata) 
have been derived from the mouth of an ancestor common to them 
and the Coelenterata, le. firom an elongated opening such as ii 
found at the present dsy in the Actinosoa. 

2. That the somitas of segmented animals are derived from a 
series of pouches of the primitive gut (archenteron^ of a Codenterate- 
like ancestor, i.e. from pouches generally resemoling those found 
at the present day in Actinozooid Polyps and Meduse. 

3. That the excretory pr^jUlM or nephridia (segmental organs) 
of the higher animals are derived from specialiEea parts of these 
pouches which were in the supposed ancestor, as indeed they now 
are in many living Meduem and ActinoMeid Polype connected 
peripherally with each other by a longitudinal canal (circular canal 
of MeduBCB, perforations in mesenteries of AotinoMooL) and with the 
exterior by a pore^, one for each pouch: further that in the 
InverUbraia, e.g. Annelida the longitudinal canal has been lost and 
the external pores retained, while m the VerUbraJta the longitudinsl 
canal has persisted {segmental or pronepkrto dwsC) and retained its 
posterior opening into the alimentary canal while the external 
pores have been bst. 

The essence of these three propositions lies in the fact that the 
segmented animals are traced back, not to a triploblastic unsegtnented 
ancestor but to a two-layered Coslenterate-like animal with a pouched 
gut, the pouching having arisen as a result of (he neoessifyfor an 
increase in tiie extent of the vegetative surfaces %n a rapidly eniarging 
animal (for circulation and nutrition). 

The hypotheses are based upon the embryonic development of 
the respective organs in the Triploblastica» and tiie structure of the 
living Ooelenterata; in other words upon fisLcts precisely of the same 
nature as those which have been used in tracing the evolution 
of the nervous and muscular tissues. 

Before proceeding to summarise the facts upon which the 
hypotheses rest, I may be permitted again to point out that it is no 
rart of my view to derive segmented animals direct from the 
CcBlenterata^ but to derive both Ccrienterata and segmented animak 
from a common Ckelenterate-like ancestor whose structure can only 
be elucidated by studying the anatomy and the development of 
the living Coelenterates and of the higher segmented animals. 
The main hets are shortly as follows. 

unabto to quote them here, bat he infonni me that hii paper ia in the preae an| 
wUl ihortly appear in the Naples "Mittheilunaen.** 

1 Vide Her twig, ••Organismni der Hedoeen," p. S9; and *'I>ie Aetintai,* 
Jena. Ziit$ehrift, Bd. xnx. 
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iMfai of OoBlMtWito Ami* 

1. 

BbngAtad mouth of AcUmmoa, 
and tb diftrentistioii of that 
mouth into two puii'. 

The tpeotal aggregation of the 
nenrous ajitem ronnd that mouth 
{Medusa^ Aettncwaid Polyps). 

Rkteral Bymmetrj of 



FlMti from dovoHopmoiit of 
TripIoblaftdSk 

1. 

The embiyonio development of 
Peripahii Cap$tmi\ 

The dit-like fonn of the blasto- 
pore in several animals (first point- 
ed out V7 Lankester in MoUusoa). 

The peculiar behaviour of toe 
blastopore in several animals re- 
ceives lif^t from this hypothesis. 

The arrangement of the central 
nervous system in the Triple- 
blastica. 



The development of the body 
cavity from archenteric pouches 
in Sraehiopodaf Sagitta^ Balaruh 
glouue ; and particularly in iim- 
phiosBUM in which each somite (at 
least the 14 anterior pairs) is 
derived from a distinct pouch. 



2. 

The Coelenterata present a serial 
repetition of certain organs similar 
to tiiat found in metamerically 
segmented animals ; and just as in 
the latter the rq)etition corre- 
spcmda in each case to the meso- 
l^astio somites, so in the former 
it cot responds with that of the 
aliments]^ pouches. Thus for each 
neaoblaado somite we find typi- 
cally in a^gsMnted animals a nerve 
jangliani a nenlmdiumy a segment 
of the muscular system, and an 
external appendage; while foreach 
poach in a Medusa we find a sense 
organ or gsnglion or both, an ex- 
cretory pore QSertwig Zoc. cit), a 
segment of the muscwar system 
(droular striated musdes of sub- 
umbrella of Medusa broken up 
into segments by each radiid 
poadi) and a tentacular organ. 



1 Tide Hertwift **l>ie Aetfail«i,** and HickioiL «• On the GOIatel Ofocre 
(g^plMmctflyphe) in me Stomodaom of AkyonstisDs/' Proe. Roy. 80c. no. 996» 1808. 

* Balfour, ** Anatomy sad dsfelopmcnt of Peripatae OapcDsis," Quwru J. cf 
Me, 8eL April, 1888. As Dr v. Kennel has ohoeen to throw eome dooht upon the 
mmaetnesi «( the obeenratioDS recorded In this paper, I will take thie o ppoftuni tar 
of sintliw ^hat the Ibete enumerated on pp. 888, 857 whioh Proteior Moeely Mid 
i^jwlf re88ided ae eetaWiehed by the invaetigation of the emhiyos then at our die- 
Msalp am pffCaetfar eoneet. I mey perhape be permitted to point oat to Dr v. 
bneel a net wmeh he hae apparently overlooked, yii. that he is working st 
P. EdmmMU a speeiee diiering oonelderaUy from P. Cepemii, 
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3. 3. 

Marginal pores in MedumB. Dcnrelopment of exoetofj orgum 

Openings in bodj wall of Ao' in ElasmobraDchs and other Yerle- 
Unia. bratet'. 

Development of exoretorj oigaiii 
in Pdi/gardiui (Hataohek). 

To sum up in a few words : the Ooelenterata differ from s^- 
mented animals onl^ in the fact that the alimentary or archentene 

E ouches (mesoblastic somites) and the alimentary canal do not 
ecome separate, and connected with this absence of a distinct 
CQslom is the low state of differentiation of such coelomic stmctoreB 
as the excretory organs and the absence of a separate vascular 
system. « 

In conclusion I may say that I do not put forward these 
hypotheses in a dojpnatic spirit, and that I fully recognize that 
theories dealing with the complicated facts of Morphology can only 
have in most cases a very temporary value. The hypoueses jiist 
discussed first occurred to me some years ago when mvestigating 
the development of the vertebrate excretory oivaDS, and they have 
received such striking confirmation from luttachek's work on 
Amphioxus and more recently from the embryo of Feripatofl 
Capensis that I have at length decided to publish them, hoping 
that they may at least excite criticism, and so lead to the increase 
of our knowledge and to the greater definition of our ideas. 

A full discussion of the facts bearing tippn the views advocated 
in this paper, illustrated hj explanatory diagrams, together with 
som^ speculations (followmg the same lines) on the origin of 
trachee and gill slits, and on the evolution of the vertebrata^ will 
I trust appear in the January number of the Qttarterly Joiamal 
of Mic Science. 

1 Vids Sedffwiok, ** Development of Kidnegr, etc" Quart, J, Mie. SeL Vol n. 
1880, sad ••EsrV devdopment of Wolfflsn doct, eta" iUd. YoL m. 1881. 
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January 28, 1884. 
Mr Olaiskeb, President, in the chair. 

The following communications were made to the Society: 

(1) On the Microscopic strv/cture of a Boulder from the Cam- 
bridge OreensaTid found at Ashwell, Herts. By Prof. T. G. 
Bonnet, D.Sc, F.R.S., F.G.S. 

This boulder was foimd by H. G. Fordham, Esqj., F.G.S., by 
whom a fragment was sent to the author for examination, with the 
following remarks. 

"The boulder measures 12 x 9^ x 5^ inches, and is therefore 
amongst the lai^est at present known from this bed. It is some- 
what triangular in general form, one surface being nearly flat, and 
it is Tery much rounded and worn. On the weathered surface 
dark purple wavy lines appear, generally of the thickness of a sheet 
of writing paper, but sometimes a quarter, or even half an inch 
thick, alternating with lighter and thicker bands. Where broken 
the rock is more uniform in colour, the bands varying in shades of 
purple. Occasionally, where much weathered, the lighter bands 
show a tendency to columnar structure, developed perpendicularly 
to the planes of banding. The material is very hard, and not 
easily broken. The surface of the boulder is worn and smoothed, 
and in some parts may almost be said to be polished. Here and 
there the softer material of the light-coloured bands has been worn 
mto small cavities or depressions, and in other places the lines of 
handing are brought into strong reUef by a more uniform wearing 
away of the softer bands. 

VOL. V. FT. 11. 6 
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" As is usually the case with the boulders and fossil remains of 
the Cambridge Greensand, this specimen has upon its surface a 
number of attached plicatulsB and other small shells, and it bears 
also two patches of the phosphatic nodules characteristic of the bed 
from which it has been obtained, and even a fragment of the marl 
itsel£ 

" While the boulder has clearly been subjected to very great 
wear, and has the external appearance usually attributed to the 
action of ice when found in similar boulders of more recent periods, 
there are upon it no distinct or definite scratches or grooves. 

" Taken alone, no theory as to the prevalence or otherwise of 
floating ice in the sea of the period during which the lower part of 
the chalk was deposited can be founded on this particular boulder. 
But it at all events supports the already existing theory, based on 
the character of the boulders and pebbles already described from 
the Cambridge Oreensand. It has two characteristics of ice-borne 
erratics : — 1. It is superficially like boulders recognised as having 
been transported from distant sources by ice, and subjected to the 
peculiar wear and tear incident to ice-action. 2. Its material is 
derived from a parent rock which can under no probable circum- 
stances have existed, at the period of the chalk, within a very 
considerable distance of its recently discovered resting-place. We 
may therefore fairly, I think, accept it as evidence of the proba- 
bility of the existence of floating ice in the sea of the chalk period*." 

The rock is a very compact quartzfelsite of a dull purple 
colour. Examined with a hand-lens, small specks of quartz are seen 
to be scattered in the matrix, which exhibits some faint indications 
of a fluidal structure. The rock is singularly well preserved, the 
purple hue predominating up to the exterior surface, and marked 
indications of decomposition not extending inwards for more than 
a quarter of an inch. Considering that the rock has been lying for 
^es in a waterbearing stratum this strikes me as noteworthy. 
Tue rock reminds me in general aspect of specimens which I have 
seen in the volcanic breccias of the N. W. part of Chamwood 
Forest, especially of a compact purplish felsite (old rhyolite) from 
Timberwood Hill. I fully expected that there would be a close 
microscopic resemblance. This however is not the case. I have 
examined the chief varieties of the Chamwood fragments. They 
generally exhibit a "devitrified" matrix without definitely formed 
crystallites, or spherulites, and with but slight and rare traces of 
fluidal structure; in this matrix are small scatter)^ crystals or 
crystalline grains of quartz and felspar. This generalization is 
founded upon eighteen slides cut fi*om different specimens in my 

* See a Paper by Messrs Sollas and Jakes-Browne, Quart. Joum, GeoL Soc. 
VoL xzix. p. 118. 
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oollection. On placing the slide from the Cambridge Greensand 
erratic under the microscope, the difference from the Chamwood 
rhyolites is at once perceptible. Spherulites abound: the smaller 
aggregated in elongated clusters so as to ^ve an irregular banded 
stnicture to the rock, which, indeed, on inspection with the lens, 
can just be seen on the smooth surface of the original fragment. 
The majority of these spherulites are about 7^ inch diameter, but 
they not seldom attain about -^inch, ana sometimes even ^. 
The structure is radial, but with some irregularity, so the ' black 
crosses' are not well defined. One or two darker concentric bands 
(more deeply stained with brown iron oxide) are often visible, and a 
great number are compound in structure, a larger outer ring en* 
closbg two or three little spherules, like seeds in a husk. Beyond 
the outer clearer ring is generally an irregular (more darkly 
stained) zone of radiating, crystallities, like the rays to a sun. The 
remaining part of the ground mass is occupied by interlacing clear 
adcular crystallites interspersed with an almost black residuum, 
exhibiting some tendency to radial aggregation. Scattered about 
this ground mass are small crystalline grains of rather clear quartz, 
with a few of decomposed felspar, and. rather numerous granules 
and trichites of iron oxide — probably magnetite. In one place 
there appears to have been a small cavity partly filled by ' dirty ' 
chalcedonic quartz. 

Thus the microscopic structure of the rock differs very de- 
cidedly from any specimen wliich I have examined from Cham- 
wood. It differs also from the old rhyolitic rocks of the Wrekin 
and of North Wales. Although it has a certain family likeness to 
all of .these, enough to embolden one to suggest that it may have 
been derived from some volcanic mass, now lost to sight, which 
was ejected in the latest Precambrian epoch, I cannot venture to 
refer it to any locality known to me in Britain. I have however 
no doubt that the pebble described by Mr Watts (Oeol Mag. Dec. 
2, VoL VIII. p. 95) is from the same locality. Through his kindness 
I have again had the opportunity of examining this, and though 
the structure shewn by it is more distinctly banded and less 
definitely spherulitic than in Mr Fordham's specimen there are 
80 many minute points of agreement, that I feel certain both have 
come from the same volcanic district. 

(2) On Critical or apparently neutral Equilibrium. By J. 
Labjiob, M.A. 

In the October Proceedings Mr Greenhill has translated the 
solution of some equations which occur in the analysis appended 
to my Note on Critical Equilibrium into Jacobi's elliptic function 
notation. I may observe, however, that the general solution of 

6—2 
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those equations was not the object I had in view, so I did not 
consider that I was required to pause in order to state it explicitly 
in the inverse notation. 

On referring to the Note, it will be seen that I was discussing 
the oscillations of a rocking body whose centre of gravity is a very 
short distance on the unstable side of the critical position, and for 
which therefore c is very small: and the result is obtained by con- 
sidering the small change produced in the critical period and the 
critical motion by the smaU amount of apparent instability. 

But when c becomes at all large the character of the motion is 
quite altered : the flanking stable positions are now some distance 
from the centre of the oscillation, and we can no longer neglect 
higher powers of d. 

Thus Mr Qreenhill's statement of the solution is not applicable 
to the problem when c is not small : and when c is small, it is 
unnecessarily complex. The reduction to a simple approximate 
form corresponding to that which I gave in the Note (in which the 
only modulus that occurs is sin 45°) would involve differentiation 
of the inverse functions with respect to the modulus: and I cannot 
see that such a process would lead to results simpler or more 
calculable than those which I obtained. 



(3) On ike small free normal vibrations of a thin hom4>geneoua 
and isotropic elastic shell, bounded by two confocal spheroids. By 
W. J. Ibbetson, B.A. 

So far as I am aware no attempt has yet been made to solve 
a problem of this kind by the direct use of curvilinear coordinates, 
other than polars. 

The present paper is limited to the case in which the shell 
vibrates in such a manner that its surfaces always remain spheroids 
confocal with their unstrained forms. This case is interesting 
because it is the only possible form of motion unaccompanied 
by shear in the substance of the shell, and because the results 
admit of numerical calculation. 

It is obvious that throughout the motion the two systems of 
orthogonal surfaces (planes through the axis, and hyperbo!oids of 
one or two sheets, according as the shell is oblate or prolate) 
always remain the same. 

The corresponding problem in polars is therefore to investigate 
the radial vibrations of a spherical shell of uniform thickness re- 
presented by an harmonic of zero order. 

We shall see that the solution for the sphere can be readily 
deduced from the results obtained for the spheroid, 
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Let the shell be bounded by the surfaces 

where e is a yeiy small quantity compared with a' and c^. 

Take the orthogonal system of curvilinear coordinates {, 17, (ll 
where + ^ and — t; are the roots of the quadratic 






= 1 



o^ + \ c" + \ 

and ?=*^"'(!) 

The unstrained surfaces of the shell are then given by 

The limits of 17 are + a' and + c*. 

During the motion of any point of the shell 17 and (f remain 
oonstant^ while ^ is always a very small (positive or negative) . 
quantity, and a function of the time only. 

In the most general case of symmetrical motion 
It is easily shewn that 

Also, if p,, p, be the principal radii of curvature of the strained 
shell at time t, the formulae in §§ 242, 181 of Salmon's Conies 
beoome 

„ _ /il+c^Hl + v) 

^* *•* " W "^ (J) "^ W • *"** similarly for h„ A.. 
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Then 



A =2 



v' 



(f+«*)«+«^^ 



».-v*-4ii^ 



>. 






Let square brackets [ ] denote that the quantity enclosed is to 
have the value it assumes when | = 0. 

Then if AS be the element of surface of the unstrained shell at 
either of the two points (17, ?) 

drj »d^ 



d8= 



[W 



''W(a'-c^){v-(fy^"''^^' 



Thus the integral, taken over the whole surface^ of any function 
U oifj only is, if the shell be oblate, 



J^d'j^^'V^-^" 



(2). 



and if it be prolate, 



2^ f'^TT I "t A 



(3). 



The perpendicular from the centre on the tangent plane to the 
unstrained shell at (17, \^\&\ [AJ. Hence if r be the thickness at 
that point, 



"2L8fJ 



T = :r 



2ac ' r/f 

The normal velocity at time t of the point (17, f ) will be, ap- 
proximately. 
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Hence if p be the densitj of the shell, and T the kinetic 

energy of the motion, we get by writing ^= | . j~o • ^ • t ^^ the 

integration formulae (2) and (3) 

^_ 7rp€(a" + 2c*) '^ 
^" 12. aV •*' 

whether the shell be oblate or prolate. 

Again, if t; be the potential energy of the strain per unit of 
unstrained surface, we know that 

where } is " Young's Modulus," fi the ratio of lateral contraction to 

1 1 

longitudinal extension, and 8—, £ — are the small increments of the 

Pi ft. 
principal curvatures due to the stram. 

Hence, in our case. 

Differentiating (1), and putting f = 0, 

+ a* [17 {a*-\-<?)- 3a»c*]» + 2/«i*i, [a* (ij - 20")* - c* (ij - a*)*]}. 

Hence if TT,, W^ be the integrals of the potential enei^ for 
the prolate and oblate shells, we get by putting U= v in (2) and 
(3) successiTely, 

r = "^^'f, ■ . , r' {ft [fi (a' -<?)- a'<r\* 

* 384(l-/**)oVVa*-c'J<*'^ ^^ 

+ a* [r, {(f + i?)- 3a*c«]' + 2/*a*i7 [a* (^j - 2c^» - c* (i? - a*)']] 

(i?(a' + C)-aV}' , f^ , . 

+0* [i, (a? + O - 3a»cT + 2/*a'»; K (^7 " ^)* -c*(.v- <^*]} 
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It will be convenient at this stage to make the a and c of the 
prolate shell respectively equal to the c and a of the oblate shell. 
These symbols will then denote in all the formulaB the major (a) 
and minor (c) semiaxes of the meridional section common to tJie 
two shells. 

Thus, interchanging a and c in the prolate formulsei and 
writing 

a' a 

we have for the oblate shell 

^__7r pg/y (1 + 2a*) ^^ 



F.= 



12 

IT 



s-r 



12 



Tr.=^. 



12" \Q{\-n*)<Mt 
and for the prolate shell 

„_^ po^ (2 + g^) f^ 

''~12*16(l-/**)oa*'*, 

where ^^ and ^, are functions of a only, which we may write 
in the form 

■i,= , J {a*(8in»d-a*)» + cos*^(l+a*-8oo8*^' 
vl — o Jo 

+ 2/ta* cos» ^ [co8» 2^ - (a* - cos' ef]] (sin* + of)', ooif0.de. 

^,= ■ , I {co8*tf(co8'd + a*8in»^» + a' [(l+a*)co8»tf-3aT 
vl — ot Jo 



+ 2/*a* cos* [a* (1 + sin* 0)' - (cos* 5 - a*)*]} 

(cos'tf-a"sin*tf/.-^. 
^ ' cos" d 

These integrations are easily performed, term by term, though 
the calculation of the numerical coefficients is tedioua 

The results may be written 

cos""^ a 
il^ = A, + A,a* + ... + A^a'* + (k^ + kfl* + ... + A^a") ^==-s . 

j1, = wio+ wijO^-f ... +m,a" + (n, + Wja'+ ... +«,a**) . , 

vl — a 
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The equations of free vibration of the two shells become 



1+ 



Up (1 - A*») ■ (1 + 2a*) a»a' 









16p (1 - /Lt^) • (2 + a*) a*d 

and if ^j» ^, be the periodic times, 

_ 87ra / p(l-/Lt') g" (1 + 2a") ^ 

_ &rra / p(l-/Lt') a" (2 + a") 

Thus the times of vibration of similar shells of the same kind 
are in the simple ratio of their linear dimensions. 

As a verification of these results we may deduce from either 
the case of a thin qpherical shell of radius a and imiform thickness 
T, performing smaU radial vibrations so as always to retain the 
spherical form. 



We are to put 



a 



Now A^ and A^ are both of the form 



Vl 



— r 



C08-la 



F(a, 0) dd. 



and when a — l, this becomes by evaluation ^(1, 0), which 
= 2 (1 + /t) in both cases. 

Hence our formuIsB reduce to 

<.-«.=-:rV2-"~i — 

Now, with our previous notation, if a + 1^ be the radius of 
the spherical shell at time t. 



and 



r = Jp .4Tra".T.M", 
24(1 -/Lt*) '^^L a + Mju.o 



.-. F = 47raV 



24(t-^^-2(^+'^>5^' 
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and the equation of motion is 

il 4- fi->-f — . . ^. w= 0. 
op (1 — fi) a 

Hence the periodic time is 

27ra* / 6p (1 - fj) 
T * ^ q 

which is the result already obtained. 



(4) On the cwrves of constant intensity of homogeneous polarised 
light seen in a vmaxal crystal ctit at right angles to the optic aais. 
By C. Spubgb, B.A. 

Introduction, 

Sir George Airy has shown in his Tract on the Undulatoiy 
Theory that if a plate of Iceland spar bounded by planes perpen- 
dicular to the axis of the crystal be placed between a polaimng 
and analyzing plate the brightness of any point of the image formed 
after passing the analyzer is given by the formula 

a* < cos" a — sin (2-^ — 2a) sin 2-^ sin" — j- 

where / is proportional to the square of the radius vector from 
the centre of the image to the point considered and '^ is the other 
polar co-ordinate of the point considered, viz. the angle the radius 
vector makes with a fixed line, a is the angle between the plane 
of polarization at the analyzing plate and the plane of first polanza- 

tion. If a = or q- we have for the intensity • 



a"|l-8in"2i/r8in"^l 



ttI 

and a" sin" 2-^ sin" -^ respectively. 

Thus in either case the curves of equal intensity are given by 
an equation of the form 

Constant a= sin" 2yjr sin" — - , 

or &" =s sin" 2^jr sin" r" 

where £" is put for the constant 

and r* = — , 
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80 that r may still be treated as a radius vector the effect of 

irl , 

putting r^ for -:r- being merely to alter the size of the image 

in a certain ratio. 

The object of the present paper is first to obtain the mathe- 
matical properties of these curves and secondly by means of actual 
calculation to trace with accuracy the curves and thus obtain their 
exact form. 

Some of the properties have been given in a paper by 
Mr R T. Glazebrook, Proc. Carnb. Phil. Soc, Vol iv. Part vi. 



Oenerai Properties of the Curve. 

&» = sin*2^8inV 

or A?=±sin2^sinr^. 

The equation A? = ± sin 2^ sin r^ is in Polar Co-ordinates. When 
in the investigation which follows Rectangular Co-ordinates are 
mentioned it is to be understood that the origin is the same as for 
Polar Co-ordinates, that the Prime Vector is taken as the axis of x 
and a Hne perpendicular to it through the origin as the axis of y. 

Pboposition L The curve is symmetrical in thefowr quadrcmts. 
This is obvious from the form of the equation. 

Pboposition IL The cwrve {for a given value of h) consists of an 

infinite number of closed curves. 

When A? = the parts of the closed curves combine so that the 
system of curves may be regarded as a number of (double) quadrants 
of circles and (double) straight lines Ox, Oy. See Glazebrook loc. dt. 

These curves we shall term ovals, and for the sake of distinction 
we shall give them the names first, second,. . .nth ovals of intensity k. 
Thus the first oval of intensity k is given by 

r^ = /)* and r^=s'jr''p\ 
The second by 

r^ = 7r + p" and r^=s2ir — p\ 
and the nth oval will be given by 



r* = n — Itt + p* and i^^nir-^p^ (a). 
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when we now take p* to be the least positive value of r^ which 
satisfies 

sin r^ = ± - 



sin 2^* 

Proposition III. Form of the curve near the origin. 

The form of the curve near the origin is a rectangular 
hyperbola. 

The general equation of the curve is 

A?= + sin 25 sin r". 

For points near the origin r is very small so that for sin f* we 
may put r* neglecting quantities of the sixth order. Thus the 
equation of the curve near the origin is 

4= ± sin 25.7^ 
or transforming to Cartesian co-ordinates 

The equation of the rectangular hyperbola referred to the axes 
of X and y as asymptotes. 

Peoposition IV. Form of the cwrve at points remote from the 

origin. 

The ovals become arcs of circles except towards their ertrenii- 
ties which are rounded off (provided the ovals are not too near the 
point curves). 

The equation to the curve is 

sin 7^=1-:— ^. 

sin 20 

Afl in Prop. II. let p' be the least positive value of r^ which 
satisfies this equation. 

Then by equations a the general value of r* is 

r* = WW + p' 

where p' is less than ^ . 

Thus r = Jnir ± p' = Jnrr ± ^-j= ± &c (D). 



U 



mr 
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k 
Also /)• is giyen by sin p' = ±^^Jff' 

Near the middle of the curve, i.e. when = -t> sin 25 which is 

then at its maximum will vary slowly ; thus sin />" will vary 
slowly. Now p' near the middle of the curve is not nearly a 

TT 

multiple of ^ because the curve is not near the point curve. 

Therefore the value of p' also varies slowly. Again from the 
fonnula (D) that part of r" which contains p" is divided by 2jmr. 

Hence for ovals of a high order the term \ will be almost 

invariable first because p* does not vary much, and secondly 

because its variation is divided by a considerable factor 2jnir. 
Thus near the middle of the curves at a distance from the origin 
the ovals become circular arcs, 

« 

for r = Jnir ± ^._ 

is almost invariable. 

The contrary ¥rill be the case at the ends of the curve for here 

TT 

p' is equal to a multiple of ^ (odd multiple that is). Thus from 

the slow variation of sin p' we cannot infer a correspondingly slow 
variation of p*. Consequently the ends of the curve will be 
rounded off. 

Proposition V. All ovals of the same intensity touch two straight 
lines passing through me origin, and the ovals are entirely 
comprised between tiiese straight lines. 

See Glazebrook, loc. cit. 

Cor, This proposition may be stated in various ways, e.g. all 
ovals of the same intensity subtend the same angle at the origin. 

Proposition VI. If tangents he drawn from the origin to all tl^ 
ovals their points of contact lie on a circle. 

In the preceding proposition we have just shewn that the 
tangents from the origin to the ovals of intensity k are the lines 

= ^ sin"* k, 
tf = Jtt — i sin"* k. 
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The general equation being 

sin 20 
we have for the radii of the points of contact the equation 

substituting k for sin 20, 

If the point of contact is on the nth oval we must take the 
solution 



Thus the distance of the point of contact of the tangents to the 
nth oval of intensity k is 



=y(2«- 



1)5- 



Now this radius is independent of k but contains n. Therefore 
the tangents to all nth ovals have their points of contact on a 

circle centre the origin and radius /y 2n — 1 ^ . 



Proposition VII. AU ovals of the same intensity have the 

same area. 



See Glazebrook, loc. cit. 



Propositign VTII. Let the tangents be drawn from the origin to 
ovals of intensity k. The area contained hy the tangents and 
the two parts of any two consecutive ovals that they intercept 
will he always ihe sams. 

Consider the area between the parts intercepted by the tangents 
to the nth and n + 1th ovals of intensity k. 

In Fig. 1, PF is the nth oval, QQ' the* n + lth oval and 
PP'Q'Q is the element bounded by the curves and lines through 
the origin, OEE' OFF the common tangents, see Prop. V. Just 
as in the last proposition 

Area EEF'F^ i/ (0<2" - OP") d0. 
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But by equation a, Prop. IL, 

0P' = n7r-p\ 
.-. Area EEQFFPE^^p^dO 



^jp'dO. 




Fig. 1. 



TT 



The limits are ^ = | sin"* k to ^ = 5 — J sin"* A:, and as in last 
proposition p' is independent of n. 

Therefore the area is independent of w. Thus the area between 
the first and second ovals will be the same as between the nth and 
n + lth ovals. 

Cor, I. Let 7\ denote the area between tangents and ovals of 
If intensity. 

By the preceding 



By Prop. VII. if A^ denote the area of an oval of intensity k 

^-J8in-»ft 

Therefore 



r If j-~j8in"'* 



n + ^ = ^[|-sin-A;]. 



Cor. II. A Prop, similar to Prop. VIII. holds if instead of 
areas between consecutive ovals the areas between ovals whose 
difference of order is constant be taken. 
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Thus for example the areas between tangents and nF and n + 8* 
ovals are the same whatever be the value of n. 



Proposition IX. Each oval of the nth order is bisected by fhe 
circle which is the locus of the points of contact of tangents 
drawn to them from the origin. (See Prop, VI.) 

The proof of this involves no difficulty. 

Proposition X. Let tangents be drawn from the origin to Ae 
ovals. The area contained by the tangents and the parts of any 
two consecutive ovals they intercept will be bisected by the 
quadrantal arc of intensity k = which passes between the two 
consecutive ovals. 

This also admits of a very simple proof. 

Proposition XI. Generally if two consecutive lines be dnwwi 
through the origin to meet two ovals ea^h of the nth order and 
of Wi and mth intensities the area of the element formed by 
the ovals and the parts of the consecutive lines intercepted by 
them is independent of n. 

Proposition XII. If a vector be drawn in any direction through 
the origin meeting any nth ovals in points R^, R„', 

OIl^» + 0B^'» = constant 

Let the line OR^RJ meet an nth oval of intensity k. 
By Prop. II., equations a, 

ORJ^-- niT - p», 

where p* (only) depends on h. 



Therefore 0^ " + Ofi." = 2n - 1 w. 

Since the right hand does not contain h the Prop, holds for 
all ovals of the nth order. 

Also the constant is independent of 6 the direction of the 
line, and the proposition holds for all directions of the line. 

Cor. If ORJR^ be produced to meet the n + 1th oval of in- 
tensity k in -B^+j, we have 
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But OB^'^^nir-^p*. 

Therefore OB^J + Oi2/" = 2n7r 



'n*l 



= a constant independent of the in- 
tensity k. 

Pboposition Xni. ijf a vector be drawn through the origin 
meeting any iLth intensity ovals in R^, Bk^ 

OR," - OR,* = cmstant. 
This can be proved in a manner similar to Prop. XII. 

Proposition XIV. If a circle he described from the origin as 
centre meeting the uih ovals in points K^y A^...andOA,, OA^ ... 
he produced to meet the nth ovals again in A,'A,' ... A/ A, ... 
wiU lie on another circle. 

For by Prop. XII., 



OA^-vOA.^^in-lir. 
But OA^ = a constant = a* say ; 

Thus A^A^ ... lie on an nth oval, 

0-4/, OA^ ... &c. are all constant. 

Therefore -4/, -4/.,. lie on a circle-centre the origin and of 
radius tj(^n — 1 ir — a"). 

Cor. I. If 0A.\ OA^ ... be produced to meet the next set of 
n+lth ovals in -4/ , -4/' ... A"A^' lie on a circle. 

Cor. II, If production be continued the radius of the next 
circle is 

v/(2nTl w - w - a"), 

or V27wr — a'. 

Thus we see the squares of the radii of alternate circles increase 
in Arithmetical Progression. 

Pboposition XV. The moments of inertia of the ovals of 
same intensity considered of uniform density form a series 
of terms in ArithTnetical Progression^ the moments of inertia 
being supposed taken about an axis through the origin perpen- 
dicular to the plane of the curves. 

This follows by the aid of Prop. XIII. 

VOL. V. PT. II. 6 
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Proposition XVI. The curvature of the ovals at points where 
tangents from the origin touch them varies directly as the cube 
of the distance of the points from the origin. 

Let OQ (Fig. 2) be the tangent to the nth oval, OP a vector 
consecutive to OA. 

Let POQ = d0. 

We have sin 2^ = A: for the line OQ, 

IT 



OQ" = r»=:2n-l2 




Fig. 2. 

Now at the outset we may observe that it follows from the 
geometry (i.e. since OQ is a tangent) that if dr the incremcDt 
of OQ be of the first order of infinitesimals dO will be of the 
second order of infinitesimals. Hence we may expect the relation 
between dd^ dr to assume the form 

di\^ = Add. 

Consequently in the expansion that follows we keep the terms 
dr up to the second order, the terms dd to the first order of 
infinitesimals only. 

The general equation of the curve is 

To find the relation between dr and dd of point Q we sub- 
stitute for r^ix^- dry, for ^ ^ + d0. 



Thus we obtain 



8in(r + dr)" = ± -: 



8in2(^ + d^)' 
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or sinr*co8(2rc?r+...) + cosr'8in(...) 

^ k , 2ib C08 2,6 dd 
- - sin 2,6 "^ sin" 20 ' 

expanding this side by simple dijQferentiation. 



IT 



Now since r* = 2n — 1 ^ , 

k 
cosr* = and sinr'=± . ,^ ; sin2^ = ifc 

sin 2^ 

_ =±1; 

•" *l^"~2-;s-E2g = ±sl^2^^— ^— ^^- 

Whence cancelling terms we have as the relation between 
dr and dd 



4r^»_2Vr^ ,^. 
~2 1? ^^' 



df^ vn^ 1 



" rdd k 7* ' 

But if in figure PM be perpendicular to OQ 

PM = rdO, 
MQ = dr, 

and p the radius of curvature = ^r-rn . 

2rdd 



Thus 2p = 



k r»" 



Therefore the curvature varies directly as the cube of the 
distance r of the points of contact from the origin. 

Also we see if A; =^ 0, p = x , this gives us the flattened parts of 
curves for A; = 0, and serves to verify the formula. 

If Jk = l, p = gives the point circles to which the ovals di- 
minish when A; *= 1. 

PROPOsmON XVII. If ta/agenU he drawn from the origin to all 
ovals of intensity k the centres of circles of curvature at points 
of contact lie on the unicursal quartic 

y^ — 2k-- 
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when the aode of x iatiie tangent to aU the ovais and tiie origin 
is at the usual place. 

This follows from the value of p found in Prop. XVI. 

Proposition XVIII. If a straight line he drawn through the 
origin to meet ovals of intensity k, the area of the triangk 
formed by the vectors to points of section and corresponding 
subnormals is constant. 

The equation to the curve is 

sin r* = ± - 



sin 2^' 
k 



Therefore r* = ± sin"* -r- ^ + ww, 

sm 20 

n being an integer. 

Therefore by differentiation 

rdr 



dd 



= ± function of 6, k. 




Fig. 8. 

Let OP (fig. 3) be the line through origin meeting the oval of 
intensity k in r, and P8 the normal, 08 the polar subnormal. 

Then, if OP = r, Pox = 0, 

rd0 



cot OPS = 



rdr 



dr' 
r» tan OPS 



:=r. OS. 
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But -^ = function of 0, k, and is the same for all points on the 

line OP and on an oval of intensity k, 

. ". r . 08 = constant. 
Hence the area of triangle 08P is constant. 
Therefore we have 

Proposition XIX. All normals to ovals of intensity k drawn at 
points on a straight Une through the origin touch a rectangular 
hyperbola. 

Cor. The tendency of normals at a distance is to become co- 
incident with OP, for the hyperbolic curve has its asymptote 
along OP. 

Thus again we see the curves are circular at distance from 
origin. 

PfiOPOSiTiON XX. The form of the curves near the point curves is 
elliptic, and the centre of such ellipses is very nearly at the 
point curve. 

This follows from the equation without difficulty. 

Proposition XXI. Ovals of the second and higher orders have 
points of inflexion if the ovals are sufficiently near to the circle 
of intensity k = 0. 

Consider an oval of the second order which is near to a circle 
of intensity A; = 0. 





^\\ 




\ \ 

\ \ 

\ \ 



The portion of the curve near A being very iiearly of a circular 
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form, for its form can only slightly differ from that of an oval of 
intensity A: = 0. 

Thus the curve near A has its concavity inwards. 

In order that the curve may turn so as to become closed it is 
clear that the concavity of the end BD must be outwards. 

Thus a point of inflexion must exist at B somewhere between 
A and D. 

Similarly there is by the symmetry of the curves a point of 
inflexion at C. 

Thus on a curve near to an oval of intensity there are two 
points of inflexion. 

The equation for finding these points is not difficult to obtain. 
But it vrill be found to be so exceedingly complex that it is prac- 
tically useless, and on this account it is not given. 



(5) Tables of the nvmber ofnwmbers not greater than a given number 
and prime to it, and of the number and sn/m of the divisors 
of a nwmher, with the corresponding inverse tables, up to 3000. 
By J. W. L. Glaisher, M.A,, F.R.S. 

[Abstract!] 

Denoting by (n) the number of numbers not greater than n 
and prime to it, by i;(n) the number of divisors of n, and by <r(«) 
the sum of the divisors of n, unity and n itself being included, 
the tables contained in the present paper are as follows : 

Table I. The complete resolution of n into factors and the 
values of ^ (n), v {n), and a (n) for all values of n up to n == 3000. 

Table II. The values of n corresponding to ^(n) as argu- 
ment. 

Table III. The values of n corresponding to i/ (n) as argu- 
ment. 

Table IV. The values of n corresponding to <r(n) as argu- 
ment. 

Tables II.-IV. are inverse to Table I. and extend also to 
n = 3000. 

An introduction containing a collection of formulae relating 
to the functions {n\ v (n) and a (n) is prefixed to the paper. 

The paper is in course of publication in the Transactions of 
the Society. 
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February 11, 1884. 
Mr Glaisher, President, in the chair. 

The following communications were made : 

(1) On the constitution of ths Gell-waU and Middle Lamella. 
By Walter Gardiner, B.A. 

If we accept the view of Schmitz* and Strasburger* as to the 
first formation of the cell- wall, we must regard the cell-plate which 
appears as a delicate septum between the two dividing nuclei, and 
at the equator of the achromatin spindle, as consisting of a number 
of microsomes imbedded in a protoplasmic matrix'. 

The cell-wall which is subsequently formed, is the expression 
of a chemical change having taken place in the structure, in con- 
sequence of which cellulose appears as one of the principal bye- 
products: that is to say: that from the breaking down of a complex 
proteid, a carbohydrate has been produced. 

The succeeding thickening of this primitive cellulose mem- 
brane^ is brought about in a manner quite similar to that which 
attended its first formation, viz. by the repeated apposition upon 
it, of fresh sheets of microsome-laden protoplasm, which are suc- 
cessively deposited and converted into layers of cellulose, except 
that in the case of the secondary thickening, the microsomes are 
deposited by the general parietal protoplasm, and are not conveyed 
in the special fibrils of the achromatin spindle, which disappear 
with the formation of the primary wall. 

Simultaneously with this thickening other phenomena usually 
occur. In the first place owing both to chemical alteration, and 
to pressure and tension, a distinct median layer becomes differen- 
tiated in the hitherto homogeneous wall which separates the contents 
of adjacent cells, so that the wall appears to be no longer common, 
but on the contrary, each cell-wall appears to be surrounded with 
its own cell-membrane, and, at the junction of the two is the well 
defined layer in question, which is usually known as the middle 

> Schmits, Sitther, nUderrhein. Oes, in Bonn, Deo. 6th, 1880. 
' Strasbarger, Bau und Waehstkumf p. 178. 

* Were the idea borne ont by observed faots, it would be simpler for the cell- 
wall to consist simply of aggregated microsomes, 'which gradually coalesce into a 
firm membrane, the microsomes being regarded as formed proteid substance, and 
be&oe midway between protoplasm on the one hand and cellulose on the other. 

* In certain instances it would appear that the primitive membrane ^ay not 
consiBt solely of cellulose, e.g. the seed of Ardisia where starch is present. The 
statement here refers only to typical walls. 
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In the substance of the walls themselves also, changes both 
of a chemical and physical nature supervene, in consequence of 
which, the typically cellulose membrane becomes lignified, cuti- 
cularised, corky or mucilaginous as the case may be. 

As we follow the history of the development of botanical 
histology and microchemistry, we find that in each of the above- 
mentioned kinds of cell-walls, certain substances were discovered, 
to the properties of which, the peculiar characteristics of the wall 
were due. Thus from the cuticle first described by Brogniart\ 
Fr^my* isolated a substance, to which he appropriated the name 
Cutin, and for which he gave the percentage composition, C. 73*66, 
H. 11*37, O. 14*97. In the same way lignified walls are usually 
allowed to owe their properties to the presence of lignin'. In 
corky walls, Chevreul* found a substance, which he called Suberin, 
which according to Doepping" gave eerie acid» (impure suberic acid) 
after treatment with nitric acid, and was expelled from a corky 
tissue in yellow drops on treatment with boiling potash*. As to 
mucilaginous walls, the presence in them of mucilage or gam 
was long known. Klitzing' (by boiling) isolated from the cells of 
certain algae, e.g. Sphaerococcus crispus, a mucilage to which he 
gave the name Phytogelin, and also recognized that gum-traga- 
ganth consisted of a mass of swollen cell-walls, the cells of which 
often contained starch grains^ More recently also Fr^my* described 
as pectose, a body alUed to mucilage which is found in many 
unripe fruits and Berg^^ in investigating Cetraria ialandica separated 
from it Lichen-starch and Lichenin. 

At a very early period" it was recognized that in cells whidi 
had become lignified, cuticularised, mucilaginous or corky, an 
unaltered cellulose portion still remained, and the foreign matters 
(lignin, cutin, &c.) which prevented the visible occurrence of the 
cellulose reactions, were regarded as infiltrated substances. Thus 
Von Mohl found that in the case of epidermal and corky cells, 
a lengthy treatment with potash, dissolved out the foreign matter, 
and the remaining cell- wall now gave a blue coloured with iodine. 



I Brogniart, Ann, de Sci, Nat, Ser. 1. 1. zxi. p. 427 (1880). 

* Frtoy, Ann, de Sci, Nat, Ser. iv. t. xii. (1859). 

> Payen, M4m, sur les diveloppements des vig€taux (1844). 

* CheTrenl, Sur le mojen k analyser plusieura matidres v^^tales, <fec. Ank, 
(le CJiemie, t. 96 (1815). 

* Doepping, Ann. Gliem, u, Pharm, von Liebeg u. Wiihler^ Bd. 46, p. 286 (1848). 
« Von Hohnel, Ueber Kork, &c. Sitzbcr, d. k. A had, in Wien, lxxvi. (1877). 

7 Kiitzing, Fhycologia yciieralia. 

« Kutzing, Gnind. d. yhil. Bot. 203, 204. 

» Fremy, Ann. de Sci. Nat. Ser. 6, t. xiii. (1882). 

^^ Berg, Zur Kenntniss des in Cetraria islaudica &c. Diss. Dorpat, 1872. 

II Scharcht, The Microscope, English translation, p. 69. Von Mohl, Vegetable 
Cell, English translation, p. 28. 
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Woody and sclerenchymatous tissue also, after being treated with 
nitric acid and potash, reacted in the usual manner towards cellu- 
lose tests. Similarly as regards the cuticle, Hofmeister* found 
that after three weeks maceration in potash, the insoluble remain- 
ing skeleton became distinctly blue with a solution of iodine. 
Thus in every instance a cellulose framework apparently remains. 
The lignin, cutin, suberin and the like, must however be regarded, 
not as infiltrated substances, to be placed in the same category 
with such bodies as silica', or iron^ but rather as portions of the 
cellulose which have experienced chemical change. In the present 
state of the science we know but little as to how these changes 
occur, but it is a matter of interest to observe that they can take 
place only in the living plant, although as it appears, in the 
conifers at least, the cells may have lost their cell-contents^. 

Besides these fairly well defined modifications of cellulose 
which accompany lignification, cuticularisation, or the formation of 
cork, we have yet to consider other forms of cell- wall, which may 
be conveniently separated from the foregoing. Sometime after 
Payen's* discovery that cell-walls turned blue when treated with 
iodine and sulphujric acid, Scharcht* showed that the walls of 
certain fungi, even after treatment with potash, did not give the 
reactions of cellulose, but with iodine and sulphuric acid were 
metely stained yellow. In consequence of this observation, the 
walls were regarded as consisting of a definite form of cellulose, 
which was known as the fungin of Braconnot^, or the fungus 
cellulose of de Bary^ Richter® however is of opinion that a 
definite fungus cellulose does not exist, but that the waUs in 
reality consist of ordinary cellulose together with a body, which 
in certain funei, e.g. Da^dalea, he makes out to be suberin^^ He 
found that when fungus-tissue was treated for some time — in 
certain cases, several weeks — with solution of potash, washed 
with weak acid, and mounted in chlor. zinc, iod., the customary 
blue colouration was obtained. However, as DragendorflP* points 
out, one cannot with certainty make deductions with regard to 
results produced after such lengthy action of potash, and conse- 
quently, one must not regard them as quite decisive. DragendorfiT^' 



1 Hofineister, PflanzemeUe, p. 257. ' Von Mohl, Bot. Zeit, 1861. 

' WelBS n. Wiesner, Sitzher, d, k. Ahad, in Wien, zl. 1860. 

* Strasbmger, Der ZellhaUU, p. 199. ^ Payen, loc, cit. 1844. 

* Scharcht, Die PflamenzeUe, 1852. ^ Braconnot. See Fremy, I. c. 

^ De Bary, Morphologie der Pilze, Flechten u. Myxomyceten. (Hofmeister, 
Itandh, d. pkys. Bot. u. p. 7 n. ff.) 

* Bichter, Sitzber. d. k, Akad, in Wien, Lxxxm. 1881. 

'* In the maahroomB he believes that a substanoe of a proteid nature is present 
togsther with the oeUulose. 
* " Drag6ndor£f, Plant Analysis, English translation, 1884, p. 257. 

>* nragendorff, loc. cit. p. 255. 
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however is himself inclined to believe, that the hardening sub- 
stances of many of the fungi of a woody character is identical 
with suberin. Fr^my's^ experiments, as I shall state later on, 
point to the occurrence of a substance which he calls metacel- 
lulose, in the tissue of lichens and fungi. Lastly, as before men- 
tioned. Berg' succeeded in isolating lichenin and hchen starch, 
the latter being thus designated since it turns blue with iodine. 
We thus have evidence that in fungi as well as in woody and 
corky tissue the cell-walls consist of a framework of cellulose, 
and that other substances such as suberin, metacellulose, lichenin 
and the so-called lichen-starch may also be present 

Ketuming now to the consideration of ordinary vegetable cells 
we find that Yon MohP made the observation that certain eell- 
walls existed, e.g. endosperm of Cyclamen, which gave a blue 
colouration with iodine alone, and Schleiden* who discovered a 
similar phenomenon in the homy cells of the cotyledons of Schotia, 
Hymenaea, Mucuna^ and TamarindiLS, appropriated to the substance 
which produced the reaction the name Amyloid. Other instances 
of cells which turn blue, are afforded by the phloem cells of Lyco- 
poditum'^, and of the root of Ruscvs axyuleabus^y the endospenn 
cells of Pdeonid'^ Ardisia and Primula^, and certain forms of muci- 
lage, e.g. the mucilage cells of Linseed and Quince seed, and of 
the parenchyma cells of the petiole of Aiicuba Japonica\ 

In some of the foregoing instances as in the case of certain 
young cells observed by Scharcht", a peculiar hydratic condition of 
the substance of the cell- wall is required, before the production of 
the blue coloured with iodine and sulphuric acid. To Scharcht 
also is due the observation which I have myself repeatedly con- 
firmed with regard to endosperm cells, that very dry tissue will 
not turn blue until a certain amount of hydration has taken place. 
Finally Sella" noticed that in the young cells of the growing points 
of Zea, Fhaseolus, and Vicia, the cell-walls do not turn blue, but 
simply remain yellow or brown, when treated with the usual cellulose 
reagent. 

Of gums and mucilages one can say but little. There seems some 

1 Fr6my, Arm, de Sci, Nat. Ser. 6, xm. 1882. 

> Berg, Zor EenntmBB des in Getraria islandioa vork. LicheninB and iodblioen- 
den Stoffes. Diss. Dorpat, 1872. 

» Von Mohl, Vermischte Schriften, p. 336. 

^ Sehleiden, OruruLk der wiss. Botanik. 8rd edition, i. p. 172, <&c. 

° De Bazy, Vergl. Anatomie, p. 364. 

6 Gardiner. Besembles in reaction the phloem of Lycopodium. 

7 Vines (onpablished observation). Mentioned as such in my paper in the PhiL 
Trans, 1883. The phenomenon is also referred to in Trelease's English translation 
of Poulsen's Microchemie^ p. 174> 1884. 

8 Gardiner, Phil, Tram, Part in. 1883. 

> Gardiner. See present paper. '^ Soharcht, loc, cit, p. 72. 

" SoUa, Osterr. Bot. Zeitsehrift, 1879, p. 851. 
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probability that gums may be regarded as altered mucilages, Le. 
as mucilages which have undergone some change in their properties, 
both in consequence of free exposure to the atmosphere, and of 
forming certain definite chemical combinations such as occur in 
gum arable, which may be regarded as consisting of the arabates 
of calcium and potassium. Moreover, speaking generallv, muci- 
lages are connected with living, and gums with dead cells. One 
cannot however, I think, attempt to separate sharply the one 
class of bodies from the other. Between the typical gum and the 
typical mucilage, most distinct dififerences may exist, but there are, 
connecting the two extremes, many transition forms, which com- 
pletely and insensibly bridge over the space and prevent us from 
placing with any degree of definiteness, a strict line of demarkation 
between the two. In any case, the bodies in question are to be 
regarded as mainly the result of a degeneration of the cell-wall. 
In gum-tragaganth the remains of the latter may be detected 
which moreover gives a blue with iodine and chlor. zinc iod., 
but Cherry gum, on the other hand, displays no structure, and with 
the same reagent, simply stains yellow. With the mucilages which 
turn blue with iodine we shall deal later on. 

In most cases we have certain microchemical tests, which afford 
a means of distinguishing the various modifications of cell-wall 
from one another, and since I may subsequently have occasion to 
refer to them it would be well that I should give them here. 

CeUtUaae. Payen*, as I have already mentioned, first demonstrated 
that walls containing cellulose gave a blue colour with iodine and 
sulphuric acid, and subsequently it was shown that the same reaction 
took place with iodine and zinc chloride (chlor. zinc, iod.)' soluble in 
sulphuric acid, ammoniacal oxide of copper, or Schweitzer*s reagent' 
(copper, ammonio-stdphate), it is insoluble in Schultze's mixture 
(potassic chlorate and nitric acid), and indeed in oxidizing agents in 
general. Lastly, as I have pointed out*, it is especially stcuned by 
dilate alcoholic solutions of methylene blue'. 

Lignin, In contradistinction to cellulose, this substance is soluble 
in oxidizing agenta, such as Schultze's mixture, nitric acid, chlorine 
water, potassic permanganate or chromic acid. Such reagents convert 
it into resinous acid bodies which are soluble in alkaliea In sulphuric 

^ Payen, toe. cit, 

' With Bussow's mixture of iodine and ohlor. zino. iod. oeUulose waUs do not 
torn blue bat simply remain broM-n. See Sitzber, der Dorpat, Naturf. Oesell, 
September, 1883. 

• Schweitzer, Vierteljahrischrift. Naturf, Oes. ZUrich, Bd. ii. 1867. 

< Gardiner, Phil. Trans. Part iii. 1883. 

' With regard to the manipulation of this dye, it is important, that a dilute solu- 
tion be made in 50^/o alcohol; that the staining be quickly accomplished, and that 
the Bection be well washed in water before mounting in Glycerine. This treatment 
also applies to Ho6nann*8 blue. 
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acid or Schweitzer's reagent it is quite insoluble. It is deeply stained 
by most aniline dyes as Russow* showed for instance in the case of 
fuchsin. The two reagents discovered by Wiesner, viz. a solution of 
pbloroglucin' or anilin chloride® in hydrochloric acid afford very valuable 
tests for lignified tissue, the former colouring it red or violet, and the 
latter staining it gold-yellow. With Von Hohnel's reagent* — xylophylin 
and hydrochloric acid — it also goes violet 

Mtunlage, The reactions as regards mucilage are mostly of a 
negative character. With Hofmann's blue, (as I shall point out later 
on,) and with methylene blue' it readily assumes a blue colouration. 
With Hanstein's reagent* it stains red, and when well developed 
Boassin's test^ (a white precipitate with ferrous sulphate, soluble in 
acetic acid) may be applied. 

Cutin, The cutin of cuticle, like cellulose is insoluble in sulphuric 
acid, but soluble in caustic potash. With Hanstein's reagent it is 
coloured blue, and with chlor. zinc. iod. yellow. 

Cork is dissolved by boiling potash, and during the process yellow 
oily drops (suberin of Von Hohnel') escape. Subjected to the action of 
nitric acid, suberic acid is produced. With Schultze's mixture it is de- 
composed, yielding an oily, resinous mass, which may be dissolved by 
subsequent treatment with potash. According to Olivier' cork is 
readily stained by dilute solutions of fuchsin, which persistently colour 
it, even after prolonged action of absolute alcohol. With iodine and 
chlor. zinc. iod. it merely becomes yellow. When treated for some time 
with chromic acid it is dissolved. 

An examination of the foregoing list will make it quite ap- 
parent that with regard to certain of the substances met with in 
the cell-wall, e.g. cellulose and cutio, there are well-defined 
chemical tests, which, on the whole, render it probable that the 
reactions to which they give rise, point to the presence of definite 
bodies, and are not merely the result of a histological diflferen- 
tiation. But as to many other reactions, which have also been 
regarded as evidences of the existence of other bodies, whose 
characters are not nearly so well defined, one must, for the present 

1 BnsBOW, Sitzber, d, Dorpater. Naturf. Oesell, 1880, p. 419. 

3 Wiesner, Sitzber. d, k. Akad, in Wien, lxzyii. 1878. 

> Wiesner, Sitzber, d. k. Akad, in Wien, lxx. 1874. 

« Yon Hdhnel, Sitzber. d. k. Akad. in Wien, 1877. Wiesner believes that 
xylophylin is praotioally the same body as phloroglnoin. Acoording to Max Singer, 
Sitzber, d. k. Akad, in Wien, lzxxv. 1882, both Wiesner's and Yon Hohnel's 
leactions are due to the presence of vanillin in lignified tissue. Thns they do not 
point to the presenoe of lignin, but rather of lignified tissne. The same is troe of 
the indol advocated by Niggl. Bee Singer (L c). Wiesner's (I, e.) Phenol -Hydro- 
chloric add reaction is dae to the presence of ooniferin. 

Ghirdiner, loe. cit, 

« Hanstein, Bot, Zeit. 1868. No. 43 et seq. 

7 See Bonnier. Ann, des Sci. Nat, 6th series, viii. 1879, p. 87. 

8 Yon Hohnel, loe. cit, 

» Olivier, Bull, Soc. bot. de France, 1880, t. xxvii. pp. 234, 235. 
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at any rate, regard them with suspicion, recognizing as we do the 
great difficulties connected with the isolation of pure substances, 
and consequently the little that is absolutely known of their 
chemical properties and constitution. This is perhaps especially 
trae of the various bodies produced by the mucilaginous degenera- 
tion of cellulose. 

It may be very justly observed that great light has been thrown 
on the constitution of the cell-wall, in consequence of two com- 
munications which have recently appeared in the "Annales de 
Sciences Ifaturellee'* the one by Fr^my*, and the other by Fr^my 
and Terreil*. By a careful and patient study of the chemistry of 
tissues, the well-known investigator who had so long ago isolated 
cntinVhas now succeeded, not only in confirming his previous 
researches, but also in extending them, in such a manner, as to 
make a very decided and important advance in the field of 
Botanical Microchemistry. 

The following is the classification adopted by the authors. 
Having it must be premised (though not definitely stated in their 
paper) separated the foreign substances occurring as cell-con- 
tents, &c. by some such method as successive treatment with 
petroleum spirit, alcohol, ether, and water, they arrange the 
various constituents of vegetable tissue under seven heads, e.g. 
(1) Cellulose substances, (2) Vasculose (Lignin), (3) Cutose, 
(4) Pectose, (5) Calcium Pectate, (6) Nitrogenous substances, 
(7) Mineral substances. 

The cellulose substances include all those bodies which dissolve 
without colouration in bihydrated sulphuric acid (H^SO., 2H O) 
producing dextrin and sugar, and which resist the action of alkalies 
and oxidising agents. By means of Schweitzer's reagent (am- 
monio-sulphate of copper) three well-defined varieties may be 
separated. 

1. CeUtilose proper, EasUy soluble in Schweitzer's reagent. 

2. FaraceUulose, Soluble only after the action of acids. 

3. MetaceUulose, Insoluble even after preliminary action of acids. 

Vcueuloee (Lignin) ^. Insoluble in hihydrated sulphuric acid or 

1 Fr^my, Awn. des Set. Nat. 6th ser. xm. 1882. 

* ¥r&aij et Terrell, reference as before. 

» Frtoy, Arm. de$ Sci. Nat. 4 aer, xil p. 381. 

* Mftz Singer (Sitzh. d. k. Akad. in Wien, lzxzy. 1882) finds that after very 
lengthy treatment (e.g. 6 weeks) with water whioh was aUowed to boU for 10 hours 
a cUiy, the following snbstanoes may be extracted from lignified tissne, viz. (1) 
Vanilhn, (2) Coniferin, (3) a certain quantity of gam, ^4) the wood gam of ^om- 
■en, (5) a sabstance coloured yellow by hydrochloric acid. From these results he 
is inclined to belieye that the so-called lignin is in reality a mixture of many 
nbstanoes. It is not however apparent that by his methods he has actually 
extracted \h.e lignin from the tissue. One would rather imagine the substances 
dissolved by boUiiig water were bodies which occur in lignifieid tissue. Thus on 
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Schweitzer's reagent, but soluble in alkalies when subjected to increaBed 
pressure, and also dissolved by oxidizing agents as already mentioned, 
forming resinous acids which saponify with caustic potash. 

Gutoae (Cutin). Insoluble in bihydrated sulphuric acid or Schweitzer^s 
reagent, but soluble in alkalies at ordinary pressure. Is converted by 
nitric acid into suberic acid. 

By taking advantage of these properties, the various substances 
may be separated from one another. Thus cellulose may be sepa* 
rated from vasculose by acting upon the tissue either with bihy- 
drated acid or with Schweitzer's reagent, while vasculose may be 
removed by the action of cold nitric acid diluted with an equal 
bulk of water, and subsequent treatment with alkali. Cutose io 
the same way is soluble in alkali at ordinary pressure. 

Fectose, Insoluble in water, but converted into soluble pectin by 
the action of acids. 

Calcic pectcUe, Decomposed by acids, e.g. dilute cold hydrochloric 
acid. The pectic acid which remains gives with potash a pectate soluble 
in water. 

NUrogenoua mbstances. Soluble in potash. 

Inorgcmic mbstcmcea. Present in ash. 

As to the occurrence of these substances the authors state that 

Pa/r<icellvlo86 is found in epidermal cells in the layers next the 
cuticle, and in certain cells of roots and other tissues. 

Metacelluloae occurs in the tissue of lichens and fimgi. The fongin 
of Braconnot^ consists largely of this form of cellulose. 

Vasculose. In all lignified tissue. 

Calcic pectate forms the chief constituent of the middle lameUa and 
adjacent layers of many pith cells. In such tissue, a treatment with 
cold dilute hydrochloric acid causes separation from one another, of the 
constituent cells. 

Nitrogenous substances embrace probably the remains of the proto- 
plasm, and in the inorgamc salts are included such substances as silica 
and the like. 

the whole, one would suppose that the gums are derived from the cellulose frame- 
work, and that the comferin, which as a glucoside exists probably as a oell- 
oontent of wood cells, escapes upon the death of the cell— either naturally or 
artificially induced — into the cell-wall ; and thus causes a staining of that strne- 
ture, just as in the case of cells containing tannin. The vanillin one would sop- 
pose is produced by the subsequent oxidation of the coniferin. It is therefore 
perhaps, to be regretted that in his translation of Poulsen's Miehrochemie (Boston, 
1884}, Prof. Trelease has taken no account of the opinions of Dragendorff and Fr^y, 
but nas stated that " lignin probably consists of (1) vanillin, cftc.'* If we are to 
regard lignin as the whole collection of the substances, other than oelluloee, 
present in Ugnified tissues, then Fr^my's new name of vasculose — ^which was other- 
wise unnecessary — ia of value to distinguish the substance par exceUenee, which al 
the present time we usually admit to be present in woody tissue. 
1 Braoonnot (loe. cit,). 
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Among other valuable points we may notice that there is some 
definite evidence that the walls of fungi consist of a framework 
of cellulose and a large remaining portion of metacellulose. Again 
the suberin of ChevreuP is shown not to be a definite body, but 
a mixture of cutose and vasculose, and the suberic acid of Doep- 
ping* is derived from the cutose: the vasculose giving rise to the 
resinous acids. Thus cork consists of a cellulose framework and 
a remaining portion of cutose and vasculose, and we at once 
onderstand how that by the action of such a powerful oxidizing 
agent as Schultze's mixture, all but the cellulose framework is 
rendered soluble. It is of interest also to note that when heated 
with potash, cellulose gives rise to acetic and oxalic, and vas- 
culose to ulmic acid. 

But although one must be struck by the great value of the 
researches of Fr^my and Terreil, one cannot I think admit with 
the former of these investigators, either that by their method a 
complete analysis of vegetable tissues can be made, or that their 
various subdivisions include all the substances met with in plant 
cells. One must regard the research rather in the light of an 
advance; very definite and very valuable, but still far from com- 
plete. For instance, it does not appear under what head that 
peculiar form of cellulose giving a blue with iodine, is to be 
classed, and especially with regard to the gums and mucilages, 
it is a question whether they can all be collected under the head 
of Pectose. As for lignin indeed, there seems to be great pro- 
bability that, like cellulose, it is a definite substance, but concern- 
ing gums and mucilages there is every evidence that we have to 
deal with a class of bodies, the members of which although not 
very distinct, possess nevertheless many well-marked properties, 
of sufficient value to admit of their being clearly separated, and 
in fact, almost every well conducted analysis brings to light fresh 
forms of mucilage, which differ markedly in some well-defined 
reaction from the already existing varieties. It now remains for 
me to dwell shortly on some other points with regard to cellulose, 
lignin, cutin, and mucilages. 

With the properties of what one may speak of as cellulose 
proper we are already acquainted. This body exists in an espe- 
cially pure form, in many palm endosperms, e.g. Bentinckia, 
Phoenix^ &c., and as I have already remarked, usually constitutes 
the substance of new and unaltered cell-walls. As to how para- 
cellulose and metacellulose differ from the cellulose par excellence 
we do not as yet know, and whether the difference consists in 
oxidation, hydration, or any other change, must for the present 
be left an open question. Apparently, as far as one can judge 

^ Chevieal {loc, eit,), ' Doepping {loc, eit.}. 
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from Fr^my*s paper, the paracellulose forms in great part the 
substance of the cuticulansed layers of the epidermis, and since, 
as we saw, it is also met with in other tissues, one must conclude 
that this form of cellulose is of more general occurrence than has 
hitherto been imagined. Some interest also is attached to that 
particular form which turns blue with iodine alone. It has been 
long known that after the action of such acids as sulphuric, phos- 
phoric, or iodic acids, cellulose walls will give a blue instead of a 
yellow, with iodine. In enquiring into the meaning of this phe- 
nomenon, we receive great assistance from the many investigations 
made under the directions of Prof DragendorjSF, which have special 
reference to the constitution of pure cellulose. 

Although the formula of cellulose is usually regarded as C^H^^O^ 
Stackmann^ found that an analysis of the cellulose of conifer-wood 
gave for the formula 5 (Gfl^fi^) + H^O. These results agreed with 
those of KoroU* on the constitution of the cellulose of sderenchy- 
matous and bast tissue. Similarly the' cellulose of parenchyma 
cells gave 5 (G^K^fi^ + 2H,0, while that from the wood of most 
Dicotyledons gave 5 {C^fi^ -f 3HjO. In all these analyses sul- 
phuric acid was used in tne purification. Schuppe' on the other 
hand, working his purification in the absence of sulphuric acid, 
found that the body thus separated was in all cases simply repre- 
sented by GJBL^fi^. As a result of these experiments it would 
then appear, that the use of sulphuric acid occasions a definite 
hydration of the cellulose, in the same way as we know it does in 
other chemical reactions*. 

Leaving for a moment the subject under immediate considera- 
tion, we find that Nageli' and Sachsse", in their analysis of starch, 
found that the body should not be represented by C^H O^, but 
that the constitution expressed by the formula 6 Gfi^jO^ -f- H^Q 
was much more exact. Then comparing together, the facts with 
regard to the composition of starch, and of cellulose, it appeais 
in the liffht of Schuppe's results, that the action of sulphuric acid 
and the Tike, brings about a definite hydration, in consequence of 
which a hydrated cellulose is produced, which, though it is most 
probably not identical with starch, yet approaches it in its con- 
stitution and, what is more, gives a blue colour with iodine. The 
cellulose met with in the asci of Lichens — (the so called Idchen- 

1 Stackmann, Stndien iiber die ZasammenBetzting d. Hokes. Diss. Domal 
1878. *^ 

' EoroU, Quant, ohem. Unters. a. d. Zasammensetz. d. Eork-Bast, «&e. Diss. 
Dorpat, 1880. 

* Sohnppe, Beitrlige z. Chemie d. Holzgewebes. Diss. Dorpat, 1882. 

^ The prodnotion of ethyl alcohol by the action of sulphuric add on ethylene 
18 a case in point. 

^ Nageli, Armal, d, Chem, u. Pharm. olxzii. 218, 1874. 

* Saohsse, ZeiUchr.f. anal, Chem. zni. 281, 1878. 
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starch), the miicila<re of Linseed, and the phloem cells of Lyco- 
podium^ and of the root of Rxiscus aculeatus must, probably, be 
regarded as consisting of an hydrated cellulose naturally pro- 
duced, whereas with regard to the cells which turn blue only after 
the action of acid, such hydration is induced artificially. 

There are some definite grounds also for believing that the 
so-called fungus cellulose (metacellulose of Fr^my) consists of a 
form of hydrated cellulose, since Masing^ showed that in the con- 
version of cellidose into glucose, the cellulose of fungi underwent 
the change much more rapidly than that of flax fibre. We know 
of course that this conversion is simply a process of hydration. 

Just as cellulose walls consist mainly of a definite body — 
cellulose — so it seems probable from the researches of Fr^my, 
and in the opinion of such a well qualified chemist as Dragendorff^ 
that in lignified tissue a definite substance — ^lignin, occurs. At 
present however we have, but few facts to go upon. The difficulties 
attending its isolation are so great, that it appears somewhat 
questionable whether the real body has as yet been obtained pure, 
and unacted upon by reagents, and knowing as we do the difficul- 
ties attending the separation from it, of foreign substances, we 
must as yet regard with some doubt, researches such as those of 
Erdmann' and Bente* on pine wood, which would tend ; either to 
show that in lignified cell- walls the cellulose and lignin are chemi- 
cally combined as glycolignose ; or that lignin, as such, actually 
yields pyrocatechin as a product of its decomposition ; thus point- 
ing to its relations with the benzol series. In fact although certain 
of its reactions may, and probably do, point to the existence of a 
definite body yet that body has most probably not yet been 
isolated. 

Of cutin one has but little to say. As has been already remarked 
the suberin of Von Hohnel has been shown by Fr^my to consist of 
a mixture of cutin* and lignin, and that it is from the cutin that 
the suberic acid is derived. In corky as in lignified cells a frame- 
work of cellulose is always present which although it may or may 
not be directly obvious, can always be shown to exist after the 
action of Schultze*s mixture in which both the lignin and cutin 
are soluble ^ 

Dealing now with mucilages one must confess at the outset 
that the chemistry of these substances is still in a most un- 
satisfactory state. Nor is this to be wondered at. Leaving out of 

^ Masing, Pharm, ZeiUchr, /. Russland, ix. 885, 1870. 
s I>ragendorff, loe. cit. p. 253. 

> ErdmanD, Annal. d. Chem. u. Pharm. cxxxyiii. 1, 1866. 
'* Bente, Ber, d. d, chem, Qes. xiii. 476, 1875. 

* Lemaire, Ann. Sei. Nat. xv. (1883), p. 297, finds that in certain cases, e.g. 
the Cjcadeae, the epidermiB itself has undergone liguification. 

VOL. V. PT. IL 7 
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the question the difficulties connected with the mere analysis of 
these organic compounds ; any one at all acquainted with chemical 
methods, will at once understand how hard it is to deal with even 
the ordinary manipulative details of such colloidal bodies as 
mucilages, where even the washing, and filtration, offer almost 
insuperable obstacles to the obtaining of a pure product. 

We will first consider the gums and the pectous substances. 
Chemists have taught us that the gums, as represented for 
instance by gum-arabic, usually consist of the potassium and 
calcium salts of a weak acid : arabic acid or arabin. By the action 
of dilute acids upon the body; metarabic acid, and finally a 
glucose (arabinose) is formed*. Another variety was described by 
Beichardt' which is distinguished in that it does not give arabinose 
as a result of the acid of an acid. 

From the mucilage occurring in the pulp of fruit, a substance — 
pectose — ^has been extracted, which by the action of acids gives 
soluble pectin, and further by the action of the peculiar pectose 
ferment described by Fr^my, or simply by a regulated treatment 
with dilute alkalies and acids, gives rise to pectic, parapectic and 
finally metapectic acid. 

The remarkable similarity between the properties of Arabic 
acid on the one hand, and Pectic on the other, appear to point to 
the probability, that the two bodies are identical, and in t^e 
opinion of Reichardt and Dragendorff and (since he puts all the 
gums and mucilages under the head of Pectose) of Fr^my, the 
pectin substances may in fact be regarded simply as varieties of 
the mucilages and gums. Of the mucilages in particular, the 
varieties appear to be very numerous, for in addition to Berg's 
discovery of Lichenin which I have already mentioned, Eirchner' 
believes he has obtained a pure mucilage from Quince seeds, and 
Thomson^ from ligneous tissue has extracted a wood-gum. Qelose* 
which is related to Lichenin, has been found to occur in many 
algae, and more recently from Fvcus Amylaceus has been separated 
a substance which though allied to Gelose and Lichenin differs 
markedly from them both*. 

From a priori considerations, it does not seem improbable that 
certain kinds of mucilage may be regarded as formed from the 
cellulose in consequence of excessive hydration ; but since, as 



1 Aooording to Scheibler, Ber, d. d, ehem. Oes, vi. 620, two sugars (one oiTBtal- 
lisable and the other unorystallisable) and an aoid whose barium salt is insoluble 
in aloohol, are prodnoed. 

' Beiohardt, Ber. d, d» ehem. Get. vm. 807, 1876. 

* Kirobner, Veher Pflanzeruehleim. Diss. Liang. GOttingen, 1874. 

* Thomsen, Jowm, PracU Chem, (2) xix. 146, 1Q79. 

^ Morin and Porombaru, Comptes rendus, xc. 924, 1081, 1810. 
< Sitzber. Natwfort. Oet. Dorpat, vi. p. 89, 1881. 
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"Wigand* showed, mucilage may also be produced by the dis- 
organisation of starch-grains and, as Trecul* and Prillieux' found, 
even from the protoplasm itself, we must not carry this assumption 
too fer. It was an mteresting observation made by Prillieux that 
in the gum-producing cells of the cherry-tree, the substance in 
question first appeared between the middle lamella and the last 
layer of cell-wall, thus resembling the similar phenomenon which 
oocurs in connection with the appearance of oil, &c. beneath the 
cuticle in glandular hairs and the like as described by Personnel 
in the hop, by Cohn' in Siphoca/mpylus, by Batalin^ in Sarracenia, 
and more recently in the extended observations of Martinet', 
Bonnier' and Behrens*. 

Gums and mucilages occur in all parts of the plant. In many 
of the Leguminoseae, the gum, e.g gum-traga^anth, is produced 
by the disorganisation of the cell-walls of the pith and medullary- 
rays", and in the Rosaceae, e.g. the cherry, it is formed both in 
the cortex, the medullary rays, and even from certain of the 
parenchyma-cells of the vascular tissue ^^. The mucilage of seeds 
is usuallv derived from the middle layers of the thickened 
epidermal cells, but it also occurs in cells containing raphides ; in 
definite passages as in the Marattias^*, from rows of cells as in the 
Marchantias^'; or according to the interesting observation of de 
Bary" is secreted by certain hairs at the base of the petiole of 
Osmunda. The mucilaginous degeneration undergone by the 
outer layers of the walls of so many algae has long been known, 
but has recently been prominently brought into notice in con- 
sequence of the observations of Schmitz" upon the surface growth 
of cells. It is also a matter of some interest that in the parenchyma 
cells of many ordinary vegetable tissues the same phenomenon 

^ Wigand, Ueber die DesorganiBation der Pflanzenzelle, <fto. Pring's Jakrb. m. 
U5, 1868. 

' Treonl, Proe^ Verbal des Sianeet de la SoeiH4 phxUmatique pendant VannSe, 
1862. 

* Pxillieiiz, Ann, dee 8ci. Nat, ser. 6, 1. 1876. 
^ Peraoniie, Ann, des 8ei. Nat, ser. 4, 1. 1842. 

* Oohn, De eutictOa, WratislaTi®, 1850. 

* Batalin, Ueber die Function der Epidermis von Sarracenia, Ac, St Peterebnrg, 
1880. 

7 Martinet, Ann, dee 8ei, Nat, serl 5, ziv. 1871. 

" BonDier, Arm, dee Sci, Nat, ser. 6, vnx. 1879. 

' Behrens, Flora, 1878, 1879. 

»• Von Mohl, Bot, ZHt, 1867. 

u PriUienz, loe, cit. 

u Harting et de Yrieee, Monogr, dee Maratt, 

^ Preacher, Die Schleimorgane der Marchantieen. Sitzber, d, k, Akad, in 
Wien, Lxzzvi. 1882. 

^ De Baiy, Vergl. Anatomie, p. 106. First mentioned by Milde, Monogr, 
Oenerie Oemmdae, 

u Bcbmitz, Sitzber, niederrhein, Oee. in Bonn, Deo. 6th, 1880. See also 
Sittber. Vereanmlung deuUcher Naturf, u, Aerzte in EitenacJh Sept. 19th, 1882. 

7—2 
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occurs. The conversion of a portion of the cellulose substance into 
mucilage may take place in such a manner, that the degeneration 
is almost entirely limited to the middle lamella, or it may extend 
to several layers of the wall, or finally, mucilage may be detected 
throughout the entire substance of the cell-membrane. 

The phenomenon of mucilaginous degeneration was strikingly 
brought to my notice during my research upon the continuity of 
the protoplasm through the walls of vegetable cells*. As I have 
already stated in my papers upon that subject, I found that 
Hofmann*s aniline blue was an especially good stain for the 
protoplasm, and I have in consequence used it for staining the fine 
protoplasmic threads which traverse the cell-wall. In the course 
of the investigation I repeatedly observed, that in many cases a 
very marked colouration took place, not only of the protoplasmic 
threads, but also of the most external layers of the cell-walls, and 
in certain instances, e.g. Ghara foetida and the endosperm cells of 
Tamm commimis, the whole of the walls were distinctly blue. The 
colouration was usually not well defined, but was darkest next the 
middle lamella and gradually faded off towards the cell-lumen, as 
for example, in most coUenchymatous hypodermal cells, and the 
cortical cells of the petiole of Ilex aquifolium, Aescuhis hippocas- 
tanvmiy &c. In some exceptional instances however, e.g. Aucuba 
Japonica, a very definite staining did occur, of what one might 
speak of, as a well-defined intercellular substance, which could 
hardly be distinguished from the almost similarly stained proto- 
plasm. I had intended to investigate the subject further, and on 
that account did not treat of it in my paper in Sachs' Arbeiten\ 
since my observations were still incomplete. Quite recently 
however the matter was again brought very forcibly to my notice, 
on account of certain passages which appear in a preliminary 
communication I received from Prof Russow' on "the connection 
of the protoplasmic bodies of neighbouring cells," in which he 
announces the discovery of an intercellular protoplasm, between 
the cortical parenchyma cells of Acer and Fraadnvs and in the 
same cells of the rhizome of Iris, &c. 

In consequence of this I again renewed my investigations, and 
as a result, I find, that both Hofmann*s blue and water blue (one 
or the other of which Russow most probably used*) stains not only 

^ Gku^iner, Arbeiten des botanUchen InstituU in Wiirzburg^ Bd. m. Heft, l 

> Gardiner (loc. cit.), 

• Bnssow, Sitzber. der Dorpat. Naturfors. Oesell. September, 1883. In this paper 
Bussow confirms in a most striking manner, the results I have already obtained as 
to tiie oommnnication of the protoplasmic contents of adjacent cells by means of 
the sieve-like perforation of the pit-closing-membranes. I have only in rare 
instances, e.g. parenchyma cells of Aucuba Japonica, seen the nodular awellixigs of 
the connecting protoplasmic threads, of which he speaks. 

« See Gardiner, Phil. Trans, p. 829. 
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tbe protoplasm; but also mucilage, and that in the case of my own 
and Russow's observations, the staining was simply due to the 
mucilage in question. The whole phenomenon of mucilaginous 
degeneration leading t^ the production of the intercellular mucilage, 
may perhaps be most easily followed in longitudinal sections of 
the petiole of Awmha Japonica. In the cells with large intercellular 
spaces, numerous drops of mucilage, in the form of small papillae 
may be observed on the outer or firee surface of the cell-walls, 
which are nbt only distinguished by their microscopical appearance 
before they aggregate to form a layer, but will like the similar 
substance in Quince seeds, go blue with iodine, owing to the 
presence in their structure of a definite hydrated cellulose. 

It may be imagined that in consequence of the facts in connec- 
tion with the staining of Hofmann's blue that the observations 
based upon the reactions of this substance lose much of their 
value, and that from a priori considerations the so-called 
protoplasmic threads may as well be mucilage as protoplasm. 
Such however is not the case. For the results as to the proto- 
plasmic character of the threads do not depend upon the reactions 
of Hofmann's blue alone, but iodine and chlor. zinc, iod., and the 
sulphuric and molybolic acid mixture were also employed. More- 
over it is quite possible to experiment upon walls which both 
consist entirely of pure cellulose, free from mucilaginous degenera- 
tion, and in which the middle lamella is not conspicuously 
developed. Thus in the endosperm cells of BenUnckia Ccmda* 
panna and Latania Loddigesii which fulfil both of these conditions, 
the only staining which occurs, is sharply limited to the protoplasm 
and to the threads, and the results are entirely confirmed by 
chlor. zinc iod., the reactions of which, towards protoplasm and 
mucilage, admit of being clearly distinguished. Lastly, all doubt 
upon the subject is put an end to by the use of methylene blue. 
This substance, as I have pointed out, stains markedly the cell- 
walls and all the substances produced by the degeneration of the 
same, such as mucilage, &c. On the other hand methylene blue does 
not (unless the staining be forced) colour the protoplasm. So that 
whereas Hofmann's blue stains protoplasm and mucilage, but not 
cell-wall; methylene blue stains cell-wall and mucilage but not 
protoplasm, and in this way the two may be clearly separated. 

If this be so, it will then be of interest to observe the staining 
effects of these two reagents upon the callus of sieve-tubes. As 
regards this substance Janczewski^ maintains that it is pre- 
eminently of a mucilaginous nature, while Russow' and myselP on 

1 JanczewBki, Mim, de la Soc. des Sciences Naturelles et Mathematiquea de Cher* 
bourg, t. xxin. p. 209. 

» BuBsow, Sitzber. der Dorpater Naturfars, GeselL Feb. 17th, 1882. 
* Gardiner (loc. cit.). See also PhiL Trans. Part in. 1883, 
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the other hand, believe that it is rather allied to protoplasm. As 
we know from Russow's results, the callus is stain^ by anilin blue 
(either Hofmann's blue or water blue). This fact may as I have 
showed point either to its protoplasmic or its mucilaginous 
character. But with methylene blue no staining whatever occurs^ 
which not only absolutely negatives the probabilities of its 
mucilaginous character, but also gives a most valuable confirmation 
to the results which I have already set forth. The very deep 
staining of the callus with dilute Eleinenberg's haematoxylin 
also points to its protoplasmic nature \ 

As regards its delicacy, and its power of cleaily defining the 
callus, Bussow's* mixture of iodine in potassium iodide and 
chlor. zinc. iod. undoubtedly occupies the first place. Then 
comes Hofmann's blue and haematoxylin, and lastly the rosolic 
acid test of Szyszylowicz', the staining characters of which are 
not nearly so distinct, and its properties, so far as I am aware, 
can only be observed when the section is mounted in a solution 
of the reagent ; disappearing entirely when the section is washed 
in order to mount in water, or what not, so as to obtain the greatest 
amount of differentiated staining. 

Returning now to the main subject under consideration, we 
see that the mucilaginous degeneration of the cell- wall is of veiy 
frequent occurrence, and that the relative proportion existing 
between the unaltered cellulose and the mucilage may be very 
variable. In almost all cases however, as Kirchner^ showed for 
example in the mucilage of Quince seeds, a definite residuum 
of cellulose occurs, which may, as in Tragaganth gum, make itself 
evident by its reactions with chlor. zinc, iod., or as in cherry 
gum, cannot (michrochemically at least) be detected. 

We are now in a position to deal with the constitution of the 
middle lamella. To the earlier botanists this structure was known 
as the intercellular substance, which appeared to be excreted by 
the cells, and thus formed the common matrix in which the 
cells were imbedded; but at the present time we regard it as 
consisting of the first formed cell-wall together with one or more 



1 Besides the callus, haematoxylin also stains the refringent granules. The 
dense protoplasm (slime) of sieve tubes is especially coloured by eosin which how- 
ever does not stain the callus. From what occurs in Yitis when examined in the 
winter and summer condition — the sections being stained with eosin — there seenu 
to be some definite grounds for believing that the caUus is formed from the dense 
protoplasm. Whether the latter is formed by the ooalesoenoe of the refnngent 
granules, must for the present be left an open question. 
. < Bussow, Ice, cit„ Feb. 17th, 18S2. 

' Szyszylowicz. Osohne. odbicie e Rospran Akad. Umiej. tr KrakowU, x. (1888). 
See Bot. Central, xu. (1882), p. 188. 

* Eirchner, loc. cit. 
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layers, as the case may be, which during the subsequent thickening, 
have become physically and chemically altered^. 

In the light of Schmitz* and StrasburgerV researches, it 
will be readily understood that the formation of such a differ- 
entiated portion in the thickening cell-wall, is naturally ne- 
cessitated, on account of the amount of tension and pressure 
produced during the process of surface growth, which although 
it may be small in the last or most internal layer deposited, 
in the region of the middle lamella reaches its maximum, and 
becomes very appreciable. As regards the chemical phenomena, 
we know that it is admitted on all hands that the various changes 
accompanying lignification, cuticularisation, &c. are most marked 
in the more external layers of the cell-wall, and in consequence 
we find that the substance of the middle lamella has usually 
undergone the maximum amount of alteration from its primitive 
cellulose character, so that both chemically and physically it may 
be truly regarded as the most modified portion. 

From the standard text-books generally in use, one is ap- 
parently led to infer that the middle lamella consists of a certain 
definite substance — the substance of the middle lamella — ^which is 
distinguished by the fact that it is insoluble in sulphuric acid, 
but soluble in Schultze's mixture. From these properties such a 
substance might consist either of lignin or cutin or finally of cork 
which we regarded as a mixture of both, for all these substances 
would be soluble in Schultze's mixture. There is therefore great 
want of definiteness in the statements with regard to this sub- 
stance, which has been thus separated in botanical terminology, 
and I shall therefore endeavour by means of the evidence afforded 
by direct observation, and by recent research, to state the matter 
somewhat more clearly. 

In certain cells, e.g. bast prosenchyma cells of the pulvini 
of Mimosa and many palm endosperms, the cell-walls consist of 
pure cellulose, and the middle lamella is but little developed. 
in such cases one finds that the middle lamella although more 
resistant than the rest of the cell- wall in consequence apparently 
of its greater density is distinctly soluble in sulphuric acid, and 
as far as one can observe consists simply of cellulose. In other 
instances, e.g. lignified prosenchyma cells of the cortex of Ly- 
copodium, the well-defined middle lamella equally with the layers 
of the cell-wall assumes a gold-yellow colour when treated with 
aniline chloride and hydrochloric acid, and with any other test 

^ This latter &ot was insisted apon by Soils, "Beitrage znr naheren Kenntniss 
der chemisehen imd physikiJisohen Beschaffenheit der interoellnlar Sabstanz. 
{(Etterreiehi$ehe boi. ZeiUehrift, November, 1879.) 

* Sehmitz, toe. eit, 

* Strasbnrger, Zellhdute, pp. 1—146 and 176—200. 
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for lignified tissue they both stain in a similar manner. There 
can in fact be little doubt that here the middle lamella has under- 
gone lignification. In the same way in suberised or mucilaginous 
membranes, the middle lamella undergoes the same changes as 
the cell-walls. With regard to the mucilaginous change, it may 
be noticed that the middle lamella may be at once converted into 
mucilage as in the parenchyma cells of the petiole of Aucuba^; 
or as rrillieux' remarked in the formation of gum in the cherry, 
the lamella may be at first dense and resistant, in which case the 
mucilage appears between it and the last layer of cell-walL 
Consequently it only subsequently becomes mucilaginous. 

The great point with regard to middle lamellas other than cel- 
lulose is that in their substance the maximum amount of change 
appears to have taken place — that is to say — almost the whole of 
the cellulose has been converted into lignin, cutin, or mucilage, as 
the case may be, and thus but little of the cellulose framework 
remains. This will of course explain the fact that after treatment 
with Schultze's mixture or other oxidizing agents, the various cells 
readily separate from one another, for now practically the whole 
of the middle lamella has suffered solution, and, of the cells, it 
is only the cellulose framework which remains. 

It would thus appear that in unaltered cellulose walls the 
middle lamella consists of dense cellulose; while in lignified cuti- 
cularised corky or mucilaginous cells, the changes which occur in 
the middle lamella are of the same character as those of the rest 
of the membranes, and have moreover reached their maximiun. 

Additional Note. 

I should like to add here a few remarks with regard to the 
continuity of the protoplasm through the walls of vegetable cells. 
Since my last publication upon that subject, a paper has appeared 
in the February number of the Journal of Botany • in which the 
writer states that in the Florideae there is a communication 
between the contents of adjacent cells, which so far as one can 
judge from the text, is typically brought about by means of open 
pits, although in certain instances, e.g. the older cells of Polysi- 
phonia fastigiata, a delicate diaphragm may be present. 

^ In Buoh instances the cells separate by mere treatment with hot water. The 
well known case of the separation from one another of the cells of Potato tuben 
when boiled is another example. When on the other hand the mucilage or gum 
is combined with baseR, e.g. in case of Calcium Pectate, an acid is required U) 
bring about the isolation of the cells. 

* Prillienx, loc. cit. 

^ Hick, Protoplasmic Continnitij in the Florideae. Bince I find (March 17tli) 
that in the remaining part of his paper, which appears in the March number of the 
same Journal, he has in no way fUtered bin opinion, I have nothing to add to 
my former remarks. 
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This being the case, it will be noticed that the author has 
simply repeated anew, the observations made in 1878 by Perceval 
Wright* and Thuret', and is apparently unacquainted with the 
researches of Schmitz', who has showed that except perhaps in the 
Corallines a pit-closing-raembrane is present in each cell, which is 
nsuaUy perforated in a sieve-like manner. I have myself investi- 
gated several of the Fiorideae, and I find, that in all the cases 
which have come under my observation a distinct pit-closing- 
membrane can always be made out after proper treatment. 

Of the existence of a continuity of the protoplasm between 
neighbouring cells there seems but little doubt, and indeed, so 
tenaciously do the protoplasmic processes of the pits adhere to the 
closing membranes that it is a matter of difficulty to demonstrate 
that such a membrane exists; the protoplasm refusing to separate 
even after the action of very strong plasmolysing agents. Thus in 
the Polysiphonias which may be taken as typical representatives, 
e.g. P. nigrescens, a treatment with strong sulphuric acid (as 
observed by Thuret*) or with strong salt solution, does not separate 
the protoplasmic processes of the pits from one another, but on the 
contrary every appearance of what one might conveniently speak 
of as a direct, unbroken continuity exists. When on the other 
hand, the fresh tissue is treated for some time with solutions of 
calcium chloride or chlor. zinc, iod., previous to preservation in 
alcohol a different appearance is produced. In the first case the 
protoplasmic processes of the pits contract to the main protoplas- 
mic mass of the cell, and in so doing leave a distinct pit-closing- 
membrane which is swollen on both sides, giving to the whole 
structure a lenticular form and recalling the torus which occurs 
on the pit-closing membranes of certain bordered pits. After 
treatment with chlor. zinc. iod. this lenticular doubly convex body 
may also be left as a pit-closing-membrane, but in certain cases one 
can detect that the membrane m question is further resolved into a 
thin pit-closing-membrane, having on either side of it a small mass 
which now possesses a plano-convex form. 

To explain these phenomena I have adopted the following 
view, which however I do not consider as final, since I have not 
investigated the subject as thoroughly as I could wish. The pits 
of the Fiorideae and consequently the protoplasmic processes which 
enter them rapidly narrow, from the pit-closing-membrane towards 
the cell-lumen, so as to present a trumpet-like shape. Of the 
processes themselves; that portion which abuts immediately on the 
closing membrane, both adheres with great tenacity to that struc- 

* See Perceval Wright*B two papers, Trans. Roy. Irish. Acad. xxvi. 1879. 

3 Thoret, Etudes Pkycologiques, p. 100, 1878. 

» Schmitz, Sitzber. Akad. Wiss. Berlin j pp. 215—58, Feb. 22nd, 1883. 

* Tharet, loc. cit. 
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ture, and also, on account of the rapid constriction of the pits, tends 
to be held firmly in position. When by plasmolysis, &c., one 
attempts to contract the pit processes to the main protoplasmic cell- 
mass, the particular portion next the pit-closing-membrane usually 
remains behind, and on account of its subsequent rounding off, 
presents the appearance of a lenticular body as induced for instance 
by the action of calcium chloride. But in other cases when, owing 
to the particular combination of forces, the whole of the pit-proto- 
plasm endeavours to separate, then the delicate closing membrane 
becomes clearly apparent 

The portion of the pit-protoplasm next the pit-closing-mem- 
brane is usually well differentiated, and on that account, and on 
account of its peculiar form, has been distinguished both by 
Schmitz^ and also by Perceval Wright*, the latter of whom 
appropriates to it the name "stopper", and states that in every cell, 
at least two of these stoppers are present. 

Thus so far as I have been able to observe, a pit-closing-mem- 
brane is always present, both in the cortical, and the central cells, 
which may be extremely difficult to bring into view, as in the 
Folysiphonias, but in certain other cases may be seen with com- 
parative ease. There is little doubt that the closing membrane 
consists of cellulose, and that it is perforated in a sieve-like manner 
as Schmitz has already described for many of the Florideae. I 
also believe from my somewhat scant experiments with preserved 
material, that in the Corallines the same structure occurs as in the 
rest of the Florideae. 

Passing to other matters I find that Wille' has observed a con- 
tinuity of the protoplasm in Stigonema compactum, and I also, 
before I was acquainted with Wille's researches, found the same 
to occur in the case of Nostoc. In Volvox globator, so far as I 
have been able to investigate it, I believe that a similar continuity 
exists. 

^ Schmitz, loe. eit, 

' Peroeval Wright, loc. cit. The name was first employed by Archer. Bee his 
paper " On the minate stractore and mode of growth of Ballia callitrioha/' TroM. 
Linn, Soc, ser. 2, i. p. 211. 

* Wille, Ber. Deutsch. Bot. QeteU, i. 1883. Wille also finds a nadens in the 
oeUs of Tolypothrix lanata, thus confirming Sohmitz*s discovery of the preseuM 
of a nucleus in the Phycochromaceae. If Guignard's statement with regard to the 
nucleus of the sieve-tubes of Yitis be confirmed (Bull. Soc. Bot, Prance, xxvm. 
pp. 882 — 838, 1881) it can hardly be doubted that a nucleus is present in every 
living cell whatsoever. 
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(2) On the Head Kidney of Bdellostoma. By W. Weldon, 
B.A. 

The structure known as the "head kidney" was stated to con- 
sist of a bunch of branched tubules, opening on the one hand into 
the pericardium, and on the other into a central duct, which had 
lost its primitive connection with the segmental duct. At its 
posterior extremity blood was stated to enter the duct by means of 
vessels passing from a glomerulus. 

The whole organ was compared to the suprarenal bodies of 
higher vertebrates, and it was suggested that the evidence at 
present obtained as to the embryonic development of the supra- 
renals rather confirmed than disproved the view that they were 
derived from parts of the primitive kidney. 

Functionally, an attempt was made to compare the suprarenals 
of vertebrates with the glands always found, in one form or another, 
in connection with the circulatory system of invertebrata. 



(3) On the early stages in the development of Baianoglossus 
Aurantiacus. By W. Bateson, B.A. 

The author stated that through the great kindness of Dr W. K. 
Brooks and the Council of Johns Hopkins University he had been 
permitted to work during the past summer at the Chesapeake 
Zoological Laboratory. He had thus been able to observe some 
larval stages of Balanoglossus Aurantiacus (?sp.). The develop- 
ment of this form from the egg was stated to be a direct one, no 
form at all comparable to Tomaria being passed through. The 
gastrula was anal, and the mesoblast arose as five archenteric diver- 
ticula, while the central nervous system was described 'as being 
formed by the delamination of an epiblastic plate in the median 
dorsal line.' A brief comparison was made between the structure 
of this larva and that of Tomaria and the Echinoderm larvae on 
the one hand and with the early development of Amphioxus on 
the other. 
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February 25, 1884. 
Mr Glaisher, President, in the chair. 

The following were elected Fellows of the Society: 

A. R. Forsyth, B.A., Trinity College. 
W. J. Ibbetson, B.A., Clare College. 

The following communications were made to the Society: 

(1) On the sum of the divisors of a number. By J. W. L 
Glaisher, M.A., F.R.S. 

§ 1. Denoting by a (n) the sum of the divisors of n, it was 
proved by Euler that 

o- (n) - cr (n - 1) - o- (n - 2) + <7 (n - 6) + cr (n - 7) - ... = 0, 

where 1, 2, 5, 7,... are the pentagonal numbers given by tlie 
formula ^r (3r + 1). The series is to be continued until the 
arguments become negative and the term a (?i — n) or <r (0), when 
it occurs, is to be replaced by n. 

The term cr (n — n) occurs only when n is itself a pentagoDAl 
number, and if we make no convention with regard to the meaning 
to be assigned to a (0), but suppose it to have its proper value 
zero, the theorem becomes 

(r(n) - cr (n - 1) - o- (w - 2) + cr (n - 5) + cr (n - 7) - ... 

= or (-ir^n, 

according as n is not, or is, a pentagonal number ^r (3r ± 1). 

This is the form in which the equation arises as the result 
of the process by which Euler obtained it. In the second case 
when n = ^r{Sr±l) the expression on the left-hand side of the 
equation contains the term (— l)''cr(0), and by conventionally 
defining a{n — n)y when it occurs, to denote n, we obtain the 
theorem in the first form, which is that in which Euler preferred 
to enunciate it. This theorem was the first one of its kind 
discovered, and it appeared to Euler to be of the very highest 
interest, as it afforded a method of calculating the sum of the 
divisors of a number (and thus also a means of deciding whether 
it was prime or not) by the sole aid of operations which have no 
relation whatever to the divisors themselves*. 

§ 2. Euler deduced his formula from the equation 
(l-a?)(l-a?»)(l-a;') ... =l-a?-a?« + a/*+a?'-a?'"-a?*'+&c 

♦ "Observatio de summiB diyiBorum,'* Opera Minora Collecta, Vol. i. pp. 146- 
154. 
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and, by applying his process to Jacobi's equation, 

{(1 -ar) (l-a?*) (l-af) ...}» = 1 - 3a? + 5a^-7aj'+ 9ic"- &c., 

in which the exponents are the triangular numbers given by 
the formula Jr (r + 1), we find that 

a (w) - 3<7 (n - 1) + 5cr (n - 3) - 7<r (n - 6) + 9(r (n - 10) - . . . 

= or (-ir4r(r + l)(2r+l), 

according as n is not a triangular number, or is a triangular 
number ^r {r^ 1). 

Thus, for example, if n = 9, which is not a triangular number, 
the formula gives 

a (9) - 3cr (8) + 5a (6) - 7a (3) = 0, 

that is, 13 -3 X 15 + 5 X 12 - 7 X 4 =0 ; 

and if n = 10 = J x 4 x 5 so that r = 4, 

it gives 

a (10) - Sa (9) + 5a (7) - 7<r (4) = (- 1)' ^ x 4 x 5 x 9, 

that is, 18-3x13 + 5 X 8-7x7 = -30. 

The quantity Jr (r + l)(2r+ 1) is the well-known expression 
for the sum of the first r square numbers; and, if n = ir(r + l), 
the number of terms on the left-hand side of the equation is r. 
In general therefore when n is a triangular number, the series 
is numerically equal to 

r+2'+3"... +r\ 

where r denotes the number of terms it contains, and the sign 
is the same as the sign of the last term. Thus, for example, 

<r (10) - 3cr (9) + 5a- (7) - 7cr (4) = - (r + 2* + 3» + 4»). 

This is however a merely curious form in which the result 
admits of being exhibited, but by adopting a convention of a 
similar kind to Euler^s with respect to the meaning to be assigned 
to a (0) we may enunciate the theorem in a form which is very 
convenient in use and in which the right-hand member is always 
zero. For when the right-hand member of the equation is 
(-1)*"* Jr(r + 1) (2r + l), the expression on the left-hand side 
contains the term (— l)''(2r+ l)o- (n — w). If then instead of 
putting cr (n — n) = o- (0) = we replace it by ^r (r + 1), the right- 
hand member of the equation becomes zero. Now in this case 
n = |r(r+l), so that in fact we replace cr(0) by in. Thus we 
have, for all values of n, 

<r (n) -3<r (fi- 1) + 5a (w - 3) - 7<r(n - 6) + ... = 0, 
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where cr (0), when it arises, is defined to denote \n. For ex- 
ample, ! 
<r (10) - 3<7 (9) + 5(x (7) - 7cr (4) + 9 X y^ = 0. , 

§ 3. The following formula, which is of the same kind as 
Euler's but in which n is restricted to be of a particular fono, 
was obtained by means of Elliptic Functions*. 

If n be of the form 8m + 7, then 

<r (n) - 2<7 (n - 4) + 2<7 (n - 1 6) - 2cr (n - 36) + . . . = 0. 

For example, let n = 55, the formula gives 

cr (55) - 2<r (51) + 2<7 (39) - 2<7 (19) = 0, 
that is, 72 - 2 X 72 + 2 X 56 - 2 X 20 = 0. 

In this formula a (0) cannot occur. 

§ 4. The formulae given in the preceding sections are in- 
teresting, if only for the reason mentioned by Euler ; but for the 
actual calculation of a table it is preferable to employ the 
equation 

o-(?i) = o-(nJcr(nJcr(w,) .... 

where n^, n,, n, ..are prime to one another and n=w,n^,.... 
They would be useful in verifying a table of <r (n), but, as the 
intervals between the terms are unequal, the verification afforded 
is not systematic, and it is not obvious how to apply them in order 
to verify by their means all the numbers in a table. 

In seeking for formulae which would afford a more complete 
verification of a table of cr (n) I obtained also the following four 
formulae : 

(i) 

If n be even, then 

o- (1) cr(n - 1) + <7(3) o-(w -3) + (7 (5) o-(n- 6) ... +<y (n-l)(r(l) 

ss ^ X sum of the cubes of those divisors of n which have uneven 
conjugates. 

For example, putting n = 6, 

cr (1) cr (5) + cr (3) cr (3) + cr (5) cr (1) = i(6« + 2'), 
that is, 6 + 16 +6 = i X 224. 

* QwxrUTly Jofumal of MathemaHcs^ Vol zx. p. 121. 
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(ii) 
If m = 2n + 1, n being anrestricted, then 

fur (m) + (n - 5) cr (m - 2) + (n -16) o- (m - 6) 

+ (n - 30) o- (m - 12) + ... = 0; 

the differences between the arguments in the successive terms 
being the even numbers 2, 4, 6, 8 . . . and the differences between 
the successive multipliers being the multiples of five, viz. 5, 
10, 15 ... . The series is to be continued until the arguments 
become negative, and there is no convention with regard to a- (0), 
which, when it occurs, is to have its proper value zero. 

For example, let n = 7 so that m = 15 ; the formula gives 
7<7 (15) + 2<7 (13) - 8<7 (9) - 23<7 (3) = 0, 
that is, 7 X 24 + 2 X 14 - 8 X 13 - 23 X 4 = 0. 

(iii) 

If m = 2n + 1 and jp = 4w +1, n being unrestricted, then 
1^ (p) +lfr(p - 8)+ ^ (p - 24) + ifr (p-48) + ... 
= -^ (m) + 2i|r (m - 2) + 2ifr (m - 8) + 2ifr (m - 1 8) + . . . , 

the numbers 8, 24, 48... being of the form 4r(r + l), and 2, 
8, 18 ... being the doubles of the squares. 

As an example, let n = 2; then m = 5, p = 9, and the formula 
gives 

t(9)+V'(l) = V'(5) + 2Vr(3), 

that is, 13 + 1 - 6 + 8. 

(iv) 

If i» = 2/* + 1 and r = 4n + 3, n being unrestricted, then 

4 [ir {m)-^yfr{m - 4) + ifr(m - 12) +ifr(m- 24) + ... } 

= 1^ (r) + 2i^ (r - 4) + 2 1^ (r - 1 6) + 2ifr (r - 36) + . . . , 

the numbers 4, 12, 24... being of the form 2r(r+l) and 4, 
16, 36 ... being the even squares. 

Taking, as in (iii), n=2, we have m = 5, r=ll and the 
formula gives 

4 {ifr (5) + t (1)} = t (11) + H (7). 

thatis, 4(6 + 1} « 12 + 16, 
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The formula (i) affords a verification of all values of a{n) with 
uneven arguments up to any limit and is very complete ; but the 
multiplications required in the calculation of the terms are labori- 
ous. I used this formula to verify the portion from n = 1 to n = 500 
of the table of <r{n) communicated to the Sociisty on January 28. 
The other three formulae* are in no respect preferable to Euler's 
formula. 

§ 5. Since the Meeting in January I have obtained the fol- 
lowing curious formula which serves to express o-(w) in terms of the 
o-'s of all the numbers inferior to w, and thus affords a perfect 
and easy verification of a table of <7(n). 

If n be any number, then 

cr(w) 

-2a-(n-l)-2<r(n-2) 

+ 3cr (n - 3) + 3a (n - 4) + Sa (n - 6) 

- 4o- (n - 6) - 4cr (ri - 7) - 4o- (n - 8) - 4<r (n - 9) 

+ 6cr(n-10) + 

+ (-lpro-(l) 

= (-irH^"-*)> 

where s denotes what the coefficient of o-(O) would be if the series 
were continued one term further. Thus s = r unless the term 
(— ly^ra (1) is the last of the group for which the coefficient is r, 
and when this is the case, s = r + 1. 

The expression on the right-hand side of the equation 

= (-l)'i(«- !)«(*+ 1) 

and is thus obviously an integer. It will be noticed that the 
value of the series is the same for r consecutive positions of the 
last term, %.e, the value of the series is the same if the term in- 
volving cr(l) is the last of the group having r — 1 as coefficient or 
is any one except the last of the terms having r as coefficient. 

For example, putting n = 5, 6 and 7, we have 

<r(5) 

- 2 {«r(4) + ,7(5)} 

+ S{<r{2) + a{l)} =(-l)»i(3'-3), 

• The formulie (ij and (ii) were published in the QuarUrly Journal of Matk- 
matics, Vol. xix. pp. ^16, 222 (June, 1883). Since this paper was read the proofe« 
(iii) and (iv) have been published in the Quarterly Journal^ Vol. zz. p. 118. 
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«r(6) 
-2{«r(5) + «r(4)} 
+ Z[<r (3) + «r(2) + <r(l)} = (- l)*i(*' - *). 

-2{cr(6) + cr(5)} 
+ 3{(7(4)+cr(3)+cr(2)} 
-.4<r(l) =(-l)B^(4»-4) 

thatis, 6-2{ 7 + 4}+3{3 + l} =-4, 

12-2{ 6+7} + 3{4+3 + l} =10, 
8-2(12 + 6} +3 {7 + 4 + 3} -4 = 10. 

The expression J (5' — «) is equal to the sum of the first 5 — 1 
triangular numbers so that the series is always numerically equal 
to the sum of the triangular numbers which do not exceed r?. 

If the series were continued one term further the next term 
would be (— l)''^«cr(0), and if we put o-(0) = J(«' — 1) this term 
becomes (— 1)*"* ^ («• — s). We may therefore, by employing a 
convention of the same kind as Euler's, enunciate the theorem in 
the convenient form 

cr(n) 

-2cr(n-l)-2(7(n-2) 

+ 3<7 (n - 3) + 3<7 (w - 4) + 3(r (n - 5) 

— 4<r(n — 6) 

+ (-ir^cr(0) 

= 0, 

where <r(0) is defined to denote J(«* — 1); s being the coefficient 
of<r(0). 

The table of cr (w) up to w = 3000, which was referred to at the 
end of the last section, will be verified by this formula during its 
passage through the press. 

§ 6. I have obtained also the following formula which is of 
the same class. It does not however afford so complete a verifica* 
tion of a table as that given in the preceding section, as certain 
terms are omitted ; and, further, as all the coefficients are ± 1 
there is more chance of a compensation of errors. 

VOL. V. PT. II. 8 
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If P denote the expression 

<r{n) 

- <7(n -2) - <y(n-. 3) - o-(n- 4) 

+ o-(n - 7) + o-(w - 8) + or(w - 9) + cr(n - 10) + <r(n - 11) 

-cr(»-15)- 

where between the groups of one, three, five, seven, ... terms 
having alternate signs there are gaps of one, two, three, ... terms^ 
and the series is to be continued as long as the arguments remain 
positive, the term a- (0) being included when it occurs but having 
the value zero ; then, if a (0) occurs as a term, 

P=(-irfr(r+l), 

where r denotes the number of terms omitted in the gap preced- 
ing the group of terms in which a (0) occurs, and, if <r (0) does 
not occur as a term, 

P = (-lX(r+l), 

where r denotes the number of terms omitted in the last gap in 
the series. 

For example, putting n = 7, we have 

ad) 
- «j-(5) - «r(4) - <r(3) 
+ <r(0) =-fx2x3, 

thatis, 8-6-7-4 + = -9. 

In thia case r, the number of terms omitted between <r(3) and 
«r(0), = 2. 

Putting n = 8, we have 

,7(8) 

-«r(6)-<r(6)-ff(4) 
+ <r(l) + <r(0) =-fx2x3, 

thatis, 15-12-6-7 + l=-9, 

r being equal to 2 as before. 

Putting n = 6, we have 

<r(6) 

-<r(4)-«r(3)-«r(2) =-2, 

thatis, i2-7-4-3 = -2, 

for here, r, the number of terms omitted between o- (6) and 4r(4),sl. 
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Similarly, 

(r(12) 

- cr (10) - <7 (9) - <7 (8) 

+ cr(5) + cr(4)+cr(3)+cr(2)+cr(l)=3, 

that is, 28 - 18 - 13 - 15 + 6 + 7 + 4 + 3 + 1 = 3, 

the number of terms omitted betweea <r (8) and a (5), being 8. 

Thus, when a (0) occurs, P = (- 1)*""' f r (r + 1), and when <r(0) 
falls in a gap and does not occur, P = (— 1)*" (r + 1). In both cases 
r denotes the number of terms omitted in the last gap. 

If we define <7(0) to denote i(r+l)(3r + 2) where r is 
the number of terms omitted in the last gap we have, for all 
values of n, 

P=(_)'(r + 1), 

and this is perhaps the most convenient form in which to enunciate 
the theorem. 

We may also express the theorem otherwise in the following 
forms: 

(i) If c (0) occurs, and if s be the number of terms in the 
complete group to which it belongs, then P = (— l)*^*"*"^^|(s* — 1): 
if a (0) does not occur, and if t be the number of terms forming 
the gap in which it falls, then P = (— 1)'"'^. 

(ii) If we define a (0) to denote w, and if A and B denote the 
numbers of positive and negative terms in the series, not counting 
o- (0) as a term, then P= A- B. 

Taking the same examples as before, we have, from (ii), 

<r(7) -o-(5) - a (4) -<t(3) + cr(0) = 1-3, 
that is, 8-6-7-4 + 7 = -2; 

cr(8)-.cr(6)-o-(5)-cr(4) + o-(l) + cr(0) = 2-3, 
that is, 15 _ 12 ~ 6 - 7 + 1 + 8 = - 1; 

(r(6)-(r(4)-cr(3)-cr(2) = l-3, 
that is, 12- 7-4-3 = -2. 

§ 7. I may also notice the following formula : 
If n be any uneven number, then 

n<r{n) 

+ 2 {(n - 2) cr (n - 2) + (n - 4) cr (n - 4)} 

+ 3{(w-6)cr(w-6) + (n-8)<7(n-8) + (n-10)<r(w-10)} 

+ 4 {(n- 12) a (n- 12)+ } 



8-2 
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<7-(») 
+ (r + 3«){(r(n-2) + <r(n-4)} 
+ (l* + 3» + 5'){o-(n-6) + (n-8) + (n-10)} 
+ (l'+3* + 6* + 7») {«j-(n- 12)+ } 

Both series are to be continued as far as the terms remain 
positive. As an example, putting n = 9, we have 

9(r (9) 
+ 2 {7o- (7) + 6<r (6)} 
+ 3{3<r(3) + <r(l)}. 

a (9) 
+ 10 {o- (7) + «r (6)} 

+ 36{<r(3) + o-(l)}; 
that is, 

9x13 + 2 {66 + 30} + 3 {12 + 1} = 13 + 10 {8 + 6} +35 (4 + 1). 

§ 8. If we denote by f (n) the excess of the sum of the uneven 
divisors of n over the sum of the even divisors, it is evident that, 
if 71 be uneven, {f (n) = <r (n); and it can be shewn that if n be even, 
and = S'r, where r is uneven, then 

^n) = - (2'^' - 3) «r (r). 

This formula is true also when p = and includes the case of 
n uneven. It is evident that when n is even (f (w) is negative. 

The function (f satisfies a relation of the same kind as Euler's 
formula, viz. if n be any number, we have 

r(w) + f(n-l) + f(w-3) + C(w-6) + C(w-10) + ...= 0,orn» 

according as n is not, or is, a triangular number. 

If therefore we define i{n^n)=^^{0) to denote — n, we have, 
for all values of n, 

?(n) + ?(n-l) + r(n-3) + C(n-6) + C(n-10) + ... = 0. 

§ 9. The function (f (w) may be expressed in terms of the fs 
of all the numbers inferior to n by nieans of the following formula^ 
which differs from the c-formula in § 5 only in the signs of the 
terms, which are all positive. 
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If 71 be any number, then 

+ 2{:(n-l) + 2?(n-2) 

+ 3C(n - 3) + 3? (n - 4) + 3C(» - 5) 

+ 4?(n-6)+ 

+ rUl) 

= *(-•-«). 

vrhere, as in § 5, « = r, unless rcr (1) is the last term of a group, in 
which case « = r + 1. 

As examples of the formula we find, putting /i » 5 and 6, 

?(5) 

+ 2 {rw + ?(3)} 

+ 3 {r(2) + C(l)} =4(3* -3), 

+ 2{r(6)+r(4)} 

+ 3{?(3) + ?(2) + i:(l)}=i(4'-4); 

thatis, 6 + 2{-5 + 4} + 3{ -1 + 1}= 4, 

-4 + 2{ 6-5} + 3{4-l + l} = 10. 

If the series be continued one term further so as to include 
the term «f(0), and if we define f(0) to denote — i(«* — 1), we 
may replace the right-hand member of the equation by zero. 

§ 10. If we denote by A (n) the sum of the uneven divisors 
of n and by D (n) the sum of the even divisors (so that D (n) is 
zero when n is uneven), then 

«r (n) = A (n) + D (n), 

?(») = A (n) - Z) (n), 

and, by addition and subtraction from the formuUe in §§ 5 and 9, 
we find that, n being unrestricted, 

A(») 

-22)(»-l)-2i)(n-2) 

+ 3A(n-3) + 3A(n-4) + 3A(»i-5) 

-4Z)(n-6)- 

= 0; 
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D{n) 

-2A(n-l) + 2A(»-2) 

+ 3Z>(n- 3) + 3Z)(n- 4) + 3Z)(n - 6) 

-4A(7i-6)- 



= 0. 

The argument is to be included in both formulse, and we define 
A (0) to denote and sD (0) to denote s . J (s* - 1) = J (»' - «)• 

For example, putting n = 5 and G, we have 

A (5) 

- 2D (4) - 2D (3) 

+ 3A (2) + 3A (1) + 3A (0) = 0, 
that is, 6-12-0 + 3 + 3 + = 0; 

D(5) 

- 2A (4) - 2A (3) 

+ 5D (2) + 3D (1) + 32) (0) = 0, 
thatia, 0- 2-8 + 6 + + J(3'-3) = 0; 

A (6) 

-22)(5)-2i)(4) 

+ 3A (3) + 3A (2) + 3A (1) 

-4Z)(0) =0. 

thatis, 4-0-12 + 12 + 3 + 3-J(4»-4) = 0; 

D{6) 

- 2A (5) - 2A (4) 

+ 3D (3) + W (2) + SD (1) 
- 4A (0) = 0, 

thatia, 8-12-2 + + 6 + 0-0 = 0. 

§ 11. The function which expresses the excess of the number 
of divisors of n which have the form 4m -h 1 over the number of 
divisort which have the form 4ni + 3 satisfies a relation so siroilf 
to the (T-fonnula of § 5 and the f-formula of § 9 as to be deserving 
of notice in connection with these two formulse. 

Denoting this function by E(n), we find that, n being «»" 
restricted. 
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E(n) 

-2E{n-l) + 2E(n-2) 

- BE{n~S) + SE{n-4i)-3E(n-5) 

-4E(n-6) + 

= or (- !)"-» i», 

according as « ia uneven or even, s having the same meaning as in 
§§ 5 and 9. 

§ 12. Corresponding to the {f-formula in § 8 we have the 
formula 

E(n)-E(n-l) + E(n~3)-E(n-6) + E{n-H>)-... 

= or (- 1)- X i {(- l)«V(8»+i) -i» X V(8n + 1) - 1}, 

according as n is not, or is, a triangular number*. 

§ 13. The three corresponding formulas of §§ 5, 9 and 11 may 
be enunciated in a uniform manner as follows : 

If n be any number, then 

(i) 
o-(n) 

-2o-(n-l)-2<7(fi-2) 

+ 3(r(w-3) + 3o-(n-4) + 3o-(n-6) 

-4or(n-6) 

+ (-r«(r(0) =0, 

where a (0) denotes ^ (s' — 1). 

(ii) 

?(») 
+ 2C(n-l)+2f(n-2) 

+ 8r(n-3) + 3C(n -4) + H{n - 6) 

+ 4i:{n-6) + 

+«r(0) = 0, 

where <r (0) denotes — J («* — 1). 

* The formoln in §§ 11 and 13 are proTed in a paper on the function E (n) 
eommonieated to the London Mathematical Society on Febmaiy 14, 1884. 
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(iii) 

E{n) 

-2^(n-l) + 2^(w-2) 

-3^(n-3) + 3^(n-4)-3^(n-5) 

+ 4^(n-6)- 

+ (-r«^(0) =0, 

where -ff (0) deDotes J or according as « is even or uneven. 

In the cr-formula the groups of terms have alternately positive 
and negative signs, in the (f-formula all the terms are positive, in 
the jS-formula the signs of the terms are alternately positive and 
negative. 

(2) On primitive roots of prime numbers and their residua. 
By A. R. Forsyth, B.A. 



(3) A comparison of MaxwelVs equations of the electro- 
magnetic field with those of Helmholtz and Lorentz. By R. T. 
Glazebrook, M.A., F.R.S. 

The equations of the Electromagnetic Field have been de- 
veloped by Maxwell {Electricity and Magnetism^ li.) on the one 
hand and by Helmholtz {Borchardfs Journal, Bd. Lxxii. Ueber 
die Bewegilngsgleichungen der Electricitdt) and H. A. Lorentz 
{Schlomilch Zeitschrift, xxii.) on the other, starting from somewhat 
different standpoints. The object of the present communication 
is to give a comparative account of the two theories in the 
endeavour to discover the fundamental differences which lead 
to the different results actually arrived at. 

According to Maxwell, when electromotive force acts on a 
medium, electric displacement is produced through it, the medium 
being polarized, and if F be the total electromotive force in the 
direction of the axis of x, the medium being isotropic, f the 
electric displacement and K the inductive capacity, we have 
/= KP/^. 

Suppose we take any section of the medium normal to the 
axis of X ; then we know we can distribute electricity over that 
section so as to produce at any point of it the actual resultant 
electromotive force normal to the section, f the electric displace- 
ment, will be the surface density of the electricity so distributed 
and to quote Maxwell {Electricity and Magnetism, Vol. I. § 62) 
" Whatever electricity be, and whatever we may understand by a 
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movement of electricity, the phenomenon which we have called 
electric displacement is a movement of electricity in the same 
sense as the transference of a quantity of electricity through a 
wire is a movement of electricity." 

Helmholtz considers the electric polarization set up in the 
medium by the electric force. 

Each element of the medium becomes polarized, opposite elec- 
tricities shewing themselves at the opposite ends. 

Let us suppose that in the element of volume dv there are 
two quantities E and — E of electricity at a distance 8 apart, 
these two quantities having each been moved the distance i« by 
the action of the force. Then, according to Helmholtz, we may 
call Es the electric moment of the element, and the ratio of the 
electric moment to the volume of the element is the intensity of 
the electric polarization in the element in the direction of the 
resultant force. This intensity of the polarization can be resolved, 
and if f, 17, 5' be its components then Helmholtz puts f = eP. 
P as before being the electromotive force and € the dielectric 
constant of the medium. 

To compare the two theories it becomes necessary then to 
determine the relation between / and f . The quantity f like f 
is a surface density, being the surface density of the electricity 
induced by the action of the electromotive force on the face of 
the element normal to Ox, while /" as we have seen is the surface 
density of a distribution which will produce over the same surface 
the actual force. 

Now according to Maxwell, if V be the potential at any point 
in the dielectric and p the density of the free electricity, then 

jfi:v"F+47r/) = 0, 

According to Helmholtz, 

(l + 47r€)v*^ + 47rp = 0. 

The potential due to a quantity of electricity E placed at a 
point in the medium at distance r is on the two theories, 

E/Kr and E/{1 + 47r6) r. 

Thus we see that JSr= 1 + 47re, 

47re 47r€ *' 

We mav compare these equations with those in Poisson's theory of 
inducea magnetization (Maxwell, Vol. 11. § 426, etc.). 
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Calling K the coefficient of induced magnetization. Ay B, G 
the components of magnetization, a, fi, y components of magnetic 
force and a, b, c of magnetic induction, we have 

A = xa, etc., 

K 

Thus f , 17, 5' correspond to -4, jB, C\ 4s7rf, Anrg, and 4sirh to a, 6, c 
respectively, so that if we call 4w/, etc. the components of the 
electric induction, we may say that Maxwell's equations deal with 
the electric induction, Helmholtz's with the electric polarization 
produced by the given electromotive force. Moreover ^t the mag- 
netic inductive capacity of the substance is related to ic the 
coefficient of induced magnetization in the same way that K the 
electric inductive capacity is related to e the coefficient of induced 
electric polarization, for we have 

/i = 1 + 47ric, 

and K^ 1 + 47re. 

With this understood then it is clear that the two equations 

'rJj'^\ 0, 

are perfectly consistent. 

The value of P depends in part on the electromagnetic action 
of the medium. Now Helmholtz uses electrostatic units through- 
out and therefore has to multiply the terms in P which arise firom 
the electromagnetic action by a constant A^ such that A expresses 
the number of electromagnetic units in one electrostatic unit of 
current. If we suppose throughout that our quantities are 
measured in electromagnetic units we may put A = unity \ we 
shall do this throughout. 

We have now to consider the electromagnetic effects produced 
by the currents and magnets in the field. 

Helmholtz treats the two separately; according to him the 
effects of the currents depend on three quantities ?7, F, W satisfy- 
ing certain equations which will be referred to again shortly, while 
the effects of the permanent magnets depend on three other 
quantities Z, ilf , iV to be further defined in the sequel 

According to Maxwell, on the other hand, the electromagnetic 
effects at any point depend on the electro-kinetic momentum at 
this point, and this we may write 

as as da 

We may, in order to compare this with Helmholtz, also divide 
Ft 6r, H into two parts F^ and F^, etc., where F^, etc. arise from 
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the action of currents, J^,, etc. from the direct action of magnetic 
bodies. If we adopt Ampere's hypothesis that ma^etism is due 
to molecular electric currents, the terms in F^, etc. disappear. 
The electromotive force at the point parallel to the axis of x 

is — -y- , which is equal to — -7-^ — -r^ . According to Helmholtz 

the part of the electromotive force which arises from the action of 

the currents is — /a -7^ , so that 

-dt=^-dt>^'' (2)- 

Again, let F^ arise from magnetism distributed throughout 
space in such a way that its components at x\ y\ z' are A, B, C, 
let p be the reciprocal of the distance between two points whose 
co-ordinates are a?, y, z and x\ y\ z\ Then (Maxwell, 11. § 405) 

Hence if we put L =fJJApdx'dydz\ M = etc., N'= etc., 

^ dM dN 
we have ir=-_-_, 

and -4^=^i^_^l 

dt dt\dy dz )' 

This agrees with Helmholtz's expression just referred to for the 
part of the £. M. F. which depends on magnets. 

Again, to find the magnetic force due to this let a, /8, 7 be the 
components of the magnetic force, a, 6, c of the magnetic induction 
aud V the magnetic potential. 

Tnen, we have 



__(dL,dM dN\ 
^ \dx^ dy'^ dz) 



dH da 

and ^ta = a = -5 , 

dy dz 



_ dH^ dO^ ^ dH^ dO, 

dy dz dy dz 
^dH,_dO,^d^/dL_^dM^dN\ .^ 

dy dz dx\dx dy dz J ^ 

dy dz dx 
dK dO, 

= dy-Hi^'^ (3). 

etc 
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if a denote the magnetic force due to the magnetization. A^ 
cording to Helmholtz the magnetic force is expressed by 

dz dy "*"^' 

a, being as above the part due to magnetization and OJ F, W the 
quantities already referred to, and these are consistent with the 
equations F^^^fiU, etc. derived from (2) by integrating and omittiiig 

a function of the form -j- where X is independent of the tima 

Moreover a,, etc. being derivable from a potential function, 
we have 

'^\dy dzj~dx\dx^ dy^ dz) ^' 

if /=*^+^+s 

^ dx dy dz 
But according to Maxwell, Electricity and Magnetism, IL 616, 

"{t-ty^-^^ <* 

with two similar equations if 

J. dF ^ dG dH 
^-d^-'Ty-'dF' 

Also from the values of F^, 0^, H^ it follows that 

dF^ dO, dH, ^ 
dx dy dz * 

.-. J^J, (6). 

Hence from (4), (5) and (6) we have 

V'^=V'J^x (7)- 

Thus on either theory we have satisfied the three equations of 
which the type is 

or introducing the U, V, Wot Helmholtz's notation 

dfY_dfi^±(dU dV dW\ ,^ 
dy dz dx \dx dy dz I 
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Moreover the expression for the electromotive force which arises 
from electromagnetic induction is the same on the two theories, 
being according to Maxwell given by equations of the type 

W^diVd^^d^J ^ ^' 

and according to Helmholtz in a magnetizable medium 

„ dU d fdN dM\ ,^. 

^-'^irt^dtKiTy'^ij) (^>- 

The two equations are identical and may be written 

dt 

Before however we can solve the problem completely we must 
know the relation which exists between the values of F^ (?, and JS, 
or 17, F, W and the current at any distant point. 

Let UyV^wh^ the components of the total electric current at 
any point Then since F, (?, 5 depend on the action of the distant 
current it is clear that there must be some relation between them 
and the values of u, v, w. If we are considering the whole 
electro-kinetic momentum round a closed curve we know the form 
of the equation which expresses the connexion — for if i be the 
current at any point distant r from the point considered and € the 
angle between da an element in the direction of i and that of an 
element ds of this closed curve, then 

r tx cos B 

\F^dx + O^dy + H^dz = fi I dsda ... 

Helmholtz starts from this and by means of some transformations 
arrives at the equations 

(or in our notation) etc. 

^F,=^{l-k)^-^^u (10), 

etc., 

it being a certain constant and -^ defined by the equation 

da dv dw J_ ^d^^^ ,^^v 

(ia? dy dz 47r^ dt " 
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From (10) and (11) we have by diflferentiation 
^ J. dF, dO, . dH, , d^ 

^-^^-^^-d^^i^-^^n ^^*>' 

an equation which can also be obtained directly from the values of 
F^, (tj, fl, found by Helmholtz; and since 

Helmholtz*s fundamental equations may be written 

V*^+^£=-4t/*« (13). 

etc. 

••• V»^-^ = -4-/*»-]fcd^ (14)- 

eta 
Hence from (5) 

(d/i d^\ , \dJ , dSb .,_. 

etc. 
Also differentiating these with reference to a:, y, z and adding 

dx dy dz 4sTrijJc ^ 

Maxwell's equations differ from these. According to him ife have 
instead of (15) 

l-f"<^ <"'■ 

Hence S""'"'' 

and therefore r = 0. 

Hence either /= or k = co . 

If J is not to be zero then to make Helmholtz's theory coincide 

with Maxwell's we must put A = oo and -57 = 0- According to 

Helmholtz the two agree if A = 0. We shall have to return to this 
point again. 

In order to proceed further we require to evaluate P, Q, R the 
components of the electric force in terms of the other quantities, 
and here a further difference between the two occura The value 
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of P will depend partly on electromagnetic, partly on electro- 
static forces, and partly on the polarization of the dielectric pro- 
duced by these. In both theories we write — -^ for the first part. 
Helmholtz and Lorentz denote the electrostatic part by X, the 
part depending on polarization by - -7— . Maxwell, assuming that 
the electrostatic forces have a potential, combines the two into one 
term — -j- . In cases in which the assumption is true the two 

methods should lead to the same result. 

We shall however for the sake of convenience in the future 
work put il and not <& for the potential of the forces produced by 
the polarization and write 

'"-f-S+^ w. 

remembering that according to Helmholtz ft = <&, while Maxwell 
treating only the case in which X, Y, Z are derivable from a 
potential puts generally, 

e£r dx' 

Then we may state that the values of P, Q, iJ in the right-hand 
sides of the two sets of equations 

f = €P, etc., 

are the same in form though the equations which connect F, G, H 
with the components of the current are different. 

And this brings us to another distinct point of difference. 
According to Maxwell the components of tne current in a di- 

electric are /, g, h, according to Helmholtz they are f, rj, {. 

Hence taking Helmholtz's supposition first, we have from 
(15), (1) and (18), 

dy dz dxdt * ~ dt 



. dfdF^da y\ ,,^^ 



etc. 
and two similar equations. 
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From these we obtain by Bome simple well-known transfor- 
mations, 

&°-i^v« » 

etc. 
Thus the magnetic force is propagated as a wave with velocity 



/X 



and it can be shewn that the direction of the force is in the plane 
of the wave. 

This is Helmholtz's result. 

According to Maxwell we have f, g, h bs the components of 
the current, so that instead of (19) we obtain 

dy dz ' dxdt '' 
and equations (20) become 



= -^d<U+5^"^) ^^^^• 



^hk^'^ <^^)- 

so that the velocity of propagation of the disturbance is a/ (^1 
instead of a/i . 

This is the result which follows from Helmholtz's theory on 
Maxwell's supposition as to the value of the current. 

The different expressions obtained on the two theories for the 
velocity arise solely from the different assumptions made as to 
what is a current in a dielectric, and are independent of the 
value of the unknown constant k. Again, keeping to Helmholtz's 
assumption as to the current, we have 



V*i^+^^ = -4'r/4 



k dx 



= 47rfte -I 



d^P^J^_dX) ^ggj 



d^ dxdt dt j 

Differentiate with reference to x, y, and z and add, then 

,r ^ , [d^J d { „ [dX dY dZW\ ,^.. 
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Now it is from this equation modified by the suppositions that 

n = *, and that -r. ( -r- + T~ + ^jt) ~ ^' ^^^* Helmholtz obtains 
his normal wave. 

For the equation expressed in terms of J then becomes 

*7rfik€^ = (l + *ir€)^J. (26). 

Hence J and therefore <I>, since J^ ^f^~^ > travel with a velocity 



V' 



ifiTfike 

This agrees with Helmholtz if we remember that in a magnetic 
medium of magnetic inductive capacity /a he replaces k by klfi. 
Thus the existence of a longitudinal "wave travelling with tnis 
velocity depends on the tact that Helmholtz assumes that 4> is the 
potential arising in the dielectric from the polarization; if we do 
not make this supposition then equation (24) gives us, omitting as 
before, theiiermsdn X, Y and Z, 

m^-i^^^-^- « 

Vn=M^-^V* (27). 

If we adopt Maxwell's view as to the current we must distin- 
gmsh thus between 4> and 11, for 4> >is then the ^potential due to 

matter of density — [ -^ + ^ + t-J, while fl is that due to matter 

ofdei»ity-(g+| + g). 

We arrive at Maxwell's case by putting 

*=0 and ^lik-^^i, 

and then the relation between A and J becomes 

i^'-w •••■ » 

This corresponds to Maxwell's equation 8 {Electricity and Magnet- 
iim, n. 783), for since ^ + ••• ~ ®' 

V*fi«V*** (29). 

* In Maxwell v* has the opposite sign to that with whioh it is osed here. 
VOL. V. PT. II. 9 
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Now Maxwell concludes that v*^ is proportional to the volume 
density of free electricity. This is of course the case if there is no 
electromagnetic induction, but when it exists we have (p being the 
volume density) on his theory 

and if we suppose with Maxwell that, the medium being an in- 
sulator, ;^ = we get 



dt 



d ,^ iPJ 



dt ^ df 

exactly the same equation as that which flows from Helmholtz's 

theory by putting <& = and — fik-^^J. 

We have already noticed that Helmholtz states that his theory 
reduces to Maxwell's by putting i = 0. He arrives at this result 
by considering the normal wave which does not exist on Maxwell's 
theory, and states that according to Maxwell its velocity is infinite. 

The comparison between the two theories shews us that they will 
be reconciled if we put ;7~ = everywhere. If it be a part of 

Maxwell's theory that J should not be zero, then since «^= — f*"j; 

we must have k infinite and not zero, and we obtain Maxwell's 
relation between J and A ; while the normal wave of Helmholtz' 
theory disappears, its velocity becoming zero. 

If however we assume that J^ is an essential condition of 
Maxwell's theory the two are reconciled independently of the 

value of k by the supposition that -»- = and the normal wave 

depending on 4> disappears. 



[Note added August, 1884.] 

Since the above was in type Mr J. J. Thomson has pointed 
out to me that the supposition h=co will make the action, on 
Helmholtz' theory, of one element of current on another infinite. 
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For tbis action depends on the value of 

^ [cos (ds, da) + cos (?', ds) cos (r, da) 

+ k {cos {dSy da) — cos (r, {fo) cos (r, da)W 

ds, da being the elements of current and r the distance between 
them, and if k is infinite this expression Ls infinite also, though by 
integrating throughout a space whose boundaries are infinitely 
distant from the point considered it leads us to 

which on putting -^ = and ~ M 777 = •'^ gives 



''■'-illJS}^'«'' 



+ A» 



fjf^ld.'dyW, 



80 that F^ is finite. 

Since however we cannot adopt an infinite value for the action 
of one element on another we are forced to conclude that to 
reconcile Maxwell's theory with that of Helmholtz we must have 
t^=0, and this condition will be satisfied, for any value of k which 
is not infinite, whenever 4> = ; thus the assumption 4> = is 
saiBcient for our purpose independently of the value of k provided 
at least it be not infinite. 

In this case from (26) we have -r. (V*^) = ^» *^^ comparing 

this with (30) we get -J^ = 0, so that no free electricity is produced 

in the medium by the electromagnetic induction ; there will be no 
normal wave, and the quantity k disappears firom our equations. 

From a physical point of view this condition 4> = 0, at least in 
a dielectric, seems the reasonable one. For <&, according to 
Helmholtz, is the potential of the electrification produced through- 
out the dielectric by the given electromotive forcea So far as we 
know it is not possible to generate electricity by induction in the 
interior of a dielectric ; the distribution produced will, like that in 
the similar magnetic problem, be solenoidal, and the density of the 
electricity which gives rise to the potential <& will therefore be 
zero everywhere, and <I> will be zero. 



9—2 
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March 10, 1884. 

Mr Qlaisher, President, in the chaib. 

D'Arcy W. Thompson, B.A., Trinity College, was eledted a 
Fellow. 

The following communications were made : 

(1) Contirmation of Observations on the state of an Eye affected 
with Astigmatism. SySir Qeorgns Biddell Airt, K.C.B., MJL, 
LL.D., D.C.L., Honorary Fellow of Trinity College, Cambridge; 
formerly Lucasian Professor and Plumian Professor in the Univer- 
sity of Cambridge ; late Astronomer RoyaL 

In making and treating the observations now presented to the 
Cambridge Philosophical Society, I have used exactly the same 
simple method which I have employed on four previous occasions, 
and of which the details are preserved in the Transactions of the 
Society. Without entering into further particulars, I now present 
the immediate results of these observations, combined with those of 
preceding examinations, in the same form as those which are 
printed in Volume xii. Part L of the Transa^ions. I have however 
added the column of personal age, as bearing in some measure on 
the explanation of the changes. 

I. Distance from the cornea of the left eye, at which a lumi- 
nous point presents the appearance of a nearly horizontal line. 

Beciprocal = '286. 

DiflFerence --073 
-213 

--028 

185 

179 

-Oil 

In 1884, ... 83, 595 ; ^ -168 

II. Distance from the cornea of the left eye, at which alumi- 
nous point presents the appearance of a nearly vertical line. 

In 1825, age 24, distance 6*0 inches; Reciprocal '166 

Difference— '054 

In 1846, ... 45, 89 ; 112 

--018 

In 1866, ... 65, 106 ; '094 

+ 006 



In 1825, age 24, distance 3'5 inches 

In 1846, ... 45, 4^7 

In 1866, ... 65, 54 

In 1871, ... 70, 5-6 
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In 1871, age 70, distance 10*0 inches; Beciprocal'lOO 

Diflference -'029 
In 1884, ... 83» 141 ; 071 

III. Measures of the astigmatic power of the left eye at 
different epochs, estimated in each case by the differences of the 
reciprocals of the same date ia the two preceding tables. 

In 1825, age 24, astigmatism = *120> 



In 1846, 


... 43) 


In 1866, 


. . . 65, 


In 1871, 


... 70, 


In 1884, 


. • • oo, 



•101 

•091 
•079 
•097 



Difference = - 019 

-010 

-012 

+018 



It appears probable that the measures in the second' table are 
somewhat erroneous, perhaps more particularly that for 1871. It 
is not easy to make the observations at the greater distance. 

I am unable to give measures tor the right eye corresponding 
to those of preceding years. A defect, which, has now existed for 
many months, totally destroys vision in the centre of the field of 
view, 

(2) On the measurement of the electrical resistance between two 
neighbouring points on a conductor, Sy Lord Batleigh, M.A. 
(With an account of ezpeciments by B. W. Shackle, M.A., and A. 
W. Wabd, R a.) 

As an alternative to the method of Matthiessen and Hockin, 
the following process may be used with good effect for the above 
purpose. It is founded upon the combination of resistances de- 
scribed in a paper upon the determination of the ohm by Lorenz's 
method (PhtL Trans. 1883), by which a small effective resistance 
is obtained from elements of moderate and accurately measurable 
value. 

The main current 7 passes principally through a shunt of 
resistance a, but partly through a small resistance 6 and a large 
resistance c arranged in series. The terminals of a galvanometer 
of resistance a are connected to the extremities of 6. If g were 
infinite, the difference of potentials at its electrodes would be 

ah 
a + 6 + c'^' 
80 that ahj{a + 5 + c) is the effective resistance of the combination. 
For example, if a =» l^ 6 = 1, c = 98, the effective resistance is y^, 
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and notwithstaDding its smallness is susceptible of acctirate deter- 
mination. Suppose now that the main current traverses also a 
German silver strip (Proc, Nov. 26, 1883) provided with tongues 
between which we require to know the resistance. It is evident 
that by adjustment of c the combination may be made to give the 
same effect upon the galvanometer as the German silver strip, so 
that the required result would be readily obtained from the above 
formula. If c is taken from a resistance-box, we may find the 
effects, one greater and one less than that of the strip, corresponding 
to resistances c^ and c^ + l, whence the value that woidd give 
exactly the same effect is deduced by interpolation. In order to 
guard against disturbance from thermo-electricity the readings 
should be taken by reversal of the battery, and to eliminate the 
effects of varying current the combination and the strip should be 
interchanged as rapidly as possible. 

In practice the resistance of the galvanometer could not usually 
be treated as infinite, and the interpretation of the results is a 
little more complicated. In the case of the combination it may be 
shewn that the current through the galvanometer is 

aby 

g{a-hb + c)~+b {a~+c) ' 

By putting a infinite, or otherwise, we see that the corresponding 
current for the strip is wy(g + a?), if x be the required resistance 
between the tongues. Equating these, we find 

5^ (a -H 6 + c) -H 6c * 

This method has recently been tested in the Cavendish Laboratoij 
by Messrs Shackle and Ward (see below), and the results appear 
to shew that even with so moderate a main current as '2 ampere, 
the sensitiveness is sufficient, the mean of a few readings being 
probably correct to j^. 



Details of the experiment by Messrs Shackle and Ward. 

The arrangement of the apparatus is given in the subjoined 
diagram. 

The battery used was a Daniell's, an extra resistance of 2 ohms 
being inserted in the circuit. The battery terminals were con- 
nected by a reversing key as shewn in the diagram. -4, iJ, C> D 
arc mercury cups with the terminals of the standard ohms a and 
b firmly pressed into them : B and C are connected by a thick 
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copper wire, c is a resistance box of 1 — 200 ohms. The switch 
keys connected with the galvanometer terminals enable us to 
change the galvanometer circuit from ABG to PQG with as little 
delay as possible. 




The readings which were taken are given in the following 
table. The 1st column gives the resistance in the box c : the 2na 
column gives the deflection of galvanometer to the left when the 
circuit P, Q, (? is completed, and the 3rd column the corresponding 
deflection to the right when the current is reversed. The 5th and 
6th columns give the readings in similar order when the circuit 
ABO is completed. To eliminate the slight variations in the 
electromotive force of the battery the order of observations adopted 
in any row was that recorded in 2nd, 5th, 3rd, 6th columns, or oth, 
2nd, 3rd, 6th columns : this made the total deflections correspond 
as nearly as possible to the same instant of time. 
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Current through PQG. 


Current through 


ABG. 




e. 


Defl. 
to left. 


Defl. 
to right. 


Total 


Defl. 
to left. 


Defl. 
to right. 


TotaL 


Diftemioes. 


Mean 

Mean 
Mean 

Mean 


182 

)> 

183 

184 
186 


180-5 
181-5 
182 

182 
183 
183 

183-5 
183-2 

183 

182-7 
183-7 


221-4 
222-4 
224 

223 

223-3 

224-7 

225-3 

228 

226-7 
226-5 
226-7 


401-9 
403-9 
406 


182-5 
183-5 
184 

183 

182-5 

183-5 

183 
182-5 

181-3 
181-3 
181-5 


221-7 
223-4 
224-7 

223 

224-5 

224-5 

225 
227-7 

225-5 

225 

225 


404-2 
406-9 
408-7 


2-67 

•67 
- -9 

-3-2S 


403-93 

405 

406-3 

407-7 


406-6 

406 
407 
408 


406-33 

408-8 
411-2 


407 

408 
410-2 


410 

409-7 
409-2 
410-4 


409-1 

406-8 
406-3 
406-5 


409-6 


406-53 



If we interpolate between c=sl82 and o = 185 we get for the 
true value of c 183'36, and using the values c = 183, and 184, we 
get for true value c = 183*43. Substituting these values of c in 
the value of x, and putting a » 1, 6 « 1, & «= €5*6 as determined by 
direct measurement, we get 

fl? = '005314 for c=« 183-36 
and ^ -005313 for c == 183*43. 

The temperature was 14* C. 
To find limits of error. 

and to a first approximation, a » 1, &»1, Q^65, c^l83,x=^- 
Hence 
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In the present case da and db are known to be less than '0005, 
and dO is less than *1. The errors of c are due to inaccuracy in 
resistance box and to errors in reading the galvanometer deflections. 
The first we may dismiss as less than ^01, the second we proceed 
to find. 

Let us call the differences given in last column of table, 
A(= -67 app.) when c = 183, and k (= '9) when c = 184. By inter- 
polation the true value of o is 

183+ * 



.'. dc = 



h + k' 
kdh — hdk 



{h+ky • 

Since dh and dk are certainly not greater than '3 the greatest 
possible value of dc is ^ = i. This gives gg^ < joq^ • 

We may then conclude that the accuracy of the determination 
is 1 in 1000. 

This result has been verified by using Matthiessen and Hockin's 
method, when more than six independent experiments have given 
the same result as above to the 3rd significant figure. 

The experiment just described was not made in the best way 
possible. Having once found the limits 183 and 184 between 
which c lay, it would have been best to have restricted the observa- 
tions entirely to those limits, and bv carefully adjusting the galvano- 
meter and scale, the errors dh and dJc might no doubt be reduced. 
It would not be too much to say that the necessary accuracy 
could have been carried to the 4th significant figure, though this 
would involve some careful attention to changes of temperature. 

(3) On dimensional equations and change of umts. By W. N. 
Shaw, M.A. 

Since the introduction of methods of measuring electrical and 
magnetic quantities in absolute measure considerable attention has 
necessarily been turned to the question of the dimensions of units 
and dimensional equations. Maxwell, as is well known, has in 
various places discussed such questions, and they naturally form 
an important part of Everett's 'Units and Physical Constants.* 
But I do not recollect having anywhere seen any precise statement 
of the manner in which dimensional equations arise and what their 
actual significance is. I therefore venture to suggest the following 
exposition of the method of deducing dimensional equations, and I 
do 80 with more confidence as there seems a general tendency to 
attribute to the well-known symbol in square brackets more of the 



138 Mr Shaw, On dimensional eqtuitions [March 10, 

attributes of an actual concrete quantity than it is justly entitled 
to. 

We may accept in the first place, as usual, that the complete 
expression of a physical quantity consists of two parts and may be 



represented by the symbol q [Q 



where q represents the niune- 



rical part of the expression and [Q] the concrete unit of its own 
kind which has been selected for the measurement o[ the quantity. 

The unit [Q] is initially arbitrary for every kind of quantity. 
There exist however certain quantitative physical laws which 
really express by means of variation equations relations between 
the numerical measures of quantities. We may take for instance 
the following to be the expression of Ohm's law: ''The numerical 
measure of the current in an elongated conductor varies directly 
as the electromotive force between the ends of the conductor." Or 
Oersted's discovery may be summed up as follows : " The numerical 
value of the force upon a magnetic pole placed at the centre of a 
circular arc of wire conveying a current, varies directly as the 
strength of the pole, as the length of the wire, as the strength of 
the current, and inversely as the square of the radius of the arc." 
A very large number of similar instances might be given. 

We may thus take as the expression of a physical law the 
general form 

q cc af^y^ s^,,, 

where g, x^ y^z.,. are the numerical measures of the different quan- 
tities concerned in the relation. 

We may of course express the variation equation in the form 

q^kaf^y^sTf (1), 

where k is some constant whose value in general alters, if we alter 
the units in which the diiferent quantities are measured, for by so 
doing we alter in the inverse ratio the numerical values x, y,z.,. 
We may adopt one of two courses with respect to the quantity L 

(1) If all the possible variables have not been accoimted for 
we may regard A; as a fresh variable. This has been done in the 
instance first quoted, viz. in that of Ohm's Law, where k depends on 
the nature of the conductor. Thus the reciprocal of k in that 
instance is now generally known as the 'resistance' of the conduc- 
tor, and we re-state the law thus: "The current in the elongated 
conductor varies directly as the electromotive force between the 
ends and inversely as the resistance of the conductor," and the 
expression of the law becomes 

c = k - . 
r 

So that we are still left with an equation of similar form, and 



1884.] and change of units. 139 

heDce may regard the equation (1) in the final general form of 
the expression of any physical law. 

(2) We have already mentioned that the numerical value of 
i depends upon the units [Q], [X], [F], [Z],., employed to measure 
the different quantities. We may therefore assign to k any value 
we please by a suitable choice of any one of the units [Q], [X], [F]... 

For many reasons it is convenient that k should be unity, 
and therefore the most usual assumption is that the unit of [Q] 
should be so chosen that k shall be unity. 

In the same manner x, y and z can generally be connected by 
physical laws with the three units of mass, space and time, and 
we may thus obtain & = 1 for a large number of physical equations, 
provided the whole series of units are chosen on the principle here 
indicated. We thus see that systems of units can be formed based 
on three fundamental unitfl, such that a whole series of physical 
laws, expressing relations between the quantities measured, can be 
represented by ordinary equations with constant unity, instead of 
by variation equations. We thus arrive at systems of units founded 
on this principle, and a unit belonging to such a system is called 
an absolute unit. For such a unit the right of arbitrary choice has 
been given up, and it is agreed that the choice shall be directed by 
a consideration that the quantity k in certain equations shall be 
made equal to unity. 

It follows from this that when the three fundamental units are 
selected the rest of the units belonging to the system are thereby 
defined, and that if the fundamentaJ units are altered, correspond- 
ing alterations must take place in the whole system based upon 
the three fundamental units, in order that the ^*'s may be still 
maintained equal to unity. 

Let us consider the change from one system of absolute units 
to another, both founded upon the same principle, that is to 
say, both agreeing that the same A;'s shall be unity. 

The equation between the numerical measures of g, Xy y^ z,.. 
thus becomes for hoth systems 

q^ of' y^ z^ ... . 
Let the unit of x be changed from [X] to [X'], 

y [F] ... [F], 

z \z] ...[-^'1 

and in consequence 

, ? [<?] -W]- 

Then if q\ Xy y\ z be the new numerical measures of the same 
actual quantities measured, wc have 
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q[Q] = ^[Q^] 
x[X]=a!' [X'] 

y[Y] = i/[T'] 



■ -(2) 



And since the equation between the numerical measures is 
by agreement the same as before, since both systems of. units 
are absolute, 

/ *m 'A f*t 



and hence 



- t&i^)'& 

W - mv (^^Y fflV 

[Q]~\[X]) \[Y]) [[Z]J 



Thus if the fundamental units X,, F, Z.he changed in the 
ratios 

f : 1, 1? : 1, ^'' 1> 

and the derived unit in the ratio p : 1, then 

This statement ma; be evident!; expressed by the relation 

[Q]=m- [yy c^i^ • (s), 

where, now, [Q], [X], [F], [Z] no longer represent concrete units 
but the ratios in which the derived v/nit [Q] and the Jundamental 
units X, Y, Z respectively are to be changed, it being understood 
that the same method of defining the absolute system is to be 
adopted throughout. 

The equation (3) giving the ratio in which a derived imit 
is changed when the fundamental units are changed in any given 
ratios is called a dimensional equation, and is very convenient 
for determining the factor of conversion for any unit, from one 
absolute system to another governed by the same principles. 

The following rule for calculating the factor of conversion 
when the dimensional equation is given is easily remembered. 
If in the dimensional equation we substitute for the symbols of 
the fundamental units the value of each old unit in terms of the 
corresponding new one, the result gives the factor for converting the 
numerical measure of a quantity from the old system to the new. 
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And if, on the other band, for the symbols of the fundamental 
nnits there be substituted the new units in terms of the old, the 
result gives the factor by which the old derived unit must be 
multiplied to give the new derived unit. 

We may under certain circumstances work backwards from 
the dimensional equation to the physical law, in case we know 
the dimensional equations *from other sources. The problem in 
this case is practically knowing the dimensional equation for q 
to determine a, fi, y. 

This may be applied for instance to prove the equation for the 

velocity of sound, viz. v x a/^ . (But, as others have already re- 
marked, we make the assumption that the velocity depends upon 
no other quantities but p and d, and thus get no indication of 
the dependence of the velocity upon either temperature or the 
ratio of the specific heats because neither of these quantities is 
measured in units which vary when the fundamental units of 
lengthy mass, and time vary. 

The method of proving a physical law by means of a di- 
mensional equation may thus be sometimes misleading. Any 
dimensional equation may be expressed as the product of two 
others, one of which may be a dimensional equation of recognizable 
form» but it does not necessarily follow that there is any physical 
interpretation corresponding to it. 

The dimensional equations for electrical quantities on the 
electromagnetic system may be deduced from those on the elec- 
trostatic system by multiplying or dividing by a dimensional 
equation representing some power of a velocity. 

It happens in this case that a physical meaning can be 
assigned to this velocity, namely, that of propagation of an 
electrical disturbance. But {his need not always be the case; 
the form of the dimensional equation may be due to some hitherto 
unrecognized physical fact, but it may sometimes represent a 
relation between the ratios in which units are changed and 
nothing more. 
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A^l 28, 1884. 
Mr Glaisher, President, in the chair. 

J. C Bose, B.A., Christ's College, was elected a fellow. 

The following communications were made : 

(1) On the general equations of the electromagnetic field. By 
R. T. Glazebrook, M.A., F.R.S. 

In a paper read before this Society on February 25, 1884, 1 
compared the general equations of the electromagnetic field as 
obtained by Maxwell and Helmholtz. The object of the present 
communication is to obtain the more general equations of Helm- 
holtz in a manner analogous to that employed by Maxwell. We 
shall use the notation of the latter freed however from the restric- 
tion that 

dvL dv dw . 

^- + ^- -f -f- IS zero. 

dx ay dz 

We shall further assume with Maxwell that the current in a 

dielectric is represented by/ not by f as in Helmholtz* work. 

The electromagnetic eflFects depend on the values of F, G, and 
H the components of the electrolanetic momentum, and we have 
if we integrate completely round a closed curve with the usual 
notation 

JFdx -h Ody + Hdz = m/^^ dsda. 
Let ds coincide with the axes in turn, then we obtain 

l'=M///>VyW+| (1). 

etc 

y^ being any single valued function of x, y, 2 and i. 
Let pf be given by the equation 



X = i///>Wd.' (2). 



SO that pf is the potential of matter of density X distributed 
throughout the space. Then 

dx 



-l\\\^''-^^'^y'^'' 
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and transforming this by partial integration, we get 

and as in the former paper let <I> satisfy the equation 

du dv dw _ 1 , d^ . . V 

dx dy dz 47r dt 

Then we have 

F=^fJllda^dyW-lJlf^,ld.'dy'd.' (5). 



SO that x^*F - " ^TTfiu + -T- (6). 



etc 

TT -i" r dF dO dH ' ,„. 

Henceif /=_ + _^- + _ (7), 

Therefore vV+/av* -^= V*^ (8). 

The solution of this is 

\''J+/~ + V. (9). 

where v*F=0 always. 

Thus V is not a function of the time and we may neglect it 
for our present purposes. 

Hence ^*F-^=- 4nr,.u+,.^ (10). 

and substituting in the usual equations connecting a, )9, 7 and 

F,a,H 

^-^=47rM-^ (11) 

dt/ dz dxdt 

If we remember that, according to Helmholtz, fjJc -jt ="- J, 

these equations are identical with (10) and (15) of my former 
paper, which may be written 
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and J — ■j- = 4^rtt — -J-J-. 

at/ az dxdt 

They become identical with Maxwell's equations on patting 

dt ^' 

We will consider further this case in which ^ is not zera 
Let 'V be the potential at any point arising from electrostatic 
forces fi that which arises from the polarization of the dielectria 
Then the equations in addition to (10) and (11) which we have 
to consider are 

u^f, eta 



^-/-^C-S-f-f) '">• 



etc 

Differentiate (12) with reference to ^, y, z in order, and add. 
Then differentiating with respect to t, 

"-'slv^+Vn+f) (i»). 

From (10) and (12) we find 

<^ ^TP , dJ ^d fdV ^ da dF\ ,-,. 

etc 

and by the usual transformation 

/*ie"^=v*« (15X 

and from hence by aid of the equations, 

dy_dfi^, d^ 

dy dz dxdt ' 

etc 

we obtain 

^l^-^f)-v^if) («^ 

etc. 

Thus the magnetic force a, p, % and the vector whose componentB 

are f—'r- -j—f ©*«•, both travel with velocity l/»/(fiK), 
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Again substitntisg in (5) the value of \ which we have found 
in (9), we obtain as the value of F, if we omit the terms in V, 



F=fLJjj^d<c'dyW 



-im*<'m>)i^'^^- <"'• 

Let us consider a plane wave of magnetic force travelling 
through the medium in a direction whose direction cosines are 
/, m, n. Let %, £Sl, l!f be the direction cosines of the magnetic 
force, then we may put 

a==A%sm^{lx + my + nZ''Vt) (18). 



etc. 



aao ay az 

the lines whose direction cosines are I, m, n, %, fin, }<' respectively, 
are at right angles, that is, the magnetic force is in the plane of 
the wave. 

Now let L, M, Nhe the direction cosines of any line normal 
to %j fin, }^, and 6 be the angle between I, m, n and L, M, N, 
and put 

— (te + my -^nz-^ Vt) = 8. 

Then U = *"^~"^.etc. 

sme 

and a^A^ ; ^ sin 8 = -(,-- j-J (19). 

sm € fji,\dy de J 

etc 

These are satisfied by 

j,^_M£x^s^.de 

ZTTsme ax 



etc 

6 being any function of x, y, z and i. 

Again, since x^ ■" :^ = ^^^^ — 



d** 



dy dz dxdi ' 

4irti - -t-j7 «= A ^ T {milM—mVi-n (nL -IN)} cob S 
dxdt Xsmc^ ^ 

= -^^^{2;(P + m* + n*)-Z(ii + mif+ni^}co8S,..(21), 

etc 

VOL. V. PT. II. 10 



146 



Mr Glazebrooky On the general eqiuitions [April 28, 



Now let 



^ 2X sin 6 



LcosS 



(22). 



etc.. 



and 



d<t>, A(Ll + Mm + Nn) . ^ 
■ - ■ s= -• . sm 

dt 



sm€ 



(23). 



These values of Wj, v^, w^ and 4>^ satisfy 

da? dy d^r 47r^ dt ' 

we may therefore put 

w =t^^ +t*,, etc. 



* 



= Wj +Wj, etc.) 



(2*), 



where 



dx dy dz 4nr dt * 



Substituting in (21) we have 



1 d<I>. 



■ 4f!rdxdt' 



Thus the magnetic force gives rise to an electric current whose 
components are u^yV^t w^ and direction cosines L, M, N, while there 
may at the same time exist an additional current u,, v^, w^ inde- 
pendent of the magnetic forca Hence if we are given a wave 
of magnetic force defined by 

a^siilisinS 

where S is written for 

— (Za? + my 4- n« — Vt)^ 

we obtain the waves defined by 

A 



(25), 



/= 



47rF'sin€ 



y. . J, 1 d*, 
47r dx 

de 



F J!^Xco8S+ , 

zir sm 6 dx 

4>«-5--^5l- — -r:: -^cosS + 4>. 



27rr 



sme 



,(26). 



The quantity ^^ disappears from the equations which connect the 
displacement and the magnetic force and is independent therefore 



1884.] of the electromagnetic field. 147 

of the given wave of magnetic force. For the present we will 
omit it and put 

. A\ (Ll + Mm + Nn) ^ ,^^, 

^--A~Tr ■' 'COSS (27), 

and then we have 

Thus from (9) 

V»e = ^X (28), 

and e « ^jjj^ dx'dy'd/ = x- 

Thi» quantity x disappears from the expressions for the displace- 
ment, and according to Maxwell {Electricity and Magnetism^ ii.) 
is not connected with any known Physical Phenomenon. He 
therefore neglects it. More strictly, according to Helmholtz, it 
may be needed to express completely the action of an element of 
cttveDt at a distant point, and he shews reason for putting 

k being an indeterminate constant, and then we have 

and hence g = - /»^///J^e<^W<fe'. 

We can easily in the case before us evaluate -?' , 
and we find 

§^=/^(l-Jfe)(ZL + milf+ni^cosS, 

and hence for the complete value of F 

F^^-!t^[L^l{l-^k)(lL + mM+nN}cosS. 
27r sm € ^ 

Thus on this theory i^ is a vector travelling at the same rate as 
^9 0* % hut its direction depends on the value of k. 

In the general case in which the unknown quantity ;^ is re- 
tained F may be divided into two parts, the one travels with the 
velocity V, and has for direction cosines 2/, Jf, N^ that is it lies in a 
plane through the wave normal and at right angles to the magnetic 
force, the other is normal to the surface x ^ constant, but its rate 
of motion is unknown. The direction cosines of f, g, h are also 

10—2 
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Z, 2f, Ny the same as that of the first part of F, G, H. There may 
however be additional terms in the values of /, g, h depending on 
4>,, that part of <I> which does not arise from the given wave of 
magnetic force. 

According to Maxwell ^ is necessarily zero everywhere. More- 
over (§ 616) lie neglects the terms in y, Le. puts e/=0 also. As 
was shewn in the previous paper Helmholtz' theory becomes 
Maxwell's by putting 4> = 0, while at the same time J is zero and 
k may have any finite value, for in that case the terms in it all dis- 
appear from the equations. 

One other point may here be noticed, the values given for 
u, v, V) and <I> agree with those found by Lorentz, equations 37, 39 
of the paper referred to. According to him if 



tt=3 — 



27r . 2ir/ Ix^-my + m \ 



To consider the case of a crystalline medium we have, following 
the methods and notation of my paper on "Some equations 
connected with the electromagnetic theory of light " {Camb, PkH 
Proc. IV. Pt. iii). 

^ \K^dz K^dy]'^ dt ^^^^• 

^f^dM_J^d_(d'<^dy_m 
di* dt " 4iir dt \dadt dy dzy 

dfV 4nrdx) 

'"•{§-%) -^-^k-'^ "°'' 

etc. 

These give us the equations satisfied by/, g, h. 

Also 

dZ^'^XK^di K^d^] 

^ J^^/da_d7\ l^d_ (dfi^da\ 

fiK^ dz \dz dxJ fiK^ dy \dx dy) 

^dtdydz\iuK^ fiKji '" dz'^" dy' 

u d'y ^ d*fi T, -,> cP^ x,,s 
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We have seen that in an isotropic medium a wave of electric 
displacement is propagated with a velocity l/*i/fiK. Let us suppose 
that in the crystal there can also be a wave of electric displace- 
ment given by 

f^^BLsinS (32), 

etc. 
where &=— (In + my + nZ" Vt)» 

Then * = -2\5 cose cos S (33), 

and we require to find the relations between the quantities 

F, i, M, N, 7, m, n. 

Substituting in the equations for/, g, h we have 

Z(m« + n«)(F«-a^-Jlf7m(F*-.6») 

-i^/n(F"-c») = (34), 

and two similar equations. On multiplyiDg by Z, m, n and adding 
the sum is zero, there are therefore only two independent eauations 
and these are insufficient to determine F, L, M and N, Thus the 
problem as it stands is indeterminate, another equation is required 
for its solution. 

Let ffLl-\-VMm + cWw = g* cos f, 

^ being a quantity to be further defined shortly. Then we find 

Tr»_ Ld* (m* + n^'-MbHm - Nifnl _ La* — g* cos ^ .^^. 
^ ^ L{m* + n')^Mlm-JM~'' i-Zcose ^'^ ^' 

The other two equations can be treated similarly ; and we find 
finally 

La* — ig* cos f _^ Mb* — mg* cos ^ _ If^ — ng* cos ^ ,^^. 

Zf— ZcosS "" Jf— mcosS " JV— ncosS ^ '' 

On eliminating g* cos ^ from the first and second and first and 
third respectively, we get 

{L^IcobS) [IMNiV-if) + mNL (d"-d*) 

+ nLM{d*-b*)} - (37). 

Hence we find 
or 2^6"-c')+^(c'-d?) + ^(d'-6") = (38). 
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Now the equations L^l, M=^m, N^n, when substituted in 
(34) lead to 

or dV" + ^')==^'^' + c'/«" (39), 

and two similar equations. This is impossible, thus we must have 

and this is the only relation between Z, m, n and L, M, N, 

The fundamental equations may as we have seen, be written 



etc 

Hence 

Lorentz in the paper referred to, following Helmholtz in mea- 
suring the current by f, ^, f, puts Q = <I>, and /= — ftAr-ij-. 

V"^ is zero for the electrostatic forces arise by hypothesis from 
electricity outside the space considered, and the equation thus 
modified becomes his fourth equation. We have in the former 
paper seen reasons against putting XI = $ when we adopt Maxwell's 
definition of the current. 

Again, from the assumed values for f, g^ h, we have, as in the 
paper in the Camb. Phil, Proc. IV. 

doL ^ j^ fvt ^g -« dh 
dt" \ dz dyy 

^ = 47r^B{6»ifn-c»JVm}cosS, 

and a = -?^{6»Jfn-c'ifm}sinS (42), 

also la+mfi + wf^O (43), 

thus a, /3, 7 is in the wave front. 

Again La + Mff + ^7 = in virtue of (38). Hence a, A 7 ^^ 
at right angles to Z, -Jf, N. Also multiplying by d*L, 6*if and 
^N and adding the sum is zero. Hence a, )9, 7 is at right angles 
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to the line whose direction cosines are proportional to d*L, VM 
and c"i\r. 

From this it follows easily that if we construct the ellipsoid 
5"a^ + fcy + c*«* = 1, and take any radius vector length r as the 
direction of L, M, N then this direction and the direction of the 
magnetic force are axes of the section of the ellipsoid which is 
formed by the plane passing through them; while any line in the 
plane through L, M, N at right angles to this plane section may be 
the wave normal. Thus so far as the equations hitherto considered 
are concerned, there may be for any given possible direction of 
electric displacement L, M, Nan infinite number of possible wave 
normals all lying in the plane 

or for any given wave normal an infinite number of possible direc- 
tions of electric displacement lying on the cone 

The value of V is given in equations (35), a simpler form is 
obtained as follows. We have seen above, that if /» BL sin 8, etc., 

then a^4nrVB(mN-nM)8ini (44), 

etc. 

<I> = — 2\B cos e cos S. 

Comparing this value of a with that given in (42), we have 

^_ VMn^^Nm 

Now, if j9 is the length of the perpendicular on the tangent 
plane, at the extremity of a radius vector of length r in direction 
Z, Jf, Ny then the direction cosines of p are pru?L^ etc., and 
}*=:l/pr. 

The direction of the magnetic force is, we have seen, at right 
angles to this perpendicular, to the line Z, m, n, and to the line 
L, M, N\ e \& the angle between Z, m, n and i, JIf, JV, f that 
between I, m, n and the perpendicular. Thus we have, expressing 
the direction cosines of a, )8, 7 in the three possible ways, 

Mn''Nm ^ pr(b*Mn--c'Nm) ^pr MN(b*-^) 
sine sin (f 8in(€ — {f) " 

Also jp = rcos(€-5') (**'7). 
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Hence, from (45) we obtain 

i7»^ sinr ^1 sinr ^ -^ 

j)r sine r^ sin € cos (c — f ) ^ 

We have also a third expression for a, viz. 

a = -49rF.jB.JIfJV^(6*-?)r«sin€COt(€-{:) 

47rgJlfy(6*-c')sinC 

Fsin(e-0 ; ^ 

This is as far as we can carry the theory with the equations 
at present considered. But a, /3, y have to satisfy equations (31). 
We must therefore investigate the conditions which this gives rise 
to. 

Now it is clear that the value of a already founds will satisfy 
(31), for the value in (42) is obtained from 

— "47r('5«--c»^^ etc 

while the values in (44) come from 

. ^ dg dy rf'4> 

dz dx dtdy* *' 

and these are the equations used in forming (31). 

Thus the values found satisfy (31) without any fresh conditions. 
So that without some other condition the problem of the propagation 
of an electromagnetic disturbance in a crystal is indeterminate. 

For a given direction of displacement we have a definite velocity 
and a definite magnetic force, but an infinite number of plane 
wave fronts, all of which pass through the direction of the magnetic 
force ; for a given direction of wave propagation we have an in- 
finite number of directions of electric displacement lying on a 
certain cone, and to each of these there corresponds a definite 
velocity and a definite direction for the magnetic force. 

Now experiments shew that the velocity of a plane wave of 
light in a crystal has one of two definite values, and that these 
values agree very closely with those given by FresneFs theory. 

Let us assume that these conditions hold for the electro- 
magnetic displacement ; then since we are to have two values each 
for L, M, N, when I, m, n are given L, M, N lies on a cone of the 
second degree with its vertex at the origin the additional relation 
between L, M and N must be of the form 
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where P, Q and S are any constants ; Fresnel's construction will 
be satisfied if 

Ll + Mm + Nn=0, 

that is if the displacement is in the wave front. This condition is 
equivalent to 

df da dh _ 

— + -^ H =0 

dx dy dz * 

which of course is Maxwell's fundamental assumption. 

Thus in order to deduce Fresnel's construction from the electro- 
magnetic theory of light the condition 

df^dg^dh^Q 
dx dy dz 

\R necessary and sufficient. Maxwell himself, had of course shewn 
the sufficiency of the condition, but I am not aware that the 
problem has been treated previously quite so generally as in the 
present paper. 

(2) On the pulsations of Spheres in an Elastic Medium. 
J3y A. H. Leahy, J8.A. 

[Abstractl 

The problem of two pulsating spheres in an incompressible 
fluid has been discussed by several writers. The author considers 
the analogous problem in the case in which the medium surround- 
ing the spheres has the properties of an elastic solid. He finds 
that the most important term in the expression of the law of force 
between the two spheres varies inversely as the square of the 
distance between them. This force will be an attraction if the 
spheres be in unlike phases, a repulsion if they be in like phases 
at any instant. The next term m the expression varies inversely 
as the cube of the distance between the two spheres and is always 
a repulsion. 

The paper is being published in full in the Transactions of the 
Society. 
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May 12, 1884. 
Me Qlaisher, President, in the Chair. 

The following were elected honorary members of the Society : 

A. Baeyer, Professor of Chemistry at Munich. 

Anton Dohm, Director of the Zoological Station at Naples. 

Carl Qegenbaur, Professor of Comparative Anatomy in the 
University of Heidelberg. 

G. Mittag-Leffler, Professor of Mathematics in Stockholm. 

E. F. W. Pfliiger, Professor of Physiology in the University of 
Bonn. 

Gustav Quincke, Professor of Physics in the University of 
Heidelberg. 

H. A. Rowland, Professor of Physics in the Johns-Hopkins 
University, Baltimore, U.S.A. 

Julius Sachs, Professor of Botany in the University of Wurtx- 
burg. 

H. G. Zeuthen, Professor of Mathematics in Copenhagen. 

B. Stawell Ball, Astronomer Royal for Ireland. 

W. T. Thiselton Dyer, Assistant Director of the Royal Gardens, 
Kew. 

J. Whitaker Hulke, Ex-President of the Geological Society. 

The following communication was made : 

(1) On a Continuous Succession in part of the Guernsey 
Gneiss. By Rev. E. Hill, M.A. 

In the discussion which followed a paper ' on the Rocks of 
Guernsey ' read by me before the Geological Society it was sug- 
gested by one of the speakers that appearances in Archaean rocks of 
conformable succession and enormous thickness are often deceptive, 
and result from repeated plications of a moderately thick series. 
I have no doubt that this remark is correct, and it is perfectly 
possible that such plications may have happened in Guernsey, and 
may hereafter by careful examination be detected. But notwith- 
standing there cannot be any doubt that the Guernsey rocks do 
disclose a series of very great thickness. 

While making a specially careful examination of a locality in 
Guernsey in search of evidence for or against the faulted position 
of certain unusual rocks, I began to notice that particular varie- 
ties of the gneiss could be recognized at various localities as 
agreeing together. In some of the outcrops a distinct strike of 



1884.] in part of the Ouemsey Oneiss. 155 

the foliation was visible, and the positions of the outcrops which 
resembled each other harmonized with this strike. Pursuing the 
investigation I found that there was evidence of a complete and 
conformable succession over a considerable distance. I think that 
it may be interesting to briefly note this, and to remark upon one 
or two conclusions which follow from it. 

The nature of the succession and the evidence for it need not 
be gfiven very fully. All the beds are gneiss of the very oldest 
type. The strike of the foliation can usually be detected, and is 
always in the region dealt with N. and S. The dip is sometimes 
nearly vertical, but generally more or less steeply inclined, invari- 
ably to the W. Five successive distinct series can be clearly 
recognized, the first along Yazon Bay and at several points to the 
S., the second along Perelle Bay, the third around the L'Erde 
Hotel, the fourth on the L'Er^e peninsula and across the sound of 
Libou, the fifth in the island of Lihou. I have not seen any 
passage of the first into the second, but the second can be traced 
continuously in the shore at low water, and seen to change into the 
third along the ridge extending out into the sea to the islet called 
Chapelle Domhue. The third can be seen passing into the fourth 
on the L'Er^ shore, and also in the outermost rocks of the islet 
just mentioned. The fourth is seen within 10 feet of the fifth on 
the shore of Lihou, separated only by one of the greenstone dykes 
which are so numeroua 

Now were the beds of this series of rocks repeated either by 
faults or by plications and over-fold, then as we made traverses in 
directions across their strike we should from time to time often 
find repetitions of particular beds. But in the succession above 
described nothing of the kind \& seen. Each division of the series 
is perfectly distinct from the rest, lasts for a certain space, is suc-^ 
ceeded by another, and does not, in the area described at least, reap- 
pear. It would be possible that any one of these divisions separately 
might owe its thickness to plication, but I cannot conceive this 
process going on in more than one without an obvious repetition 
of alternating divisions. We may conclude that the thickness of 
the series as estimated by this area is a real thickness free from 
the errors introduced by plications. There may perhaps be an 
error due to irregular thickness or lenticular arrangement, but I 
am not now considering these. Moreover I have identified series 
IL and III. for more than two miles along their strikes, and I. at 
extreme points separated by three miles. 

The breadth of this succession measured across the strikes is 
over two and a half miles. Allowing for the inclination of the 
beds this must represent a thickness of nearly two miles. 

Another conclusion I should draw is that the nature of gneiss 
must depend not so much on metamorphosing agents as on the 
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materials constituting the original beds. For II. and lY. are in 
parts so highly crystalline that they begin to resemble an igneoos 
rock, while III. has no such resemblance, nor yet I. ; while V. is very 
markedly sedimentary. Thus we have two extremely crystalline 
series intercalated between others far less so. The difference in 
character cannot be due therefore to any such cause as one series 
having been subjected to a greater central heat than another, or to 
contact metamorphism, or to heat developed in compression. The 
dykes, which are numerous, penetrate all alike. The neighbouring 
granite is equally remote from all. The compression must have 
operated equally on alL Thus the only explanation for the dis- 
tmctness of these several series seems original difference of 
constitution. 

In a paper recently published by Mr Marr he suggests the 
subaSrial and volcanic origin of Archaean rocks. The facts which 
I have noticed agree pretty well with subaerial origin. The 
general arrangement of the constituents rather into lenticular 
masses than laminae, the occasional larger lenticular masses or 
short seams, and the frequent appearances of false-bedding, where 
the bedding is sufficiently distinct, all point in that direction. So 
perhaps may the frequent and well-marked nodes or patches, which 
abound in the highly crystalline Series 11. and exactly resemUe 
those so common in granites. 

But in favour of the volcanic origin I have no facts to adduce: 
I have seen no indications of agglomeratic constitution nor of 
included fragments. And I think some such might be expected. 
I am more inclined to go back to the older hypothesis, and imagine 
that the Archaean rocks took their origin when the surface of the 
earth was in some respects exposed to different conditions than 
those which we now experience. 



May 26, 1884. 
Mr Glaisher, President, in the chair. 

Prof. E. Bay Lankester was elected an honorary member. 
S. L. Hart, M.A., St John's College, was elected a Fellow. 

The following communications were made : 

(1) On some Irregularities in the Values of the Mean Density 
of ike Earth, as determined by Baily. By W. M. Hicks. 

I HAVE recently been examining Baily's observations on the 
mean density of the earth in order to see ii they showed any traces 
of a dependence of the attraction between two masses on their 
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temperature. I was astonished to find in his numbers most decided 
signs of some temperature effect, and although I have not been 
able to discover the cause of this eflfect, yet it may be important to 
put the facts on record. The description of the apparatus, calcula* 
tioDs, and observations form Vol xiv. of the Memoirs of the Royal 
Astronomuxd Society, which also contains the mathematical theory 
as developed by Mr (now Sir George) Airy. His observations 
extended over sixteen months from January 24, 1841, to May 8, 
1842, and amounted in all to about 2000 separate sets of observa- 
tions. They were therefore made at all temperatures, varying from 
a winter temperature of 30** F. to a summer temperature of 69* F. 
They were made by employing balls of various materials for the 
torsion balance — lead, platinum, zinc, brass, hollow brass, glass and 
ivory — of different sizes, and suspended in different ways, — bifilar 
lines of silk and metal at different distances, and single wires of 
different metals and diameters. These were all arranged in sixty- 
two different sets. To discover any temperature effects, it would 
have been better had the experiments been carried out on one 
uniform system ; but as it is, those averages will give the most 
reliability for comparison, which are based on the largest number 
of different series, as thereby we eliminate effects due to particular 
series. 

The method adopted in forming the table below has been first 
to go through Baily s Table I. and make lists of those days when 
the temperature lay within certain limits, thus for instance two 
degrees above or below 50". On any particular day the tempera- 
ture in the case, which surrounded the box in which the torsion 
rod was suspended, remained remarkably constant, only as a rule 
varying a fraction of a degree. Within the torsion box it would 
therefore be almost rigorously uniform. By means of the preliminary 
lists, the deduced daily means for those chosen days were then ex- 
tracted from his Table II. and entered in lists by themselves. 
Then the means of the daily means in each series were taken, and 
finally the means of these last taken. In this way, irregularities 
due to special days and to different series were successively 
smoothed down as far SrS possible. The results are given in the 
table below. I have not discussed the whole of the observations, 
fafut only those near the temperatures marked. For the lowest 
temperatures of all, from 30" to 37^ I have not taken account of 
his second series of experiments. My reason for this is that the 
method by which the observations were made was different from 
all the others, and a bad one. Also that out of 12 means for these 
temperatures, 5 would be from this series, which happened to be 
made in cold weather. The consequence of admitting them would 
therefore be to mask effects due to temperature by the errors of 
observation of this particular series. The densities obtained by it 
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vary from 6-2886 to 6'8717, Baily himself says they are "not 
reliable," and says, — '^ I made only 23 experiments in this way, for 
although the principle may be correct, yet the difficulty of seizing 
the precise moment at which the masses ought to be put in motion 
occasionally introduced disturbances which affected the aocuracy of 
the results;" and later, "it may become a question whether these 
experiments! are entitled to that confidence which the subject 
requires." If we had a large number of series from which to take 
our means it might be well to retain them, but naturally at so low 
a temperature only a few observations were to be expected. The 
results of the discussion so far as it has been carried, are given in 
the following table. The first column gives the temperature, the 
second the number of series on which the mean given is based, the 
third the number of daily means, and the fourth the number of 
separate means employed. The means for the different tempera- 
tures are given in the fifth column. 



Temperature F. 


Nnmber of 
Beries. 


Number of 
daily means. 


Nnmber of 
observations. 


Mean density. 










5 + 


36" (mean) 


4 


7 


46 


•7296 


40 d, 2 


12 


22 


128 


•7341 


45 d. 2 


20 


43 


247 


•6823 


50ii.2 


18 


38 


302 


•6799 


55 d, 2 


12 


23 


187 


•6594 


60*2 


13 


31 


333 


•6495 


65*2 


7 


17 


140 


•5935 


68 (mean) 


4 


11 


96 


•5828 

■ 
i 



The gradual fall of mean density with rise of temperature is 
most marked, the only exception being in the case of the lowest 
temperature (36^) which is slightly smaller than for the tempera- 
tiue of 40^ However, this is based on only four series, bat 
is nevertheless higher than for any temperatures above 40*. 
It is easily seen from the irregularity at which the means 
decrease that all disturbances have not been eliminated; still 
the numbers sufBce to shew that some cause depending on tem- 
perature has been at work to produce disturbances. Although 
I undertook the discussion for the very purpose of seeing whether 
such an effect was present, I must confess I was astonished to find 
it so marked. It certainly seems too large to be explained by 
supposing the gravitation between two bodies to be a function 
of their temperatures, although it is in the direction whioh we 
should expect to find, if the gravitation increased with the tempera* 
ture. For if so, we should suppose from our experiments at a high 



1884J of the Mem Density of the Earth. 159 

temperature that matter attracted itself more strongly than if we 
made experiments at a low temperature ; consequently the mass of 
the earth would not require to be so large in the first case as in 
the second, to produce the same force on a gramme at its surface, 
or its mean density would be less. 

In searching for some possible explanation of this temperature 
eflfect, I have been led to notice a point in the theory of the experi- 
ments which the then Astronomer Royal, Sir G. Airy, had not taken 
notice o£ The correction for this is more important than some 
others which have been taken account of, introducing an alteration 
in the third place of decimals, while the calculations are carried to 
the fourth. In calculating the attraction of the masses, he has 
neglected to consider that of the air displaced by the masses 
attracting. The effect of this is to decrease the apparent attract- 
ing masses by the masses of the air displaced. The correction to 
be applied is easily determined. Let p be the density of the air, 
a of the large masses (lead in all tne experiments), o-' of the 
balls on the torsion rod, A the mean density of the earth as given 
in the tables, and A, the corrected value of A. Then for this term 
we loay neglect roughly the effect of the support of the lead 
masses, and the torsion rods. In this case 

at zero temperature, />= '00129, tr = 11*4, whence 

A. - A (-000113 + '^^) X 5-67. 

._ (.00064 + -^). 

From this, the corrections to be applied in the case of the 
different balls are found to be 

Pt, --0010, Pb,-.0013, Zn. --OOl?, Brass, - 0015, 
Glass, - 0081, Ivory, - 0045. 

In addition to this another correction ought to be applied, due 
to the inertia of the air in which the balls move. For the balls 
iJone ibis would be determined, if there were no boundaries, by 
supposing their masses increased by half that of the air displaced. 
The effect of this would also be to make the true densities less 
than those given by '0036/a, on the supposition that the effect on 
the rod itself would be much smaller in comparison. The effect of 
the friction of the air would be eliminated by the method of ob- 
serving the time of vibration. These corrections tend to explain 
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vfhy the mean density calculated from ivory and glass balls is 
higher than the mean. 

All these effects would vary with the temperature, but the cor- 
rections due to those variations although in the proper direction are 
80 small that they produce no effect to the fourth place of decimak 
It is difficult to conceive that the temperature-effects shown by the 
table are due to convection currents in the torsion box, for the 
closed box is itself within a case, within which the temperature was 
found to vary extremely slightly during a day's ei^periments. It 
is natural to look to changes in the geometrical dispositions of the 
parts due to changes of temperature, as a source of the effects. 
The expansion of the wood work would be so small as scarcely to 
produce any perceptible change. The only metallic expassions 
that occur to me as likely to produce alterations, are {a) in the 
length of the suspension wires, (J3) the brass scale from which the 
deviations were read, (7) the brass rod on which the microscopes 
were mounted to measure the distance of the centres of the masses 
and balls, (S) and the error introduced in measuring this distance 
due to taking the differences between the surfaces and allowing for 
the radii, which would vary with the temperature. It may be well 
to notice each of these in order. 

(a) The centres of the attracting masses are on a level with the 
centres of the balls ; consequently if these last be raised or lowered 
slightly by a contraction or extension of the suspension, the effect 
would be vanishingly small. The alteration in the attraction d 
the supports would also be a negligeable part of the whole. 

(J3) With a rise of temperature the scale expands; conse- 
quently the reading for the deviation of the torsion rod in the two 
positions of the masses will be too small. We therefore suppose 
that the gravitational unit of force is smaller than it is, and thus 
make the mean density of the earth larger. For this case therefore 
the deduced mean densities would increase with the temperature— 
in the opposite direction to what is actually the case. The cor- 
rection to be applied for a temperature f F. above the mean would 
be - 5-67 X -OOOOIO^ = - -000059 1 

(7) The distances between the masses and balls were measured 
by microscopes fixed to a brass bar, at a distance of 5 inches from 
one another, which was roughly about the distance of the sor&ce 
of the attracting mass from the centre of a ball. The difference 
from 5 in. of the actual distance was then measured by means of 1 
small pearl scale in the microscope. Hence a correction must be 
introduced for the expansion of the brass bar. The reading will 
make the distance too small by 5a£ where a is the coefficient ol 
linear expansion for brass, and t is the difference between Uic 
temperature of observation, and the temperature at which the 
distance of the microscopes is exactly 6 inches. 
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(S) The Expansion of the lead mass will produce a similar 
effect Its radius was 6 in., consequently the reading will be 
too small by 6^^^, where ^ is the coefficient of expansion for lead, 
and t. is the excess of temperature over that at which the radius is 
6 incnes. Now allowance is made for the variation of distance from 
11 inches. If the temperatures are measured from the temperature 
at which the radii were measured, the whole apparent diminution 
of distance due to causes (7) and (S) will be (62 + 6^) f, that is, the 
distance instead of being S as in Baily*s formula, will be 

S - (5a + 6^8) t 

Baily calculates the mean density for a distance of 11 inches, and 
corrects by multiplving the result hy (^/H)*. The correction to 
this multiplier will be therefore — 2S {b% + 6/8) ^/H*, or since S = 11 
very nearly = — 2 (5a+ 6^) tjW. Substituting numbers and tak- 
ing the mean density to be -5*67, the coiTection is 

Aj - A = - -000063 1 

The difference between two of the mean densities obtained, 
without taking account oi .corrections /3, 7, h, at temperatures 
whose difference is t, is therefore — "000122 1, that at the higher 
temperature being the greater. These corrections would make the 
table above show still more striking results; e.g. increasing the 
difference at 68** over that at 36" by about -0036. No other 
possible cause to produce temperature effects occurs to me. Is it 
possible that Baily 's personal equation <was a function of the 
temperature ? If his judgment became more bountiful as the air 
became warmer, the error in the mean densities would be in the 
direction indicated by .the table given above. 



(2) On Pomble Systems of Jointed Wickerwork, and their 
Degrees of Internal Dreedom. ny J. Larmor, M.A. 

If the two sets of generating lines of a hyperboloid of one 
sheet be constructed by rods jointed where they cross one another, 
the system so formed will not be stiff. This statement is verified 
by the simplest examination of an ordinary paper-basket, or — 
much better — of one of the jointed frameworks of wooden rods 
that are sometimes placed round flower-pots. 

Mr A. G. Greenhill has remarked (Math. Tripos, 1879) that the 
forms assumed by the framework on deformation are those of a 
confocal system of hyperboloids. This result may be proved syn- 
thetically as follows. Consider such a confocal system in position ; 
to the points which lie on a straight line on one of them there 
correspond (in Ivory's manner) points on any other, which also lie 

VOL. V. PT. II. 11 
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on a straight line, sinoe the correspondenoe is of the first order or 
linear. Thus to a generator corresponds a generator, and the points 
of intersection of pairs of generators also correspond. Again, ail 
points corresponding to a given point lie on a curve which cuts the 
system of surfaces normally, being in fiekct the curve of iotersection 
of two confocals of the other kinds. So that if we consider any 
generator and the corresponding one on a consecutive surCeu^, the 
lines joining their extremities (where they meet generators of the 
other system) are normal to the surface, and therefore to the 
generators, and the generators are therefore of equal length \ The 
condition necessary for deformation is thus satisfied, and the sur- 
face, supposed made up of jointed rods, may be deformed without 
straining into the consecutive confocal surface, and therefore by 
successive steps, into any other confocal surface. 

Wb propose to investigate directly the cause of tiiis want of 
stifihess, and to determine the number of degrees of internal free- 
dom possessed by other systems (which we shall prove to exist) 
composed of three sets of rods connected by ball-joints, there being 
three rods at each joint. 

In discussing the first problem, we may confine our attention 
to three rods crossing three other rods: for we shall prove that 



^w^n, 



^"a 



h^^ 




XjMi^'i ^a^j 



\H-^i 



every other rod that crosses one set of them meets each rod that 
crosses the other set, at a point in the rod which is unaltered 
by the deformation. And for similar reasons, we shall only have 
to consider in the second case the quasi-cubical framework formed 



* Cf. H. J. S. Smith, Proc, Lond, Math. Soc, ii. p. 244. 
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by three such sets of six placed one above the other, and tied 
together by nine rods passing through them» making twenty-seven 
rods in all. 

Consider then a system of six, represented on the flat by the 
annexed scheme, in which their direction cosines to fixed axes 
ijm^Ti,,..., X^,v ,... are indicated, and also the lengths of the three 
segments of each a^, 6^, c, (^a^ + 6,), ... a , ^^, 7, (= a^ + ^J,..- By 
expressing that the projections of each independent circuit on the 
axes of co-ordinates are zero, we exhaust all the independent 
relations of the system. We thus obtain four sets of three equa- 
tions each, of which the foUowiug is one : 

and we have in addition six equations of the type 

Thus we have 18 equations between 18 variables. But these 
variables involve 3 indeterminates, depending on the directions of 
the axes : and as we know that the system is not rigid, there is a 
fourth indeterminate. Therefore the 18 equations are equivalent 
to only 14 independent equations, and that can only be by reason 
of the existence of 4 relations between the coefficients^ i.a between 
the lengths of the segments of the rods. And, conversely, if we 
obtain these four relations independently, we can infer that the 
jointed system is not rigid. 

We can readily obtain them as follows: — Let a^a^ denote the 
angle between the lines a^^a^: then by equating two expressions 
for the square of the diagonal of the reticulation aflfi^\ we obtain 

a^ + ffj* — 2ajaj cos a^ot^ = a/ + a,* — 2a,aj cos a^, 

A A 

or tf jttj cos ajx^ — a^ a, cos aji^ = \ (a^ + a^ - a,* - a,*), 

and similarly 

bA cos 6>, - 5A C08 iis. - i (6/ + /3,« - V - /3.'). 

A A 

c,y, cos c,7, -c.Y.cos 0,7, = ^ (c,» + 7,' - c,' - 73'), 

three equations between the cosines of the angles a^a^, jJSj, 0,7,. 
But we know that these angles are not determinate, therefore the 

result of eliminating cos&jS, between the two first equations must 
be equivalent to the third. That result is 
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A A 

«»«. • M. COS c,y, - a,flr, . 6^, cos c,7, 

and we therefore have 

^1% ^iTs ' 

therefore afi^c^ . a^^.y, = o,6,c, . a^.y,. 

And in the same way we can obtain three other similar relations, 
thus making up the four relations required. 

Having now obtained these relations between the segments oC 
two triads of mutually intersecting lines in space, we may easily 
verify their truth in other ways. We notice that they are projec- 
tive for the same reason that anharmonic ratios are projective. 
Projecting therefore on the principal plane of the hyperboloid to 
which they belong, we have two triads of tangent lines to a plane 
ellipse. We can now project the ellipse into a parabola. But 
three fixed tangents to a parabola cut all variable tangents simi- 
larly, since they with the tangent line at infinity cut them in 
a constant anhai*monic ratio: hence now 

and the relations are obviously true. 

[We may express this argument differently by changing the 
hyperboloid into a hyperbolic paraboloid by a linear transforma- 
tion (which we may call a projection in space of four dimensions), 
and noticing that the theorems are true for the paraboloid because 
the generators of one system divide all those of the other system 
similarly.] 

It is to be noticed that they are not true in general for two 
triads in a plane : also, inasmuch as there is only one condition 
necessary that six lines should touch a conic, that three other 
relations do hold in a plane. 

When three lines cross three other lines in a plane the three 
relations between the segments formed are however still true for 
lines crossing in space, and are moreover clearly of a projective 
character. We may obtain one of them as follows. From the 
equations between the cosines already given, we find 

A A' 
cos c 

where 

A = 





cosc,a. 


A 




C.7. 


• 




iA 

-c,7. 
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Proceeding in a similar manner we find a like expression for 

cos 6, a,. Therefore, since cos 6^7, = — cos a^a^ we obtain a relation 
of the twelfth degree between the 12 segments : and we may find 
two other similar ones in the same way. It is to be noticed that 
the diagram is not really symmetrical, so that we cannot proceed 
from one expression to another by simple permutation of the 
symbols. 

Having thus independently established the existence of these 
four relations, we establish at the same time the flexibility of the 
system of six rods. Now every line that crosses three of the rods 
meets every line that crosses the other three. For, if we denote 
the two systems of rods for an instant by 123... 1'2''3'... the planes 
through 1' and 1234 cut all lines in a constant anharmonic ratio, 
therefore 123 are each divided in the same anharmonic ratio by 
1'2'3'4\ Now consider 4, which is drawn across 1'2'3' : the plane 
14' with the lines 1'2'3' divides it in the same anharmonic ratio as 
1, 2 or 3 is divided by them : so does the plane 24' with the lines 
lYS': therefore the planes 14', 24' are met by 4 in a common 
point, or, in other words, 4 meets 4'. Further, the point in which 
each of these lines crosses another is unaltered by deformation : 
for the relations already established are sufficient to determine 
definitely the segments of these lines in terms of the segments of 
the six rods : we can therefore replace the lines by joint^ rods. 

In the case of the paraboloidal system, in which all the rods of 
the same series are divided similarly, we have relations of remark- 
able simplicity. For the orthogonal projection on any plane 
consists of two series of parallel lines, and the s^ments of each set 
of rods are proportional to their projections. By considering the 
projections on two different planes, the above results follow 
unmediately. 

Let us consider now the quasi-cubical system of jointed rods. 
In the first place, such a system is abundantly possible; for 
assuming the 9 rods connecting the three layers which lie the same 
way, and denoting them by the 9 digits, firom any point on 1 draw 
the line which intersects 2 and 3, from the point in which it meets 
3 draw the line which intersects 6 and 9, from the point in which 
it meets 9 draw the line which intersects 8 and 7, and from the 
point in which it meets 7 draw the line which intersects 4 and 1, 
as in the diagram. The last line must meet 1 in the point from 
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which we started, which gives one coDdition, and the three other 
independent circuits in the same layer give three more. Thus the 
three layers give twelve conditions, which can easily be satisfied by 




the nine lines we started with, especially as three of them may be 
removed by properly choosing the positions of the layers. 

Having thns proved the possibility of the arrangement, we 
proceed as before to coant all the independent relations of the 
system, and find whether they are sufficient to fix it absolutely,— 
or» if not, to find how many modes of deformation it possessesL 
"We project all the independent circuits on the axes, just ss 
before in the case of the binary sjrstem. There are 9 binary systems 
contained in the ternary, 3 sets of 3 each ; but it will be clear on 
consideration that the existence of 2 of these sets determines the 
third set, which crosses them both. The independent circuits of 
the ternary system are therefore those of these two sets of binaries, 
and give equations 6 . 4 . 3 in number ; while the metrical relations 
of the binaries give 6 . 4 conditions among the lengths of the seg- 
ments, which are necessarily included in the former: so that th^ 
are 6 . 4 . 2 or 48 independent equations. There are also 27 rela- 
tions between the direction cosines of the 27 lines, which are the 
variables. Thus there are 75 equations in all between these 81 
variable direction cosines. But the arbitraiy axes introduce into 
them 3 degrees of indeterminateness. There are therefore still 
3 degrees remaining : that is, the jointed system possesses three 
degrees of internal ff eedom. 

And now the same considerations that we employed in the case 
of a binary system show that we may introduce any additional 
number of rods in each set, so that three rods shall meet at each 
joint, when the system will still possess its three degrees of internal 
freedom. 

This remarkable general result is in agreement with what we 
can see to be true in particular cases. The simplest case of all 
is that of a parallelepipedal system formed of three sets of paraUel 
jointed rods : here we can alter all the three angles between the 
directions of the rods. Another simple case is that of a series of 
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equal and similar binary systems (forming paraboloids or hyper- 
boloids) placed one over the other with corresponding joints con- 
nected by a third system of parallel rods, whose segments between 
two of the binary systems are therefore all equal: here the parallel 
rods have two degrees of freedom, and the binary systems have 
the third. 

The fact that in a binary system 4 segments are determi- 
nable in terms of the others shows that such a system is itself 
determined by two rods crassing three others and jointed to 
them : — in other words, that a system of confocal hyperboloids is so 
determined. So also a ternary system is determined by four rods 
jointed together at different parts of their lengths by three sets of 
four rods each. 



(3) On some Physiological Experiments, By W. H. Oaskell, 
M.jD., F.BbS. 

(4) On a method of comparing the concentrations of two 
solutions of the same substance, but of different strengths. By 
A. S. Lea, M.A. 

(5) On the m^any layered Epidermis of Clivia Nobilis. By 
Walter Gaudiner, B.A. 
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1. A limited number of complete sets of the first Ten 
Volumes (thirty parts and index) of the Tranaadions may be 
obtained on . application to the Secretary of the Society, New 

Museums, Cambridge/ The price is j£20 a set. 

I # ■ _ 

2. VoL xilL Pt. 3 of the Thmsactions is now ready, containing 
the foUo wing papera,- ^ 

I. Mr F. W. Newman, Table of the Descending Exponential 
Inunction to Twelve or Fourteen Places of Dedmale, 

II. Mr J. W. L. Glaisher, TahUe of the ExponentiaX Fmwtion. 

' III. . Mr M. J. M. Hill; On' Functions of more Hum two variables 

analogous to Tesseral Harmonics. 

Copi^ may be obtained by Fellows on application to Mr 
T. W. BpBii^soN, at ,the .New Museums. . . . ' 

3. VoL XIV. pt. 1 of the Transactions will be issued shortly. 
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OobAer S7, 1884. 

ANNUAL GENERAL MEEnNO. 

Thx fbUowing were elected officers and new memben of the 
Oonnoil for die ensuing year: — 

Pruidmt: 

Ph)£ Foster. 

Vioe-PreMenta : 
Prof Stokes^ Lord Bayleigh, Prof. Liveing. 

2VWWU7W; 
Mr J. W.Clark. 

Becretariea: 
Mr Trotter, Mr Qlasebiook, Mr Vines. 

New Members of OaunoU : 
ProC Cayley, Prof. Macalister, Mr Glaisher. 

The following communications were made to the Society : 

0) On the effect of moielMTt tn moA^ying the refraction of 
plane polarieed Itght by glass. By K T. Qulzebbook, MA. 

When plane polarised light is allowed to pass through a 
wedge or plate of an isotropic transparent medium the relation 
between the positions of the planes of i)olajisation in the incident 
reflected and refracted beams are given by various theories. 
BrswiteTi Seebeck, Jamin, Quincke, and others have attempted 
the verification of these formulae by experiment and the two 

you Y. FT. IIL 12 
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latter have shewn that with most substanoes between certain 
values of the angle of incidence the reflected beam is ellipticallj 
polarised. 

In all such experiments one great difficulty meets us. The 
effects we are lookmg for do not seem exactly the same firom day 
to day. Modifications of some nature appear to go on at the 
Burfiace and the means from results of observations made on 
different occasions differ by quantities which are large compared 
with the differences between anyone of the means and the in- 
dividual observations of the set from which it is deduced. 

Thus the following readings represent observations on the 
position of the plane of polarisation after plane polarised light 
polarised at an angle of 46* to tiie plane of inciaence has bera 
allowed, to pass through a wedge of glass of snudl angle. These 
observations were made on six occasions during August last 
year. 



48' 4' 


48* 1' 


48* I'lO 


47* 66' 


47* 58' 


47* 68'.20 



Each is the mean of five or six observations no two of which 
probably differed by mor^ than 3'. 

The object of the experiments described in the present paper 
was to determine some of the conditions which produce this 
variation. 

Numerous observations seemed to indicate some connexion 
between the effect and temperature. Thus readings of the 
analyser, a Laurent's plate and a NicoFs prism, were found 
generally to be higher on warm days than on cold. 

The following set of observations shew the change on July 19 
as the temperature of a thermometer placed almost in contact 
with the glass rose from 20* to 22*. 



B«Mling. 


TempentoM. 


Tine. 


32* 21' 16" 
24' 16" 
26' • 
24' 46" 
25' 16" 


20*. 1 C 
20\ 16 „ 
21*. 8 „ 
21*. 8 „ 
22* „ 


3 6 

3 36 

4 6 
4 36 

6 40 



Now it is improbable that the change is due to inequalities 
of temperature in the glass which is thin and carefully shaded 
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bom direct radiation, bat still it ia diflScult to see how change 
of temperature of the whole, which does , not alter the refractive 
index of the glass, should produce the e£Fect. Moreover the 
change was not always observed as the temperature varied and 
nme other cause must be sought. The effect of varpng the 
amount of moisture in the air round the elass was then tried. 

Dry air was blown from a bellows through a flask filled with 
Calcium chloride and then through a second with dry cotton* 
wool on to the sur£BU)e and damp air was blown through a bottle 
and then through a second empty bottle to catch the spray. 

Observations were made oy means of a wet ana dry bulb 
thermometer placed near the glass on the normal hygrometric 
condition of the air and of the variations produced by the draughts 
ot dry and damp air respectively. 

The quantity determined directly is the reading of the analyser 
ciicle corresponding to the position of the plane of polarisation 
of the incident light. As the reading increases the angle between 
the planes of polarisation of the incident and refra^ed light is 
increased and vice vers&. 

A large number of observations were made at various angles 
of incidence with the following results. 

Dry air lowers the reading, i.e. brings the planes of polarisation 
of the incident and refracted waves more nearly into coincidence. 
Eabbing the surface with dry wash leather lowers the reading 
which usually comes back after a time to its normal value. The 
effect of damp air depends on the previous treatment of the 
surface. If this has not been carefully cleaned with dry leather 
shortly before the air is blown the damp air lowers the reading, 
hat immediately after the blowing is stopped, or in some cases 



(1) Gondition. (3) 



Normal 




32* 45' 


TVv air........ 




32* 41' 


J "*• 

Normal 


1 


32* 45' 


Drv air 


1 


32* 41'-30 


^J Wfc» 

Normal 


• 


32' 44'-30 


1 




Damp Air. 
Observation 

n 
») 

99 
99 


\ in act of blowing 

immediately after 

in act of blowing 

immediately after.;. .. 
in act of blowing .,.-... 
immediately after 


32'* 38' 
32* 48' 
32^ 37' 30" 
32« 47' 30" 
32^ 37' 
82* 48' 



12—2 
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after it has been oontinaed for aome time the reading liaea to 
above its normal value falling back to it in time. 

This is shewn in the observations for July 28, the giaa 
having not been rubbed sinoe Jul^ 22. These are given in dw 
Table column (1) diewing the conditions under which the madiry 
were taken, and (2) the actual reading. The noimal coiuS&Am 
means without blowing either dry or damp air on the suxftoa 
The angle of incidence was about 46*. 

After an interval of an hour the normal reading was 82*44'. 

The temperature changed during the observations from 19* to 
20*. 

Thus in this case damp air produceSi while bdnj^ blown, as 
effect of the same sign as tne dry but of greater magnitude^ whik 
the effect observed just after the blowing has ceawd is opposite 
to that due to dry air. 

If however the sui&ce has been rubbed with a dry leatfasr 
immediately before the damp air is blown the reading is laiaed it 
once without the previous lowering. 

A very full set of observations taken on August 6 shew tiie 
two effdcts. 




h. in. 

1 7 
1 16 



1 21 
3 18 



4 P.M. 



4 26 
6 23 

6 30 

5 35 



Normal 

Dry air blown 

Normal 

Damp air, at first 

then 

and finally 

Normal 

Normal 

Damp air, at first 

then 

and immediately after stopping 

Olasa rubbed. 

Normal 

Damp air blown 

immediately after stopping .. . 

and 

Otaes rubbed. 

Normal 

Damp air blown 

Normal •• 

Dry air blown 

Normal 



86* 8' 
86* 4'8(r 
86* 8' 16" 
84* 69' 
86* r 
SS" yso" 

35* VW 
86* 9' 80" 
85* 8' 
86* 9* 
85* 18' 



86* 


8*80" 


86* 


16' 


85» 


16' 


36* 


ly 


S5» 


8* 


86* 


ICSO" 


96* 


raw 


96* 


6' 


86» 


V 
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The angle of inddenoe here was about 60^, the temperature 
varied fiom 28^ C. to 24*C. and the tension of aqueoua vapour 
bom 11*8 mm. to 14*2 mm. the saturating tension changing orom 
197 mm. to 21*7 mm. 

During the first eleven observations the glass had not been 
deaned smce the previous day, and the effects are the same as 
previously. After the glass was cleaned the damp air raises the 
reading without previously lowering it 

Other sets of observations at different angles of incidence gave 
the same results. 

Thus on August 20 we find just after the glass has been 
deaaed at angle of incidence of 45^ the following readings. 



TfaM. 


Oonditlaa. 


BMcUng. 


h. mi 
3 4 
3 17 

3 20 
3 30 


UTonnal „ 


32*08' 30" 
32*06' 
82* 08' 30" 
32*09* 
32* 00' 30" 


DryairUowii 

Noma] ,..., 


Damp air blovn 

Dty air blown 



There seems too a tendency for the normal readings to 
with e the saturating tension, tms is shewn below. 



Date. 


ValiM«. 


1Vnip«mt(B.. 


Bmiting. 


Aug. 5, 3 P. x. 

ff 3.55 
Aug. 69 1.7 

n l.«l 

„ 6M 


11*4 mm. 

121 „ 
11-3 „ 
12-1 „ 

ia-7 „ 


22* 

24* 

23*0 

24* 

20* 


30* 6' 30" 
36* V 30" 
80*8' 
30* 8' 30" 
30*9' 



The connexion however is not very marked. 

It remains then to account, if possible, for the anomaly in the 
behaviour of the glass with damp air ; but before attempting this 
it is well to mention that the effects produced by blowing other 
gans Qzvgeny Hydrogen, and Carbonic acid on the surface, were 
tried and found to hd practiciJly inappreciable, while additional 
experiments made in dctober, 1884 confirm the results already 
ttrived at as to the effects of dry and damp air. 

Observations also were made on the amount of saturation 
produced ; damp and dry air being blown on to the wet bulb. 
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The values of e observed on one oocasion were : 

For Damp air 19'45 mm. 

For Normal state 11-99 „ 

For Dry air 8-4.4 „ 

the saturating tension being 2066 mm. ; thus the air was nearij 
saturated by the draught of damp air. 

The anomalous behaviour of the glass under a draught of 
moist air may, I think, be explained by some experiments of 
Manius, Pogg Annalen, voL cxxi. Phil, Mag, Ser. iv., vol. 27. 

Magnus found that blowing damp air on to the surface raises 
its temperature while blowing div air cools it ; the change of 
tempentture being due presumably to slight condensation of 
moisture on or evaporation fix>m the sur&oe, respectively. I 
repeated his experiments both with a thermometer and thermopile, 
and observed the effects. With the thermometer as at first fitted 
up the effect was very small. Thus there was as the mean of 
several observations a cooling effect of 0**03 C, due to dry air, a 
heating effect of 0**05 C. due to damp cur, while the galvanometer 
needle was affected about equally in opposite directions owing to 
the draught I then cleaned one thermometer bulb B careAiUy 
and slightly soiled that of another A. The two were enclosed in 
the same glass bulb, and a draught of air blown on to them botL 

The readings were as follows : 

. pry 25* 24*-9 24*-8 24*-8. 

(Damp 26*-4 26*-8 26*-2 25*-2. 

B. 1^ I 26* in all cases. 

Thus the draughts of air produce no effect on the clean bulb, 
while damp air heats the soiled one, and dry air cools it. 

I then supposed that the draught of damp air might slightly 
heat the surface on which it was blown, and investigated what 
the effect of this would be. For this purpose a smiul spiral of 
platinum wire was placed near the point of the sur&ce on which 
the light was incident, and an electric current passed through it 
The wire thus being heated raised the temperature of the fflass 
locally, thus straining it and it was found that the aDalyser 
readings were lowered at once ; and in a very short time the light 
became so strondy elliptically polarised that it could not be 
quenched. Thus local heatinff produces a lowering in the reading; 
so that if we suppose that when damp air is blown on to a glMB 
Bw&ce which has not been recently cleaned that 8ur£ace is sli^tly 
heated the apparently anomalous optical phenomena obsOTed 
when the draughts of dry air are blown would be accounted for; 
the glass is heated and the reading lowered. 
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We may perhaps aoooant for the slight heating of the soiled 
sarface from the fiict that the coating of small dust particles 
which covers it may form a series of nuclei round which Uie 
moisture of the air readily condenses. On the freshly cleaned 
surfiftoes there are no such nuclei, the moisture is not condensed 
and the heating effects are not produced. 

llie bearing of the results of the experiments on the theory of 

ezion must be left for discussion in a future paper. 

PoeiecripL Nov. 1884. The experimental results have been 
confirmed oy further experiments made during the present 
month. 



(2) On some ssqmimenta on the meaetirement of Ihe o(^^ 
a oondeneer. ByL.K Wilberfoboe, B.A. 

The method employed in the following experimental determi- 
nation was the same as that used by J. J. Thomson in his measure- 
ment of *"«", {Phil. Trans, iii. 1888), and may be thus briefly 



For the resistance in one arm of a Wheatstone's bridge there is 
substituted a broken circuit, a condenser and a commutator which 
connects the electrodes of the condenser alternately with the 
broken ends of the circuit and with each other. 

The commutator is worked at such a rate that its periodic 
time is small compared with the time of swing of the galvanometer 
needle. A key is introduced into the galvanometer circuity and 
the resistances are adjusted so that the position of equilibrium of 
the needle is the same when the circuit is open and when it 
is dosed. 

If this is the case, a relation will exist between the periodic 
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time of the oommutator, the raristaiioes of the bridge, and the 
capacity of the condenser. 

The airangement may be represented by a sliffht modification 
of the ordmary Wheatstone bridge diagram. The commutator 
consists of the spring P^ which is fixed at P, and which strikes R 
and 8 alternately, making (n) double vibrations a second. The 
Tibrations are regulated and maintained by a current rendered 
intermittent by passing through a fork interrupter. 

If we neglect all the coefficient's of self- and mutual-induction 
of the resistance coils, and the resistances DR^ 8B, the relatioii 
between 0, the capacity, n, and the resistances has been investi- 
gated by Thomson, and is 





1 , 


«• 1 




tt0« * , 




' (a + o + g)(a + b + d) 




"^ cd- 


1 + 


ab 


11 <v \ 




c(a + 6 + <i). 


. ' d(a + o 


+9)} 



The experiments were all made at ihe Cavendish Laboratoiy 
durme July and August, 1884. 

The condenser used was divided into four parts whose reputed 
capacities were '1, % *3, '4, of a microfarad respectively. 

The galvanometer used was a reflecting one with a resLstaiioe 
of 11,000 BJL units. A vertical slit was placed in firont of the 
lamp used so that a narrow band of light with veiy well defined 
edges was reflected on to the scale. The readings were taken tor 
the left-hand edge and were correct to one soale division, the 
divisions being a millimetre apart 

The fork-mterrupters used had frequencies (N^ and If J) at 
about 32 and 64 double vibrations per second respectively. Tliey 
will be refenred to as the "82" and "64" forks. A batteiy of 
three pint Qroves was used for driving them, while in the bndge 
three L^lanch^ cells were used. 

The resistances (a) and (d) were coils of 10 and 1000 B.A. units, 
while (c) was a renstance box by means of which we oould 
proceed by single units up to 1000. 

Eveiy precaution was taken to make the resistances of con- 
nection extremely small. The key used for opening and closing 
tiie galvanometer circuit consisted of two wires whose ends dipped 
into four mercury cups. It was arranged that wHen the galvano- 
meter was not in circuit the ends of its coil should be connected. 

Various precautions instantly suggest themselves, which must 
be taken in order that: 

(i) the conditions assumed in the investigation of our 
formula should be the conditions of the experiment ; 

(ii) the calculated value of C should be correct vrithin as 
small a fraction of itself as possible ; 
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Qii^ the observation can be meet oonveniently made ; 
liT) ihe calcalations can be most conveniently effected. 

Under the first head we notice that (n) must not be so great 
that the time of contact between P, and eitiier £f or 12 is too small 
to allow of the condenser beinff fully charged or discharged. 

Anin we must be careful that the resistances BsP when P 
and i^are in contact and DRP when P and 22 are in contact are 

(Uffible. 

l%at this should be the case it is necessary that the contact 
resistances between P and B and between P and 8 should be very 
small. If Pstrikes 12 and S hard a better contact will be made 
than if it strikes gently, and thus we will get better results, the 
stiffer OUT spring and the greater the power of our driving battery, 
both for the al^ve reason, and because in that case we diminish 
the time during which P is in contact with neither 8 nor 12, and 
thus we might increase (n) and still have our condenser fully 
chaiffed and dischaised at each contact 

Again we must be careful that (n) is not so small as to allow 
the phenomena of electric absorption and residual disdharse to be 
pioaciced, for in that case we should get too large a value mr (7. 

Under the second head we notice that the greater the electro- 
motive force of our battery, the more sensitive our galvanometer, 
and the greater the value of (n), the more delicate the adjustment 
neoeasaxT to produce a balance, and consequently the more accurate 
the method. 

Under iEe third head we notice that, since the observations can 
only be conveniently taken when the needle is at rest, it should be 
made as steady as possibla We must particularly guard against 
its hanging in too weak a field of force, for the effect of the 
transient currents through the galvanometer is to diminish the 
stabili^ of the needle, as has been proved by Lord Rayle^h. 

Under the fourth head we notice that, our formula being : 

^.•fi t. 1 

[^ "^ e{a+b + d)\ [^ ■■■ dia + o+g)\ ' 

•nd g being luge and a and b being small compared vith the other 
retistanoee, it becomes 

Hence we see that it is more convenient that (c) should be the 
adjustable resistance, for then the factor [ 1 — ^i j is a constant one. 
The advantages of this method have been exhaustively discussed 
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by Olazebrook (Phil, Mag^ Aug. 1884). He has also mentioned 
some of its uncertainties. One of it« principal disadvantages 
appears to me to be the fact that thoush it is a null method 
inasmuch as the equilibrium position of uie needle is not to be 
disturbed by the passage of the transient currents through the 
galvanometer coils, yet it is not so inasmuch as the needle instead 
of never moving from this position is always jerked aside when the 
currents either begin or cease to pass, and hence, instead of 
observing an absence of effect we have to measure the positions of 
a spot of light at two times, and determine whether they are the 
same. This initial jerk is due to the fact that the transient and 
constant current do not balance at every moment, and that their 
average effect requires some time to show itself Thus this 
disadvantage is inherent to the method. 

The observations are thus not only rendered more difficult, but 
a considerable element of uncertainty is introduced as to whether 
the zero point of the needle may not have changed between the 
measurements. 

We may take for our zero point the mean of the points at 
which the needle rests before and after the currents pass, but this 
frill not be satis&ctory if the change of zero is at all rapid, as it 
sometimes was. 

I had attempted three months previously to make some deter- 
minations by this method but rejected them as the results obtained 
were untrustworthy owing to the unsteadiness of the galvanometer 
needle, and also hopelessly inconsistent among themselves. 

The unsteadiness was partly due to the effects of draughts 
which were afterwards excluded by enclosing the galvanometer in 
a wooden box with a glass shutter, partly to the weakness of the 
field of force in which the needle hun^, which was also remedied, 
while the inconsistency and a great deal of the unsteadiness was 
caused by leakage due to imperfect insulation. After this was 
discovered, the greatest precautions were taken to secure good in- 
sulation, wires covered with gutta-percha being used for all the 
connections, and all the apparatus used being supported by pieoes 
of glass coated with paraffin. 

For our calculations of the capacities it was still necessaiy to 
know as accurately as possible the rates of the forks used. 

The "32'* and "64!" forks were compared directly. It was 
then discovered that the ''32" fork was wrongly weighted, so as 
to vibrate about 32^ 'times a second. As this would prove trouble- 
some when it was compared with the standard, it was reweiffhted 
and compared afiresh with the " 64" fork. The fork as rewei^ted. 



which we shall call the [32 fork, was then made to drive a fork 



of about four times its frequency, and this latter was compared 
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with the standard fork (whose fireqnency was determined by Lord 
Bayleigh) by oountine the beats between the two. A resonator 
being used, this oould oe very conveniently and accurately done. 

To compare tbe " 82" or the [82] and the " 64" forks both were 

set vibrating, and tbe dipper carried by the latter was viewed over 
the top of the former. A screen was brought down in front of 
the pronff of the fork over which we looked so that we could only 
see we (upper between the screen and the prong when the latter 
was very near its lowest position. 

A narrow horizontal dit ruled on a plate of smoked glass was 
sometimes used instead of a screen. The dipper was tnus seen 
in a state of slow vibration, and by placing Moind it a piece of 
pai>er with a line ruled on it, which was just reached by the dipper 
in its highest position, the vibrations could be very accurately 
connted even when ex^mely slow. 

The following is a specimen of the electromagnetic observa- 
tiona The extreme columns give the resistance (o) in bjl units, 
and the eauilibrium position of the left edge of the band of light 
on the scale wben the currents are passing through tbe galvano- 
meter. We write o^ for the capacity of tM condenser marked '1. 

n^N^, (/-c-i + c^ + c,. 

BegJilMioe (c). Zero poini. Bqnilibriiim podtkm. 

66 
610 81 

66 

66 
620 51 

56 

55 
630 71 

54 

66 
622 66 

654 

hf\ 
622 66| 

64 

56 
622 67 

57 

58 

56 

622 56 
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BwMuM(e). 


8«o point, 

66 
67 
68| 
69 




622 


69 
67 


60 


621 


64 
64 


68 


521 


66 
66 


64i 


621 


68 
69 


67 


621 


69 
58 


68 


622 


60 


61 


622 




61 



60 

From this series of observations we take 621*6 for oor value 
of e. 

We notice that a difference of one nnit in (o) makes a diffar- 
ence of two scale divisions in the equilibrium position, and tbu 
is about the d^^ree of sensitiveness that we found throughout 

The following is a specimen of the observations taken in com- 
paring the forks. 

«* 82'' and " 64" compared. 

Roughly we see 49 or 60 doable vibrations of the dipper per 
minute. 

Counting with the chronometer, we get 

(49 viba in 60^ sees. 
49vibs.in60 sees. 
149 vibs. in 61 sees. 

"^ 82" weighted, 49 viba in 71^ sees. 

"82" more weighted, 

26 vibs. in 67^ sees. 

«« 82" as at firsts 49 vibs. in 60^ sees. 



I 
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121 
Mean timo of a vibration » -zg- sea 

Thai tN^±^^N^. 

The lower ngn is the one to be taken. 

Patting N, tat the fireqaenoy of the itendtrd fork, we get in 
the Mme waj the equations : 



Now (Bayleigh, PhU. Tnmi, u 1888) 

N, - 128140 {!-(<- 16) X •00011). 

Hsnoe N, -1S8-0886. 

JTg]- 8S-10006, 

N^ - 64^S088» 
Sabstitttting oar redstaneee in Thomson's formala, we hftre 

•^-sc^+isor'"*"'^' 

09 o 
"lOO oi' 
the weistancws being in aas. units. 

Now the an. anit is, as determined by Lrad Bayleigli, 

•987 X 10». 
Henoe, if oar redstanoes are in &A. units, we h«Te 

^ 1 W 1 a 

^"«*106 ^8?"xWo3' 

The results obtained are given in the following taUe : 



«,+ o,+ o, 8S-609 621-5 •6918x10^, 

~e:p^ 82-609 6216 -6918x10^, 

T^^ 64-208 626 -2969x10-", 

e, 64-208 626 -2969 x'lO-**, 

c, 64-208 789-6 -1979 xlO"**, 

e« 64-208 896-6 -8949x10^, 



01, +0, 64-206 896 -8966x10 



i'-lft 
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If we examine these results we see that from the last fiye we 
can deduce c^ in two ways, and that we shall get for our results: 

•0990 X 10"", 
and 0986 x lO"". 

Again, from them we get, 

Ci + c, + c, = -5938 X 10*", 
c-t-^-c^- -5928 X 10'", 



c^ + c, + c, « -6984 X 10"". 

Thus we see that all our results agree fairly well among them- 
selves. 



November 10, 1884. 
Pbof. Foster, Prssidxmt, in the Chais. 

The following were elected Fellows: 

T. C. T. Beeve, RA., Caius College. 
H. M. Elder, B.A., Trinity College. 

The following communications were made to the Society : 

(1) On some eojpervments on the Liver ferment By Miss F. 
Eves, communicatea by Mr A. S. Lea. 

The experiments on which this communication are based, were 
made with the object of obtaining some more definite information 
as to the existence and action of the ferment which in the liver is 
usually supposed to be the chief factor in the conversion of gly- 
cogen into sugar. 

From general consideration it appears probable that the ocm- 
version of glycogen into su^ in the liver may be regarded as dae 
rather to the special activity of the hepatic protojuasm than to 
the action of any specific ferment An examination of the litera- 
ture on the nature of the ferment shews that an amylolitic ferment 
can be obtained from the liver ; but it shews also some uncertain^ 
as to its preparation by several observers, and that it is not so 
characteristically present in this orran as the importance of the 
part it plays would seem to imply. No statements exist as to the 
nature of the product which can be obtained by the action of this 
ferment on starch and glycc^n, since it does not seem to have 
been isolated in a sufficiently pure state to allow of such observa- 
tions being made. 

An effort was made in these experiments to obtain the sup- 
posed ferment in a fairly pure state and this was successfully done 
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as fisur as it is possible to consider that such bodies can be isolated. 
It appears that an amylolytiic ferment can be prepared from the 
liver by the method adopted, but that the quantity, as judged by 
its activity, is less than might be expected if it plays any very 
specific part in this organ, and is in fact not greater than the 
amount which can be obtained from nearly every tissue and fluid 
of the body. 

The action of the ferment in as concentrated an extract as 
could be prepared was tested on starch, and it was found that 
though the sugar formed 6ould not be proved to be definitely 
maltose, it was very certainly not dextrose. This is important 
since the sugar found in the Uver itself post mortem is stated by 
all observers to be dextrose. It is hence still more probable that 
the ferment extracted is only the ordinary amylolytic ferment met 
with generally throughout the tissues. 

(2) On the ewpra renal bodies. By Mr W. F. R. Weldon. 

(8) On the empoeed preeefice of protoplaem in the intercdhdar 
spaoee. By Mr W. Oabdineb. 

RussoVs discovery of the existence of a so-called " intercellular 
protoplasm" having beei^ confirmed by several other investigators, 
the author was led to examine the whole matter with the greatest 
possible detail firom a comparative and developmental point of 
view, since the results were directly opposed to the views which 
he bad previouslv stated in his paper " On the constitution of the 
oell-wali and middle-lamella." He finds that all his experiments 
unanimously point to the fact that the substance present is not 
protoplasm, but mucilage, and that the mucilaginous degeneration 
of the external layers of the cell-wall is a phenomenon of almost 
universal occurrence. 

(4) On a proteid occurring in plants. By Mr J. R. Qreen. 

The proteid which was the subject of the paper was described 
as possessing properties similar in some respects to those of the 
peptones and m others to those of the globulms. It is allied to the 
lormer group by being soluble in distilled water, the reaction of 
the solution being neutral; in not being coagulated on boiling; 
and in bein^ capable of dialysis. It resembles the globulins m 
being precipitated by saturation of its solution bv neutral salts 
such as magnesium sulphate, or by the passage through it of a 
stream of carbonic acid gas. It has been found to occur in Manihot 
glasiovii, Mimusops globosa and a few other plants. 
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(6) 
By Me 



(h^ the Morekny hair$ <m the stem of jHi^^ 
easn. W. Oabddteb and B. L Ltnoh. 



In ihiB investigation Mr Lynch made the obaenratdons as to 
the external morphology of the hairs, and Mr Gardiner examined 
their microscopic structure and development The authors stated 
that the hairs exhibited many points of interest They ooooned 
on the stem only at the base of each leaf insertion, and were thni 
localised in a veiy exceptional manner. They were of a moit 
perfect cup form, and the wateiy and slightly acid secretion w- 
peaied on the free surfEMse and did not cause the nid^S ^ ^ 
cuticle as so usually occurs in most secretoiy structurea They sie 
apparently unique as to their distributioui smoe they neither occnr 
in Thunbergia alata nor in such doselv related genera as Meyema 
and Hexacentris. They are essentially transitoiy in nature and 
are developed from a single epidermal cell 



November 24^ 1884 

PbOF. FoSTSB, FaSBIDKNT, IN THB OhAIR. 

The following communications were made to the Sodety : 

(1) Onih6dm>€lopnmUofK,E\J\&mpowereofi^ 
By J. W. L. Olai8Hkb» M JL 

The qwMititieB E, J, O, § 1. 

§ 1. Besides the quantities K and E of Lesendre and JaooU 
and the quantity J^K^E of Weierstrass I have found it de- 
sirable to treat also E — V*K as a fundamental quantity, form- 
ing one of a triad of which E and J are the other two memben*. 
Denoting E-V^K by 6^ it is found that not only £, /, 6^ but also 
J^ OfS-^-G^E — J enter into the formulsB of Elliptic FunctioDB 
in such a manner that these six functions form a special group bj 
themselves. 

Using accented letters to denote the same functions of V that 
the unaccented letters are of A; we are thus concerned with the 
following fourteen functions : 

* 866 a paper "On the Qoantities K, E, J, O, JT, S^, T, O' in BOivIk 
FiUMiioDi^" QviarUrlif Journal of MathemaHa^ Vol. zi., pp. SlS-eSL 
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K, JC, 

B, W, 

QmE~h*K, (f'^E-VIC. 

/-(^-(l+A^ir-Sfl; J- 6' -(!+*») if -«^. 
JT 4 - %S~ k*K, S'+Q'" iE " VK', 

S-J'tE-K, F-J'~iE-K'. 

/omucto far E, J, O, Jke. in temu ^ i^ { 2. 

It. The fiiUowiiur Ibrmubs give the expaanous of — , — ,&e. 
ill uoending powen of li' : 

IE , 1 u 1'.8 lA 1V8V^« . 

— -1-^ f _gr-^ iC-y-jr^ir-ic., 

ir 2.4 *^+2'.4.« *^+*<^'- 

— iT^-^ + F^ + STP *^+r:4r6»*^+**- 

2(iff-J) , l.Su 1V8.5m 1V8*.6.7m . 
-^? 1 — ^ «• - -gr^ir *• - J* 4. g» *•-&«. 

The farmulafor — and — may be deduced from those for — and 

IE 

— I eitlier bj means of the algebraical fonnulsB 

or bj means of the differential formulie 

VOL. V, FT. m. 13 
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Formidm for JT, E", dfc in terms of k, I 8. 

{ 8. The formalffi to which the present paper princiiMll; 
relates are those giving the expansions of K\ E*, &c. in ascendiog 
powers of If. 

I have found that these developments may be written in tie 
following form : 

^iVSVt * 2^2 2^2\„ 

^lV8^.5Vi * 2^2 2.2 2.2\„ 
+F7«n»C*«S-i + 2-3 + 4-6 + 6j*^ 

1 

V.Sf, 4 2^2 I^IN,. 

. ivy. 5 A 4 2^2 2^2 1^1^ 
+ Ac. 
J'-log|-l 



E' 



1V8/, 4 2^2 1^2\w 



1*.8».5 



?r7 



.5/, 4 2^2 2^2 1^2\„ 



»4.] 
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& 






r-a 



log*-2 



. 1* A 4 2.2 2\ ,. 

. ivy A, 4 2^2 2^2^2N„ 

^+(7- 2 



E'-J'> 



-logj + 2 



^1.3/, 4 1^2 1\„ 
. 1V8.5 /. 4 t^2 1^2 1\,. 
. V.y.S.T A^i 2^8 2.2 1.2 1N„ 
4&e. 



13—2 
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§ 4. The ooeffiflimt of V" in eaoh (tf ihete wven eipwiom k 
ofth«' 



fonn 



±r 



(logj-il). 



whera r is ft ficaotioa whoM numerator lad denomiBfttar an 
piodQOte of fikcton, end Ji ii a nomerioal (joantity, the oonuenoa 
of whidi witii r ia best exhibited bv aMbpuag to « a partjenhr 
tahie. Taking, Ibr example^ Ha S, the valoea of r are 

l'.8'.5« 



(i) -r. 



(ii) B', 

m J'. 

(iv) fl^, 

(v) /'-tf'. 

(vi) JP'+fl^, 

(▼ii) E'-J', 



lV»».g 

y.4».6' 

I'.S* 

y.4.6' 

IV 8*. 5. 7 



and the oorresponding values of £ are 



(i) 

(Ji) 

(iii) 

(iv) 

(▼) 
(vi) 

(vu) 



-l + l-l + i-i. 
-l + l-l-i. 

-l+l-i-i 
-f+l-l+i-f+f 



In all oases the qaantities r and ^ are so oonneoted that to vnrj 

ML 

finctor m/^inr there oorreqponds a term t - in ^ the sign bemg 

poeitive or negative according tm mf^ oceurs in a numentor or 
denominator. 
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Th€kimof1h$ ooeffidmU, §§ 5, 6. 

$ 5. With respeot to this oariout law the following theorems 
maj be notioed : 

a) if the kw bold, good in the cMe of two ^ries ini^bioh the 

froton midtiplTiBg i^log J «e r »d r« reepeotively, it irill hda 

good in the case of tho earn and difference of the two lerieB, for 



roi(il+|) + r«-r(.-H)(jl + ji3). 
and 

ra(fi+J)-rJl-r(a-l)(il + ^). 

The ease in whieh the oorreq>onding mnltipUen are r and r t; 



is obviously identioal with that jnst considered, but the i 
pendent proof is worth noticingi vis. 

(ii) if the law holds good for two series in whioh the oor- 
responding fiiotors are r and r-g , it will hold good for their difEsr- 
eaoe»if/9 Mail, for 

"-'|{*-i-|)-'^>-J)' 

(iii) if the law holds good for two series in whieh the cor- 

tespooding frotors are r and r "" |^ it will hold good also 

for their difTerenoei for 

It is obvious that in this theorem we may suppose the cor- 
responding footers to be r and r r =t-7 — --rr . 

^^^ (a-l)(a + l) 
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(iv) If the law holdii gcxxl in the case of any eeries, it will 
hold good alao for its derivatLve, fbl* 



*ar(Wi--»)t-->--»«(i»«j|-«)*'-** 

-,.*.(l.g*-ll-i)Jf. 

§ 6. If we start with the series for JT' and J?' in both of 
whieh the law holds good, we may deduee tlie series for /" and 0' 
by means of the ibrmola), 

remMctively. The series for iT and 6^ derived from those Cor JT 
and E by these equations, afford examples of the im>lication of 
theorem (ii). The series for J'^&t deriyed from those for J' 
and 0\ affords an example of j^), and the series for Ji?'+ ff and 
E'^T, derived from those for S'^ J", ff, afford examples of (i). 

The series for K' and E may be derived from those for ff 
and J' by means of the eqoations 

the series so derived afford exampleii of (iv). 

The series for cT and 0^ may be derived from those for S" and 
E' by means of the equations 

the series for JT and 0' so derived afford examples of (iii) and ^v) 
oombined. 

The theorems (i), (ii), (iii), (iv) serve to explain the ooenrrenes 
of the law in oertain of the seriesi as derived from others; bat 
it is none the less remarkable on tbis account that the law 
should hold good in all the seven series, as oertain leeUkilijJ 
conditions with respect to the coefficients have to be satisfied 
in order that the theorems may admit of applicatioiL 

The Nutation, § 7. 

§7. The meanings assigDed to /and /' by Weienitnss^ weie 
J^K-E, J'imE\ Thus Weierstrass used J' in place of E. 
As however it is convenient always to denote by accented letleis 
the same fonctions of V that the nnacoented letters are of i^ 
I have retained E and used J' to denote K'-^E'. 

* CrdWt J&unuU, VoL ho. p. S61. 
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I foand it advantaffeotu in working nfiih the qiuuitiiies B,J,0 
to use, iniitead of t/*, tEe qnaatity — /. Putting therefore I^—J 
the ihiree qiutntitieB oonaiaered are E, I, G. 

It was toond to be convenient alio to denote by separate letters 
the three quantities ^{I+Q), HOi-E), ^(B + I). Denoting 
them hj u, V, W we consider therefore the six quantities 
E, /, O, U, V, W, defined bjr the equations 

OmE^k'^K, 

V~i{Q+E), 

Th» fix qwrnUtiM E, I Q, U, V,W,%S. 

J 8. Expressing the six quantities in terms of E and K, and 
of /and K, we have 

E'mE ~I+K, 

I^E^K -/, 

r-^- i (1 + i'^iT- /+ i*«ir, 

V^E^iVK -/+J(l+*^ir, 

the nx quantities E', I', 0', IT, T, W denoting the same fiino- 
tions of A' ihat E, I, (7, IT, F, F are of i. 

Ihdtm o//ormidafor K, E, J, 0, <6o. and JT. E', T, 0', So., 

S »— 11. 

$ 9. The systems of fbrmultt given in §| S and 3 may be 
expceased uniformly in the following manner. 

Let ^t''-zr> 

' IT * If 



/. 
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then, by $ 2> 

1„ l*.8w 1*.8*.S ^ 1'.8*.S*.7 „ - 
" 2 *^"?~4 *^"F7?:6 *^" J*.4».e'.8 *^-**^ 

*^« 2.4* 2».4.6'^ 2*.4".«*.8*^ •^ 

2F.-l + ^P + ^^*^ + ^*'+^;j^*'+Aa. 

Let ir , £,. /.. 6,, iU„ 2F. 2 IT, be seven quantittee d66iMd 
by the following series, in which the coefficients of the tenns en 
connected with the coefficients in the above series for JT,, 17,, /,, 
&,, 217;, 2r„ 2Tr, by the law explained in § 4. 

«.-l+S^»-i)** +jr^(*-|-i)*'-*c., 

2»".-2 + J(»-|)*' +^(!-|-|)*'-*c., 

21f.-2-^(i-| + J)t»-^^(f-|+i-} + i)*'-te 

In all the seven series, the law noticed in § 4 is fidloved 
in the formation of the coefficients of k^ and higher powen of 
Iff. It is followed also by the coefficients of V, except in the 
case of 2U^, and, with reference to this case of exception, it is to 
be observed that the series for 2U^, from which that for 217', b 
derived, begins with the term in &\ and that the law of the 
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fikcton in SZ7, is audi thftt they cannot be oontinued backwnrds 
one term. 

The qnnntities U,, V„ W, are sach that 

v.- 1(0,+^. 




JT- jr.iog*-jE;. 

<?'--(?, log J + (?,. 

r — ir.iogj+ir.. 

ir--lF.log| + F.. 

% 11. The values of K', E', F, ice. in terms of K, B, I, \c 
and the aeries JT,, ^, ^, Ac are given by the equations : 

^._^,og* + /.. 

(,.._^,OgjS(F.. 

i;'.-^jog*+F.. 
«, SIT', 4 . -- 
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Thtformulm tn A0 oate when k i$ rnnaU, §§ 12 — 15. 
§11 When ib is small, 

^-JT.-l+i*', 

^-JP.-l-J**, 
M.J,- .^if, 

^-F.-i + i*-. 
and 

if, - !«•. 
J. -i-i**. 

IT, -l-J*^. 

F,-l-iifc*. 
§ 18. Thos, if we neglect terms of the older JiP in the lemi 
jr„ £',, &&, we bare 

S'•.-M.ltg*^.l, 

t/' 217, 4^- 
F'-2^1og| + l. 
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§ 14 Salwtitutiiig for K, B, fto. and for K,, B,, &c their 
appraziiMte valaet given in § IS, we h$,re 

JT- (l + i*01ogj -if. 
J?'- J*^log|+l-if. 

J'- -(l-i*»)logj+l-Tfa**, 

F'--J(l-|*«)logJ+l-iA«. 

Writioff the terms in order of magnitade and retaining them as 
fitf as tnose involving If, we obtain the formuls : 

jr'--kigib+21og2 -i£'logib + iif (Slog2-l), 

^- 1 -lt«log*+it«(41og2-l), 

/'- logA + l-21og2-iii'ld^;k-fii*log2, 

G"' 1 +iflog*-i«'(41og2 + l), 

CJlogi + l- log2 + i*'logJr-iA»(21og2 + l), 

F-- 1 -i*-. 

Wm^Vtgk + l- log2-|«*logi-|-iA^(6Iog2>l). 

§ 15. Nsglecting terms of the order If log h, 

iC- log J. 

iF-l, 

-T-l- logj, 

(y-1, 

ir'-l-ikgj, 

r-1, 
JT'-l-JlogJ. 
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Differential equatiane eoHefied by K and K\ E and T, Se^ 

§§ 16-ia 

§ 16. It is well known that K and JT satisfy the same difl«^ 
ential equation of the second order, viz. 

and it was in &ot by means of this differential equation that 
Legendre obtained the series for K' in terms of I:. It if well 
known also that the quantities E and K'-^-E' satisftr the nme 
differential equation ; whenoe also E' and K^E sati vf tbe noa 
differential equation. It can be shewn that the same diffemtiil 
equations are satisfied by Q and 0\ by U and V\ by F and V\ 
and W W and W\ These seven differential equations and their 
complete integrals are as follows : 

(i) 

*(i-*0^+(i-««O^-*«-o, 

(ii) 

(iii) 
(iv) 

W 
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mmeJ'+CtU'', 

wImn e^ and cy an arUtnury ooutento. 

9 17. Tfa«M di£(!n«iituJ eqmtioiii M«am« a mora alagaat fbrm 
■mhm the indapandant vaiiabla is takan to ba P inttaad nh. 

Fattbg hmjf, n'mk", 

aothat A+A'-l, 

tha diflbrantial aqoatioiiii are: 

(0 



«■ 


(ii) 




«»»+*»+- 


0, 


tf ■ 


(iii) 




«*'S- 




0. 


«■ 


(iv) 




«*•*! 


— 1»" 


'0. 


«« 


- efi + 0,6'; 
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W 

(Ti) 
All'***" lA^'w a 

(vii) 
4W^.+ 4(V-A)^+Si.-0, 

ume^W+e,W'. 

§ 1 8. The differential equations may be very easily obtained in 
the form given in the last section by means of the diffnential 
formnle : 

,., . dU Q dV Q 

which give dil'-lSi' IK'ik' 

dW h'l-hE 

DefiiiiUona of K, E, I, i». as itOegraU, ^ 19, SO. 
§ 19. Denoting by X the expression 

V{(i-«0(i-**«^}. 

the definitions of K, B,I,8ce.tiM integrals are 

(i) jsr- f^^dm, 

(iii) "'""J "X*^ 
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(it) ^"I — y — *"» 

(.5) r./;i<l±^z^^,. 

(vii) W'C^^^dx, 
the track of integration in each caee being real 

§ 20. If the track be not real, but be the same for all 
the int^irals, the oorreaponding simultaneous values of the inte- 
grals are 



(i) 


iim+l)K+9niK', 


(ii) 


(2m + l)E-2nir, 


(iii) 


(2m + 1) 7 - iniBT, 


(iv) 


i2m+l)G'-2fuff. 


(V) 


(2TO+.l)tr-2ntF', 


(▼i) 


(2m + l)r-2niO', 


(vii) 


(im + l)W-2mW. 



IfoU on the Differential EqwUione, § 21. 

§ 21. Defining iC E,I,Scc. as in § 10 by meaoB of the inte- 
grals, we may shew, by difiPerentiation and transformation of these 
integrals, that tbey satisfy the differential equations (i), . . . (vii). 
The validity of the processes is in no way aependent upon the 
reality of the track of integration, though it must be the same in 
the case of each of the integrals used in verif^g the same 
diffBrential equation. The seven differential equations are there- 
fore satisfied respectively bv the seven values of the integrals 
given in the last section. Thus the differential equation satisficMl 
bv jfiT is satisfied by JT also, tliat satisfied by JF is satisfied bv F 
sJso^ and so on. This explanation of the &ct that K and K', E 
and jT, Ac satisfy the same differential equations is well known : 
it is only refened to here in order to notice that the same ex- 
pUnation applies in the case of each of the seven differential 
equations. 
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SokitMh of differential oqwAionB ly mrim, § St. 

§ S2. In the folntion of difEuontuJ equations bjr Mfias it ii 
well known that, Bunposing the equation to be linear and of the 
aeoond older, if we obtain as particular integials two series R sad 
8t then the general integral <n the equation is 

ume^B + 0^8; 

but that if in the formation of the series S the ooeffieieat of a 
term beoomes infinite, the general integral is of the form 

umaBloghw+T, 

T being a new series, and a and b being the aibitrarjr coDStsatii 
The seven differential eqtiations afford examples of this prindpla 
Taking, for example, the fourth equation of § 17, yis. 

4*(l-A)g-u-0, 
and, following the usual process, let 

the summation extending to all positive integrsl values of r; 
then, substituting in the differential equation, we have 

4(m + r)(iii+r-l)4^-(2m + Sr-8y-4^-0, 

whence, putting r » 0, we find 

9ii«>0or 1. 

The equations giving A^^ A^, A^.., are 

2m(2m + S)il,-(2m-l)*il.-0, 

(2m + 2)(2m-l-4)il.-(2m + l)'ii,-0, 

(2m + 4)(2m + 6)-d,-(2fii + 8)*-4.-0, 
Ac «c 

TakiDg the root m « 1, 

&c. 
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We thus obtain m a portioolar iotegral 

tliat is, in the notation of § 9, 

If we take the root maO we obtain infinite values for A^, 
A^, fta and we conclude therefore that the general intc^gnd of the 
equation is of the form 

the ooeflBdcoitB in the aeries T being determined by substituting 
this expression for u in the differential equation and equating oo- 
efficients. 

Since Q' satisfies the differential equation it must be of this 
form, and comparing its yalue, vis. 

i0.1ogA* + ^.' 
with aG,logM+7; 

we see that it is included as the particular case a «■ 4, bm^, the 
series T being equal to O^. 

In the sdution of each of the seven equations we obtain 
directly by the ordinary process of integration one seriesjproceed- 
ing by asoendinff powers of h. These are the series J^, J^, /,, 
Ac The series a,, E^, I^ Sec are the values of jT in the diflerent 



Sirist for K, 0, W, involving tinea of nwUiptea of the fnodular 

angle, § 28. 

§ 28. In Vol zix. (ppL 61, 62) of OreUe'e Journal, Guder^ 
mann has given the following remarkable formula in which 
denotes the modular angle : 

ir-w(sintf + |lsin5tf+^|sin9tf + ^^^^ 

The chief interest of this formula consists in its eleffance^ as 
it is of course not so suitable for the calculation of JTas Uie series 
prooeedinff by powers of If. The^ method by whidi Qudermann 
obtained 3ie above series for JT is in effect as follows : 

1— ife 
By the change of k' into r— r , F is changed intx> ^(1 -f k)K', 

VOL. V. PT. III. 14 
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ik 
and by the change of k into ^, JT it changed into k'{K''^iK), 

Tbna^ by the double traasformation, 

V if changed "^to p-^^r — r"***, 

Md K' n ^ i(F+ii)(jz"-iar)-j/'(X"-iff> 

Replacing i by f in the first fonnula in § 2, we haye 
whence, changing F into 






thati% 



w ^? ^FT? ^ 

» coe0 + ^coi6tf+|iy^cos9tf+Aa 



giTing 



— «coetf + |iCoe59+|r^cosM+&&, 



and — »iin0+ainn60 + a^iinM+ft& 

We may obtain correeponding fbrmnto for G and W hj^ 
•imilar methodt ae follows. 

1— i 

§ 24. The change of I^ into ? — r oorxesponds to the chaaf* 

of q into }% and the change of k into -v- coneeponds tothechiQp 

of q into — q. The double trantfermation therefora oarrs^KUMk 
to the change of q into t^i 
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By tbe change of q into q^9 

V becomes --v-v, 

r -^ 

1+fc' 

and, by the change of q into — q, 





k becomes 


ik 
V 




K' „ 


V(K'-iK), 




v „ 


W + iW 

k' ' 




E- „ 


(T + iO 


Thus, by 


the change of q into tj'i 




V beciimes 


•-"•, 




K' n 


\,f(K'^%K), 




r « 


«-»(F'+»F^). 




r ,. 


•-•((7+»(3). 



§ 25. Staitiog with the fonnalae, 

we find, by replacing k' by e*^, and equating the real and 
imaginary parts of the expressions as in § 23, 

14—2 
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K 1* 1* 8* 1* 3* 5* 

— « sin tf +^, rin 5g+ y~^,8in 9g "^ 2* 4* 6* ^^Si^+Aa, 

— ■gco8g + g|Cos5g + QS-^co89g+ o/>it'/i« cosl3tf+4a, 

— - ^ am3g+y-jBm7g+ g, ^, , mnllg+&c, 
2W" 1 „- 1*.3 -^ IV 3*. 6 „. , 

40 1 1* 1* 8* 

— «8mg-^8in8g-^5-^8in7g- y^, g, smlltf-ftc, 

=^ «C08g + ^COS3g+y-gC08 7g + g, ^, g, ooslltf + Ac. 

The series for £* and W assume the form x x when ^sO. 
When — \'ir, they are infinite in value, as they should be. 
Except in these critical cases, and the corresponding cases for 
K' and W\ the series are convergent for all values of 0. 



Similar aeries for E and I, § 26. 
§ 2G. Since 

and /=Tr-iir, 

we may at once deduce from the series for — and — in the 

or* or 

last section, the following series for — and — : 

TT TT 

— = sin5 + 5sin8dH-gjSin SO+^^sinTO 

It ot 1* Qt s 1* ^t el 

r — sin d + s sin 8d — Hi sin 50 + t^s^ sin 70 



TT 



- \i-% Bin 9^ + |;-^|y Bin 11<? - l^pn 13^+& 
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Legendre'sformulcBfor K' and E, §§ 27, 28. 

§ 27- The series for K' and E in terms of h are due to 
Legendre. Changing only his i, jF\ E into jfc, K\ E\ the follow- 
ing is the form in which they were given by him*: 

IT'- logj 



+ 2 



1» .. /, 4 



.f(i.gj-i) 



,1'.3».5*„/, 4,2 2\ 

+ 2V4r6'*^r8*-^-3r4-5Te) 

E^ 1 

+ -2^0''«|-0) 

+ &C.. 

wbcic -^'=1. 



3.4 ' 6.6' 

&a &c. I 

I 

§ 28. Legendre remarks that the coefficients in the series for i 

E' sCTee with those which he had given under another form in 
the MinvoWes de VAcadimie for 1786. 

* TtaiU deti FoucUom ElUptique$t Vol l pp. 67, 68. 
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Chaasing Legeodre's notatioa as io the last section, the fMmah 
in the JfSinoirM* becomes 

4 

8 1»/1 1_\ 

l'2^\li 8.8.4/ 

~4.6'2.4 1,20" 2.8. 4~ 4,6. ey 

8.5.7 1.8.5 „/19 1 1 1 \ 

4.6.8*2.4.6 V28 2.8.4 4.5.6 6.7.8/ 

— 4c 

In this series the general term is 

8. 5. ..(211-1) 1.8... (2n-8 )|^g 
4.6...2« •2.4...(2n-2) '^^ 
where 

6n-5 11 1 



S, 



4(2a-1) 2.3.4 4.5.6 (2n - 2) (2a - 1) 2ii 



To identify this term iirith the corresponding term in the seiiM 
for £' in § 10, we notice that 

6»-5 ,1 1 



2(2n-l) 2 2i»-l' 
and — ; — r-rr: — r-sr " r-i + 



r(r+l)(r+2; r r+1 r+2' 
Thos 25.- 

*~f"2n-i"U 3 4>/ V4"*6"*"6r"~V2«-2~2»-l 2«/ 

* 2*8"* 2n-2^2n-l in' 
and the coefficient of il^ is evidently the same as in /, § (9). 

' iUmolrt <vr Ui JnUgrathiu par are$ tfMipie, p. 680. 
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Oudermann'sfarm o/ihs wriea/or K and E\ § 29. 

I 29. In Vol xiz. pp. 66 — 68 of CrM^s Journal, Gadermanu 

S¥e the series for E' and E* in Legendre's form and also in the 
lowing dighily different form : 

Let 

1* 1* ^* 1* 51* K* 

and 

!• 1V8-.. lVy.6...(2n--iy 

*«-*+?*^ + ?7i«^ •'•+ 2*.4*.6*...(2»)* '^' 

(so that St^ denotes the first n+1 terms of ft), then 

ir'-«logj-(«-l)-37^(«-«J-5^(«-«^-*a 
Similarly, let 

and 

t.^^P^}lillf -Li l'-y>:(2ii-8y(2fi^l) 
^ 2^ + 2".4^"""*"*' 2'.V...(2n-2)"2n ^' 

(so that 1^ denotes the first n terms of t, the last term being 
halyed), then 

^-«iogJ+i-(«-g-3^(«-g-g?^(«-g-&c 

It does not seem worth while to give the corresponding forms 
of the series for /', 0\ Ac.; they may be derived at once from the 
feimnhs in § 8. 

WeierOraas'a J and J\ ^ 30. 

I SO. In Weierstrass's notation, in which K-^E is denoted 
by J Bxni E' by J' (see § 7), we have, as noticed by Weierstrass 
himself*, the corresponding approximate formulae : 

A-'- — logj, 

•r-i + -.iogj. 

* CrelWi Journal^ Vol. ui. p. 864. 
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This second equation in the notation of this paper is 

and is the second of the system of six formulsB in § 13. 



(2) On a simpU/ied form of ApparaJtus for determining ike 
density of Ozone. By C. T. Hetoock, M.A., and F. H. Neville, 
M.A. 

In 1868, M. Soret published in the Ann. Chim. Phye. 1. 157 
his researches on the density of ozone based upon its rate of 
diffusion. 

The corrosive action and the instability of ozone led him to 
devise a very complicated apparatus. The following is an aooount 
of a much simplified form, for the same purpose, as used by the 
authors. 

Their apparatus was made of two gas cylinders of thick glass 
each containing about 800 oc., the mouths of the cylinders bailiff 
carefullv ground. The closed ends cf tibe cylindera were pierced 
with a hole and each was fitted by an accurately ground tube and 
stopcock. 

Care must be taken to grind the tubes to fit accurately the 
holes in the cylinders as all mtes are unadvisable in the preseoos 
of ozena The mouth of each jar is closed by a thick sheet of 
plate glass, which we call dampers, rather wider than the jar and 
about twice this in length. Each damper was perforated by a 
round hole, the diameter of the smaller nole being about 4 mm. 
and the other about 10 mm. 

The experiments were performed as follovrs :— one jar was 
clamped with its mouth upwards, and on it were laid the two 
dampers, and upon them the other jar mouth downwards. By 
sliding the dampers it is easy to bring the jars into communication 
either with eacn other or with the air. The jars having been 
brought into communication and the stopcodcs opened oxygen gas 
was blown through until the air was disphced. 

The taps were then shut and communication between the jars 
interrupted by sliding the dampers. The lower jar by the same 
means was brought into communication with the air and an 
approximately known quantity, either chlorine or ozone, blown into 
it. The lower jar was then closed and the apparatus left to rest 
for some hours to get rid of convection and other currents. The 
taps were then opened for a moment to equalize the pressure and 
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the iars brought into communication by sliding the dampers until 
the holes were concentric. 

The diffusion thus established was allowed in all our ex- 
periments to proceed for 45 minutes, after which the dampers were 
closed. 

The quantity of chlorine or ozone present in each, jar was 
then determined by absorption with KI, and subsequent titration 
by a solution of Na^S^O.. Whatever be the chemical reactions, 
the amount of lodme liberated, and therefore the number of 
cc. of Na^jO, used is in every case proportional to the amount 
of chlorine or ozone present in the upper and lower jar. (For 
convenience, we used a standard solution of Na^SgO, to obtain an 
idea of the quantity of gas used in each experiment.) 

Let V and V be the number of ca's of NaJS^O, required for 
the upper and lower jars respectively when chlorme was the gas 

diffused, then ^ — a ratio of amount of chlorine diffused to the 

whole amount of chlorine taken. 

This ratio is independent of the quantity of diffusing gas 
originally placed in the lower jar but is a function of the time, 
the temperature, the size of the smaller hole, and the density of 
the gases. If the time of diffusion were long enough this ratio 
would become }, but when the time is comparatively short the 

ratio fr r^ mc^y be taken to be proportional to the velocity of 
diffusion of the particular gas, that is to -p= where D « density. 
The mean of six determinations with chlorine gave 

?_ « 0.117. 

The mean of fourteen determinations with ozone gave 

p.^ - 0147. 

,|. ( 117)* density of ozone 

(147)* density of chlorine ' 

Assuming the density of chlorine to be 35'5 we get from this 
equation the density of ozone to be 22*5, a result which sufficiently 
justifies the formula O, for the molecule of ozone. 

The following table gives the actual numbers recorded in our 
experiments. 
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CHLOBINB. 





Top Ja* «. 

OUmriM diAutd in 4S 
nin. Mtiin>t«iil fat ee.'i 


Total r+v. 

aUotfaM fai lower Jar at 
ooiiiinmfliiw6Ht oc ^9. 
8taMtai oo.'a of HaA^V 


Batio^^. 




of NaJ9y(^ KMoind te 
MbtnMlodbM. 


F+» 




1-75 


15-6 


0-llS 




6-6 


48-7 


0-119 




6-8S 


49-95 


OUT 




lS-88 


118-6 


0-1 IT 




171 


144-7 


0-118 




37-46 


288-6 


0120 




Mmn 


0117 




1 00. of K«yS,0, =0-208. oc of 01 at 0*0. and 760iiiin. 


Hence tbe laigert quantity oi CI difftiaed 


in one experimei 


was i'71 oc. 






OZONE. 






Top Ja*«. 


Total V+v. 






DiAoMd Omm ttatod fai 


Oaono tai loww jar at 


«**»o-'r- 




00. of MaJLO. Mooiiod 
for UbontMI^iiM. 


eoiniMnoMiMBt ct^od fai 
oe.'i of NaAOr 




0-99 


6-46 


01473 




1-43 


9-93 





•1436 




2-03 


1500 





-1350 




2-27 


15-75 





1444 




2-73 


18-85 





■1446 




3-28 


22-08 





1483 




3-50 


22-9 





1530 




4-83 


32-05 





1505 




6-43 


42-03 


0- 


1530 




6-60 


42-93 





1538 




6-7 


43-7 


0- 


1533 




8-OS 


53-60 


0- 


1498 




8-38 


54-05 


0- 


1514 




9-63 


63-68 


0-1510 




Mean 


.... 01470 



1 cc. Naj3,0, » 0*208. co. of Ozone at 0*C. and 760 mm. 
if wc accept the usual reaction for this gas. 
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Hence largest quantity of ozone diffused was about 2 oc. 

We hope shortly to apply this method to other gases and 
vapours ; the chief difficulty however will be to find methods 
sufficiently delicate for the estimation of small quantities. 

If the gas experimented upon, and the gas into which it is 
diffused be of verv different densities, a considerable source of error 
will be introduced through maaa motion. 

If we follow the motion of the chlorine molecules in the lower 
jar and of an equal number of oxygen molecules in the upper 
jar, we see that when diffusion has commenced the more rapidly 
moving oxygen molecules will enter the lower jar by diffusion 
in greater number than the chlorine molecules can enter the 
upper jar. There will therefore be a tendency for molecules to 
accumulate in the lower jar, in other words for the pressure to 
rise, as is the case when a porous septum is used, and there- 
fore there will be a continuous efflux of mixed gases from the 
lower jar not due to diffusion proper. This will tend to make 
V and therefore the ratio too great. 

Trial proved that the apparatus was gas tight for considerable 
differences of pressure; however, to gain additional security we 
firequently lubncated our dampers with concentrated H,SO^. 

The absorption of the chlorine at the end of the diffusion 
was effected by placing each jar closed by its damper mouth 
downwards in a solution of KI, and the solution allowed to come 
in contact with the gas. 

The oxygen in the jar was then finally washed from the last 
traces of chlorine bv blowing up a fine jet of KI solution from a 
curved pipette. The jars containing the ozone were treated in 
the same way. When the ozone came in contact with the KI 
the jars became filled with a dense white nearly opaque fog, the 
autosoMtf of Schonbein. 

la these experiments the time allowed for each diffusion was 
that adopted by Soret, and the size of the diffusion hole was rather 
less than his. 

We think it will be worth while to enlarge the diffusion hole 
considerably so as to be able to shorten the time. 



(8) On the effects of eelfinduction of the galvanometer in the 
determination of the capacity of a condenser. By J. C. M'Connel, 
BJL 

In the calculation which Mr Thomson gives vdth reference to 
the method of determining the capacity of a condenser, to which 
your attention has been so lately drawn by Mr Wilberforce, there 
18 a point of some importance which he passes by without notice. 
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He neglects the self-induction of all the resistances. Now one of 
these resistances is the galvanometer, and the coefficient of self- 
induction of a ffalvanometer of 11,000 ohms resistance is by no 
means small. My first impression was that the total quantity of 
electricity, that passed through the galvanometer in the transient 
current which charges the condenser, would be considerably 
diminished by the self-induction. Although this proved to be not 
the case, the results I obtained seemed to me to be of sufficient 
interest to be worthy of your notice. 

To prevent the physical peculiarities of the motion from being 
obscur^ by the length of the algebra, let us first consider a simple 
case which has very similar characteristics. 

A charged condenser is permitted to dischaige itself through 
two resistances placed in parallel arc, only one of which has 
appreciable self-induction. 

Let g be the resistance which has self-induction L, 

It the other resistance, 

± the current through g, 

y the current from the condenser of capacity C, 

E the potential to which the condenser is initially charged. 




We have the equations 

Lx'k-gx-R{y-x)^0\ 



or Lx'k-(g-\'R)x-Ry^Qi\ (1), 

y 

C 



Rdi'-Ry^^+E^Ol (*)• 



At first sight I thought that since the self-induction delayed 
the current through the branch g, the greater part of the discharge 
would pass through the branch R and thus the whole current 
through g would be diminished. 

But the investigation below shews that though the self-^induc- 
tion prevents the current from attaining its full magnitude at 
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mce, and diminishes the magnitude to which it does attain, it is 
iret so effective in maintaining the current that the deficiency is 
exactly neutralised. 

It appears further that in certain cases the self-induction instead 
3f delaying the transient currents actually accelerates their dis- 
appearance. 

Integrating equation (1) we get 

X^ + ( jT + -8) ^ - i2y » constant 
Now when < = 0, ^ « 0, y = 0, 

Thus when f » oo , d? s ^ CE and is independent of L, 

g + R 

Thouffh L has no effect on the magnitude of the total currents, 
it has an important effect on their duration. 

Eliminating y between our two equations, we get 
CRLx+{L+CJtg)x-^{g + R)x^ CER. 

The solution takes different forms according as the roots of the 
equation 

CRIP+ (Z+ CRg) (+{g + R)^ (3) 

are real or imaginary. 

When the roots are real 



2/a£ 



wha« x^^L±^ .^ {L + CRgY^*CR L{g^R) 

When the roots are imaginary 

dfrn -^e'^Binvt, 
vL 

where ,_ 4CSL(g + B)-{L + CRgV 

Thus when L is small sb never changes sign. It rises to a 
certain value and then falls a^;ain to zero. 

When L is increased till it is greater than a certain value a,, 
the motion becomes osciUatoryy the condenser is discharged and 
chaiged acain with a less charge of electricity of opposite sign, 
diachargedagain and so on. 



214 Mr iPOonnd, On the effects of [Nov. 24, 

When L is incroa oo d still further till it exceeds a certain valoe 
flLythe motion ceases to be oscillatory and assumes its former 
cnaracter. 

Here a, and a, are the roots of the equation 

a«-2(7JBa(sr4 2U) + 0«5'/«0 (4) 

and are always real. 

The practical question is usually to decide how soon the 
transient currents will die away. liet us then consider how L 
affects the magnitude of the time constants. 

When L is very small 

X + /* is very laige and is equal to y approximately, 

X — /* is equal to yrgr approximately. 

The laiffer depends mainly on the self-induction, the smaller 
mainly on me capacity. 



As L increases, X — /* increases till Z s a 



V 



Thus a moderate amount of self-induction hoe the e§ed of 
diminishing the duration of the transient currents. 

While the motion is oscillatory X diminishes as L increases. 

When £ > ff , X — /* diminishes as L increases and continually 

approximates to the value ^-j — , X + /* continually approximates 

to tke value j^ . Thus the smaller time constant is governed by 
the self-induction, the larger by the capacity. 

When L is very large the behaviour of the currents is suf- 
ficiently curious to merit a fuller statement The condenser fint 
almost entirelv discharges itself through the arm it Then tbe 
current from the condenser becomes inaefinitely small in compari- 
son with the current through g, and the current in R chu)f[eB 
sign. The current through g reaches its maximum value, which 
is small, before the condenser is nearly discharged, and when onoe 
started talces a long time to die away. Thus uie only appredsble 
current, that survives after a short time, is the one flowing throogh 
g and back through B. 

We may now pass to the more complicated arrangement which 
is actually employed in determining the capacity of a condenser. 

The first figure is a sketch of the arrangement, of which 
Mr Wilberforce has given a full description. 
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9dfindwtion cf t&tf gahcmomrier. 
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g What we are at present considering is the whole current 
,; through the galvanometer doe to the charging of the condenser. 





Let us therefore make abstraction of the electromotiye force of 
the battery and the whole system of steady currents due to it 

This system of currents entails a difference of potentials between 
B and D which we may call E^. 

When^ therefore the condenser is really dischaiged, it is on our 
present supposition charged to a potential — E^ ; and when it is 
really charged, it is on our present supposition discharged. 

Hence we have to investigate the whole current tlux>ugh G in 
the arraoffement represented in the second fisure when the con- 
denser, which is imtially charged to a potential — JS^^ discharges 
itselC 

If a be infinite the arrangement becomes identical with that 
already considered 

We have the equations 

&* + a(^-y-i) + d(*-j^)-0 (6). 

-.a(i-3^-i)-ho(j^+i)-(i(i*-y)+g--^, (6), 

-a(*-j^-i)+c(y + i)+yi+iil«0 (7). 

Eliminating ^ between (5) and (7), we get an equation of the 
form Ay-k-Bi + Lz^O, 

where A and B are independent of X. 
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Integrating Ag-hBs + Li^O, 

for when < = 0, y = 0, « = and i = 0. 

Nowwhen i«oo, y^^OE^ i = 0, 

Thus the whole current through the s^alyanometer is indepen- 
dent of L, It is clear that this result depends on the following 
conditions : 

(1) The self-induction is in one branch only. 

(2) The currents in all the branches can be expressed as 
linear functions of the current in that branch, of the difference 
of potentials at its ends, and of certain other currents whose 
integral value is fixed. 

Thus it would hold good if the galvanometer were linked with 
any system of conductors, and condensers charged initially to any 
potential, provided there were no electromotive forces in Uie 
system and no appreciable self-induction except in the galvanome- 
ter itself. 

The equation for the time constants is the quadratic in {. 



a + b + d — (a + d) — a 

— (a + d) a + c + d-h^T^ a + c 



= 0, 



-a a-hc a + c + g + (L 

or fCZ{6c-l- (6+c)(a + d)} -ff {Z(a-h6H-d)-fC(i+ c)(arf-|-agr+</j) 
H- Cbc {d+g)} + {(a-h c-hflr) (i + d) +a (c-h^)} « 0....(8). 

Wliat is practically required is to know that the smaller time 
constant is so large that it may be safely treated as infinite; so it 
is convenient to have an inferior limit in a simple form. 

If we write equation (8) in the form Pf"+ Qf + i2 = 0, then if 
the roots be real it may be easily shewn that the smaller time 
constant is greater than R/Qi if the roots be imaginary the leal 
time constant is Q/2P. 

But it is not likely that much error will arise in practice 
through neglecting the self-induction in calculating the time con- 
stant. For when L is large enough to govern the smaller time 
constant, the latter approximates to the value {g + B) L, where It 
is a positive constant aepending on the resistances. Now the self- 
induction of a galvanometer coil of given shape and size varies 
approximately as the square of the number of turns, as does also 
the resistance. Thus g/L will have much the same value in all 
similar galvanometers. A short time ago I determined the self- 
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induction of a 'sensitive miiror galvanometer' experimentally. L 
was 5^ earth quadrants, while g was 13,000 ohms. So g/L was 
about 2400 in tnis case. Even if the time of chargiog were only 
«^th of a second, the error in the value of the capacity produced 
by treating the time constant as x> instead of 2,400, would be less 
than one part in a thousand. 

(4) On the future of naval warfare, with an exhibition and 
account of a submarine 1)oat. By H. Middleton. 

Abetixict. 

It is not proposed in my paper — of which the following is a 
very short abstract — ^to repeat the same comments and considera- 
tions, on the subject of the present condition of the British navy, 
with which the press has lately teemed. 

However, I have treated briefly of those general principles of 
naval warfare which govern the desien and construction of all 
shine of war whatever. Because, on the knowledge of those prin- 
ciples the utility of all inventions and innovations from established 
forms and models entirely depends. 

In my paper I pointea out that in consequence of the applica- 
tion of steam to neets, together with the fact that each ironclad 
can now carry so short store of coal that the operation of refilling 
its bunkers has to be repeated every four or five days, while large 
"bases" for the supply of the fleet's motive power have to be main- 
tained, require the study of a set of conditions of a character 
similar to those which give birth to what is known as "strateg}'" 
when applied to the maintenance and conduct of armies on land. 

While the large fleet of coal ships which must now-a-days 
always accompany ironclads operating on the "high seas" neces- 
sitate the invention of a kind of naval tactics which differs 
considerably from those applicable to the wooden ships with which 
England maintained her sovereignty of the sea in her wai*s with 
the great Napoleon. 

Now a knowledge, and a sound knowledge, of these matters 
forms the only guide an inventor has in determining the channels 
of thought into which he should direct his ingenuity. And this 
knowledge teaches him the conditions of the problem he must 
strive to solve; however, the recapitulation of them must be left 
out of this abstract, and I but state briefly because of the difficulty — 
if not impossibility-— of fulfilling them by ships which move over 
the surfitce of the sea. I propose to make them move under the 
surface, and have thus carried out the problem I proposed to myself 
for solution. 

Three different kinds of submarine boats have been designed, 
which kinds I shall call Class (a), (6) and (o) respectively. 

VOL. V, FT. III. 15 
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CSlass (a). The boats of this form are intended for speed, they 
are of a shape which somewhat resembles a cigar and may be called 
"fish" boats. Moreover these boats are furnished with two lateral 
fins, two— or one — screw propellers, at the stem, and a dorsal and 
ventral fin for guiding them, &c. Sec These boats are intended to 
remain a more or less period under water; but even those capable 
of being submerged for a veiy considerable time are yet supposed 
to come to the surface and be used as super-marine boats when 
cruising. When submerged, the boats simplv 'fly' in the amr- 
rounding fluid : just as the Guillemot can, and does fly in water, or 
a bird in the air. The boats of Class (a) are armed with guns 
capable of being fired against an object under water: or the guns 
can be fired when the boat is above water, as when attacking a 
fort on land However, such form of attack would rarely be 
adopted as the boat has only to be submerged, when it can be 

Juietly run past the shore batteries without their being able to 
re a shot in the defence of the channel which they were intended 
to guard. All the boats of Class (a) are fitted with apparatus for 
removing submarine mines, torpedoes, &c &c; but such operations 
are better performed by the boats of Class (6), of which a few 
words shall be said later. When the boats of Clasa (a) are in- 
tended to attack fleets of ironclads (as at present constructed), a 
large part of their time is taken up in cruising, which they do with 
their funnels and a small portion of their hull [hardly more than 
the "conning tower"] above water. When ironclads are sighted 
and the boat is to be taken "into action," it is submerged some 
ten, or more, feet. And (its Amnels bavins; been previously vdth- 
drawn into the 'hull' of the vessel,) its submarine engines are set 
going. 

Because there is no "exhaust" thrown outside of the hoai, 
there is no increase of "back pressure" on the pistons owinff to 
depth; and indeed the boat can be worked at any depth less Uian 
that at which its hull would be crushed by hydrostatic pressure. 
The time that the boat can remain under water is several hours: 
but the time that she can run at full speed under water is much 
less than the period she can remain suomerged with her crew, if 
her engines are not working. In all the boats, however, the time 
of submersion when running at full speed is sufficient tto enable 
them to get out of gunshot of a stationary foe. [And the chances 
of an enemy steaming exactly parallel to the line of the submarine 
boat^s motion under water, so as to be along side of it when it is 
forced to come to the surface — I say the chances are not very great: 
so the ironclad, if it does move, is just as likely to move away 
from the submarine boat as towards it, this consideration of the 
time to get out of gunshot of a stationary foe has determined the 
construction, &c. £c. of the submarine engines.] Usually, on 
account of the extremely small surface which the boat exposes 
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(even when above water in cruising), a distance of 2^ miles firom 
an ironclad can easily be approached without the smallest danger. 
The boat then being submexged and a ''full head" of steam ''put 
on," tiie ironclad can be reached in some 15 minutes; and wnen 
within some few yards, a percussion shell is fired against the 
bottom of the utterly helpless and harmless ship, ^ow it is 
known that the most powerml pumps in the navy cannot keep the 
water down when it pours through a 20-iuch (diameter) hole : hence 
the possibility of preventing a vessel from sinking which has an 
aperture of several square yards torn in her bottom by the explo- 
sion of a shell does not exist Men, guns, stores, all — ^must simc. 

Such in brief, are the functions of the boat one kind of which 
was exhibited; and in leavine the subject I have onlv to add that 
the boat exhibited was not nimished with ^ns and armour, but 
both of which it was my design to have fiirmshed it with (could I 
have managed to do so) before it was exhibited 

Class (6). Boats of this class are in like manner intended to 
transport men and the material of war beneath. the sea. They are 
not intended for speed : but for carrying troops under water for 
short distances, as across the British Channel, which thus becomes 
one of the most dangerous frontiers to defend that a state can well 
possess. However, as no boats of this kind were exhibited, 
nothing more will be said of them here. 

Class (o). As this class was only represented by a very poor 
model, half made [and badly constructed], I will only say that the 
motor here is electricity, and the boats are to be fitted with 
torpedoes and used in connection with fast cruisers. 

With this I finish this brief abstract of my paper. 

(5) UTaie on a peculiar Hn»e organ in Scutigera coleoptrata, one of 
the Myriapoda. By F. O. Heathcote, B. A., iVin. Coll., Cambridge. 

The organ is situated on the ventral surface of the head at a 
short distance from the mouth, near the base of the mandibles. 
A slit-like opening in the ventral median line, between the maxillaa 
and the base of the mandibles, leads into a sac lined with chitin. 
This sac is of elongated pear-like form, its longest diameter being 
iMurallel to the ventotl surface of the head. Two longitudinal fol£ 
in its dorsal roof jproject dose together into the body of the sac, 
partially dividinff it into two pouches with a deep narrow median 
recess between them. In the anterior resion of the sac a lateral 
fold on each side of the sac projects parallel to the ventral surface 
of the head, thus forming a deep lateral recess on each side. 

The effect of these lateral and median recesses is to form a firee 
lip on the dorsal median and lateral ventral aspects of the pouches. 

The surfiMe of the sac, except at the folds and in the recesses 
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formed tr^ the fSdlds, is dosely lined by a number of ehitinoiis hainL 
Each httir conaisto of a short and thick ellintical basal portion, one 
end of which is prolonged into a long fine nair which proiecti into 
the sac while the other end terminates in a short stiunp-Uke point 
which projects internally through the ohitinous lining of the 
The chitin of the sac is not of uniform thicknesa In the rec( 
and on the folds which bound tiiem it is smooth^but in the 
pouches, where the hairs exist, it is thrown into a series of ridges 
and depressions which give it a reticulated appearance. The base 
of a haur projects into each depression. 

Internally the hypodermic cells which form the ordinary matrix 
of the exoskeleton hne the chitin as far as the folds bounding ihe 
lateral recesses. Here they change their character and graduailT 
become continuous with a thick layer of sensory epithelinm whiiA 
lines the internal sur&ce of the pouches. At the folds which bound 
the median dorsal recess the sensory epithelium becomes continuous 
with hypodermic cells which line the folds, but at the top of the 
median recess there is a mass of eanelionic cells which differ firom 
those composing the sensory epithefium. The hypodermic cells 
are larse, rather columnar, and have a well-defined nucleus. The 
cells of the sensory epithelium are elongated and at the end next 
the chitin are prolonged into a thin projection of less diameter 
than the rest of the celL The prolongation of each cell is just 
beneath the base of a chitinous hair, and I believe that the extreme 
point of each cell prolongation fits into a cavity in the base of a 
hair. The cells at the top of the median recess are elongated and 
in some cases have their mtemal end bifurcated. They are lai^ger 
than the sense cells. The nerve supply is furnished by two short 
thick nerves which arise from the front part of the subHOSsophaeeal 
ganglion and pass to the posterior region of the oigan, where tbej 
brefUL up into fibres which supply the two divisions of the organ. 
This double nerve supply and the partially divided shape of the 
sac, already mentioned, prove in my opinion conclosively that the 
oigan is a double one. 

I believe this oivan to be homologous with the tympanic oi]^;mn 
of Insects. I regard the chitinous lining of each pouch as equivi^ 
lent to the tympanic membrane of the insect auditory organ. In 
both cases we; find a nerve breakinff up into fibres which are con- 
nected with terminal structures which terminate in depressions in 
the chitin. Y. Hensen regards the terminal structures or auditory 
rods (Horstifte) in the insect orsan as homologous with the bain 
in the crustacean auditory saa If his arguments hold good I think 
the chitinous hairs of the organ I have just described may be 
compared to both the structures just mentioned. From all that I 
have said it follows that I regard the oigan of Scutigera as bekMSg* 
ing to the class of organs usually described as auditory. 
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Februarif ind, 1885. 
Ph>f. FoBRR, Prbbidsnt, in thr Chair. 
PkoC C 8. R07, M.A., was elected a Fellow. 

The foUowisg oommnnications were made to the Society : — 

(1) On ihiB Mdfk-furnetion in Miptic funeUonn, By J. W. L. 
QiiAi8HSR» MJLy FJELS. 

The author conudered three functions %zx, izo;, gix, defined 
hj the equations 

gzx^^x + Z{x\ 
where E^mE ^I + K, 
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and Z{ci^ has the meaning aasigned to it by Jaoobi De 
by accented letters the same functions of k' that the 
letters are of i, it can be shewn that 

and 

ez (a; + 2mJr 4 Sm'tiT) " ez a; + 2m^ - 2m'fr, 

12 {x + 2mJr+ im'iK') = iz a? + 2m/ - imiE, 
gz (d? + 2mK + im'iK') » gz d? + imO - im'iO'. 
The function ezd; is the same as Jacobi's Elx\ and iz« is the 
Mime as Weierstrass^s function -rr- . The functions ezo; and izs 

A\X 

form a pair of corresponding functions in which E and J, and F 
and I\ are interchanged, but gz x stands by itself and is such thai 
corresponding to an increase of argument 2Jr the increase of tbd 
function is 2G, and corresponding to an increase of 2tir the 
increase of the function is — iiO\ 

Three other functions uzo?, vzd?, wz«, defined by the eqnationB 

TJ 
uzx^-^x-^Z^x), 

y 
vzj?« j^flj + Z(«), 



where 



W 



were also considered. These functions correspond exactly to eij; 
iz X, gz X, the quantities E, I, 0, E\ I\ & being replaced by IT, 
F, F, U\ V\ W respectively. There is thus a reciprocity betwM 
uz4^ and y%x\ but wz«, like gz«, is complete m itself. Tbi 

Seneral form of Zeta-function, and the systems of Theta-functiotf 
erived from these six Zeta-functions (corresponding to Weitf^ 
strass's A\x. derived firom iz x\ were also referred to. Tnoee deriTed 
from gz X and wz « are the most complete and symmetrical. 
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(2) On a certain atomic hyppthesie. By Prof. K. PfiA.B80N» 
Dommunicated by H. T. Stbarn, M.A. 

[Abetmci.] 

Thi paper deals with the motion of a number of spherical 
poTtionfl dinerentiated off from a continuous medium and pulsating 
nniformly over their surfaces. Each of these roberes, called ^ in 
the paper an atom, has a natural period of free pulsation, depending 
on its mass and the potential energy it is supposed to possess. 
This nataral period is modified by the presence of other atoms of 
the same or diflforent period, and a form of expression is found 
bt the resulting period of a system of a number of atoms exerting 
mutual influence on each other. Such a system is called a mole- 
cule ; the atoms of one molecule are supposed not to affect the 
Criod of vibration of another molecule, the average distance 
tween two molecules being great compared with that between 
two atoms. 

Expressions are found for the forces arising from the motion : 

(a) between two atoms in the same molecule, called chemical 
forces; 

(/S) between two molecules, containing the same or different 
atoms, in proximity to each other — molecular forces ; 

(7) between groups of molecules at some distances apart. 

The results of the mathematical investigation are applied to 
tome of the phenomena of spectrum analysis, e.ff. the relation 
between the spectra of some of the metalloids and their atomic 
weights, the effect of pressure in modifying the spectrum of a gas, 
ana the relation between the spectrum of a compound and those 
of itB constituents. 

The paper is being published in frill in the Transactions of 
the Society. 

(8) On a Yomg'e ErioMcter. By R T. Olazbbeook, M.A., 
FJLS. 

The author exhibited and described an ^'eriometer," an in- 
strument for measuring the diameter of fine fibres, and so testing 
the value of different qualities of wool, which belonged to Thomas 
Young, and on which there was a description in his nandwriting. 
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jPe6rttary 16, 1885. 
Prof. Foster, Prsbidknt, ik the Chaib. 

The following urere elected Fellows : 

J. H. Randell, B.A. 
W. Oardiner, EA. 
R. Threlfall, B.A. 

The following communications were made to the Society: — 

(1) 8om$ nmarki on the Urea-fermmt By A. S. Lea, ILA. 

The object of this communication was to demonstrate more 
definitely than has hitherto been done, the isolability^ of an 
amorphous, unorganised ferment, capable of rapidly effecting the 
ammonic conversion of urea from the Torula ureae. 

Experiments were shewn demonstrating the isolation of the 
ferment and its dependence upon the Torula to which the fer- 
mentation was initially due. 

(2) On the oceurrenee of reproductive organs on the rod ef 
Laminaria bulboea. By W. Qardikeb, B.A. 

Having briefly dwelt upon Sach's idea of " root ** and " shoot," 
the author stated that one of the fundamental idea» connected 
with root structures was that they did not bear reproductive 
organs. In Laminaria bulboea however he found that sporangia 
are produced on the root and even at the very apex of the rootieta 
In his opinion this occurrence was an example of ''adaptation to 
environment^'' and did not therefore overthrow the uisualfy received 
notions as expressed by Sachs. So far as he had observed, it wis 
only when the frond had been broken off from the root by the 
violence of the waves or other causes, that the sporangia made 
their appearance. 



(3) On a new form of sporangium in Alaria eeculenta, fsHk 
euggesUons as to the ewistenoe of mduoI reproduction in the Lami- 
naria, By W. Oabdiksr, B.A. 

So far the form of sporangium observed in iJaria was one 
containing four spores, usually known as tetraspores, and therefore 
asexual. The author has discovered another form which contained 
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Dttmerous small spores, each provided with cilia. On this account, 
and recalling the similarity of the Laminarias to the Fucaceae 
rather than to the Florideae, it appeani to him probable that the 
so-called tetrasporanrium contaimng four tetraspores is really a 
foor-oosphered oc^mum similar to the like sti-uctures occurring 
in certain of the Fucaceae, and that the sporangium discovered by 
himself is an antheridium containing antneroyoids. Thus here a 
sexual process is present which he oelieves also occurs generally 
in the Laminarias. A striking confirmation of this theory has 
been afforded by the phenomena occurring in the life-history of 
lyUrviUeavUli^. 

(4) On the tvpea of excretory eyetem fcund in the Eniero- 
pneuata. By W. jBateson, BJl. 

The author described the development of the so-called ''heart" 
of the Enteropneusta aa a segr^;ation of cells from the posterior 
wall of the anterior mesobliutic pouch, dorsal to the notochord 
Between this structure and the notochoitl Hie true heart arises as 
a mesoblastic split It gives off a plexus of vessels which are 
covered by conical cells, attached by their apices, in which the 
nuclei occur. These cells are similar in character to those lining 
the so-called "heart" The vascular plexus is di£ferently airanged in 
different species. In Balanoglossus iCowalevskii the capillaries are 
irregular and anastomosing, while in B. salmoneus they are parallel 
and do not anastomose. In the plexus in R Brooksii (new species) 
the condition is intermediate An epiblastic ciliated sac is then 
formed in the skin on the left side of the proboscis stalk. After 
a time this sac communicates with the exterior and with the 
anterior body-cavity. It was suggested that this pore is excretory; 
and that certain yellowish-brown bodies found in and around the 
glandular cells are conveyed to the exterior by it 

A similar suggestion was offered as to the function of the two 
ciliated pores which open from the second body-cavity to the 
atrium. These pores arise as perforations through the outer wall 
of the atrium. In the second oody-cavity brown bodies are found, 
similar to those in the proboscis-cavity, which are possibly carried 
out by these pores. 

£u> evidence could be obtained of any currents flowing inwards 
at any of these pores. 
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MaiyJi 2, 1886. 
Prof. Foster, President, ik the Chaib. 

The following communications were made to the Society : — 

(1) On m>me iKeorems in Tides and Lang-mfavei. By BeT. K 
Mill, m. Ai 

Elementary considerations were given from which it miffht be 
inferred that when a disturbing body produces a semi-diumid tide 
in an equatorial canal, the point nearest to the disturbing bodj 
will be a point of low tide or high tide according to the depth A 
the canal 

A general explanation was given of the influence of the depth 
of a canal on the speed of a long-wave traversing it. 

It was shewn that the ordinary formula for this speed mi^t 
be deduced from the ordinary difierential equation of motioii 
without integration. 

(2) On the electrical resistance of Platinum at high temperaimtL 
By W. N. Shaw, TJLA. 

(3) On an automatic mechanicai arrangement for maintaining 
a constant high potential. By R. Threlfall, B.iu 

In connection with certain experiments which I wished to 
undertake some time a^ it became desirable to obtain an i^para- 
tus capable of maintaming a condenser at a high potentuu fior 
a considerable period. Although further consideration led me to 
abandon the experiments referred to, pending an enquiry into 
certain preliminary questions, I am of opinion that the arrange- 
ment I oevised at the time for maintaining a high {potential, may 
be of some independent interest, and this Sie more since I believe 
that there are many experiments which would be greatly fiMalitated 
if there was a r^y method of maintaining condensers at a 
constant mean potential during considerable periods. Whei« the 
leakage is very small, as in Sir William Thomson's electrometeiai 
much satisiaction may doubtless be obtained by the hand use cf 
the replenishing ffusffe at short intervals of time. There are esses 
however in whicn the fall of potential may be very much moie 
rapid than in these instruments; and it is such cases that the 
arrangement to be described has 'been arranged to meet. 

In the Proceedings of the R. Society for 1881 Lord Bayleteh 
has shewn how a water motor of the Thirlmere type may be 
arranged to run at an approximately constant speed ; vix br 
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riaking the work which the motor has to do proportional to a 
iigh power of the speed. This is most easily obtained by setting 
•he motor to driye a fan. If then we arrange a motor with a oon- 
itant head of water in connection with a fan, we can by adjusting 
lie water supply, and the dimensions of the &n, obtain a tolerably 
nride range over which the speed can be made constant at any 
lesired point. I^et a motor and &n therefore be fitted up : and 
biras governed let it drive the arrangement shewn in the diagram- 
matic drawing. 

A oopper disc is placed between the poles of an electro- 
magnet, this disc is made to rotate with a tolerably high velocity 
by means of the governed motor. As long as no current is flowing 
zound the magnet the eneigy spent in rotating the disc is very 
smalL 

In the circuit there is mica or elass condenser of considerable 
capacity; its actual dimensions and construction depend on the 
potential at which the apparatus is desired to be maintained, and 
on its capacity. If the capacity of the apparatus is itself large 
then no condenser will be necessary. There is a pully which 
18 driven by a much smaller one on tne same shaft as the copper 
disc, and is connected with a replenishing gua^ of a type to be 
determined by the special conditions of the experimental apparatus. 
For instance, the value of the desired potential will determine what 
precautions must be taken in insulating and this will determine 
the size of the replenisher. The electrical output required to 
compensate the &U of potential which it is desired to guard 
against will determine the further construction of the replenisher. 
A fixed disc is in connection with that pole of the apparatus 
which it is desired to maintain at a . constant high potential, 
another disc is suspended b^ a long and fine spiral spring which 
in its turn is hung to a wire the other end of which goes to a 
Weber suspension mounted on the top of the ffuard tube, and not 
shewn in the diagram. The usual method of levelling the 
suspended plate is adopted. Since there is no need for any parti- 
cular accuracy of levelling this may be easily accomplished. The 
suspended plate carries a wire whose ends are bent down vertically 
and tipped with aluminium. Below the ends of these wires are 
placed two mercury cups on adjustable stands. The object of 
usinff aluminium joints is to avoid the capillary effects so noticeable 
in the case of platinum or any amalgamated contact breakers. 
Mercury is generally stated to wet aluminium without amalgam- 
ating with it, but from some experiments which I made on the point 
I have concluded that it can only be with certain specimens of 
aluminium that this takes place; with ordinary foil and wire 
I invariably found that the mercury is always on the point of 
wetting the aluminium but never quite succeeds. The advantage 
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of this is that the mercuiy will not ding to the points while tliOT 
are rising from it; and that therefore the beat will be mnee 
sharper than in the case of platinam where an increase of leaiateiiee 
must precede the break of contact For maey mirpoees this is an 
advaDtage as it diminishes the intensity of toe self indtictioa 
spark. Since however in this apparatus the eflSciency of tbs 
re^Iator depends on the definiteness of the point of contaeC^ saj- 
thiDg tending to diminish this must be more or less iigiirioaa 
Since this was written I have discovered that the aluminitwn bans 
away so rapidly tiiat, balancing disadvantages, piatinnm is on tbs 
whole to be preferred. 

The action of the regulator will now be easily ondeistood. A 
battery continually maintains a current round tiie electn>-iiuignet: 
and throuffh a high resistance inserted in circuit between tbs 
battery and the magnet. 

When the potential rises above the desired pointy the attmetod 
disc by means of its contact makes short-circuits the high resist- 
ance and allows an increased cunrent to flow round the electro- 
magnet. This will tend to put an increased brake on the copper 
disc and the rotating parts of the apparatus will instantly uam 
down. I say instanUy, because if india-rubber bands be used to 
transmit the motion between the various puUiee we shall csily 
have to take into account the momentum of the copper disc and 
replenisher and not that of the motor : at least during short inter- 
vals of time. Now the copper disc may be made pretty thin and the 
other parts are not very large, so that a practically instantaneous 
change of velocity may be obtained: it is only a question of having 
a large enough battery— say two Groves', a fairly high rwustance 
to be short-circuited, and long india-rubber bandsL 

For a given change of potential the attracted disc will be more 
sensitive the nearer it is to the fixed disc. The method of nmg 
the regulating arrangement is therefore as follows. The ^mnlns 
to be maintained at the constant high potential is ehaiged up to 
this potential as indicated say by a portable electrometer; and by 
means of the Weber suspension and the adjustable support of the 
mercuiv cups the attracted plate is lowered so as to mske contact 
when the potential is slightly increased. The limit of the sensi- 
tiveness of the apparatus depends on the critical distnnoe of the 
plates, and this depends on the law of stretching of the spring. As 
a general nde in a long spring the extension will not be &r firam 
proportional to the stretching force. Sir William Thomson is in 
the habit of using the torsion of a wire in some of his instmments 
instead of a spring. In this case however we wish to make the in- 
strument as sensitive as possible always, and not as in eledrometeis 
80 as to have a constant relative sensitiveness : we must therefim 
have an adjustment for working at different distances between the 
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vktm, and this, I take it, is most easily aooompliahed by a spring 
mag horn a Weber sospension in a tuM which will protect it from 
atnospberic distarbances. 

Wnen-everything is properly admsted the plate ought to settle 
down into a state of pretty rapid vibration, so that the mean 
potential difference say dnrinff each minute is constant I had at 
cue time intended to make the movable disc insert or remove a 
wpiff resistance ; as for instance by making the contact points 
eomoaL There were however many mechamcal difficaltier: and 
wone than that the constancy of the battery would have required 
atten t ion in any continuous regulator. Moreover unless a spring 
of peculiar construction was used the upper plate would be un- 
stable^ and this would be fatal The only way of guarding against 
it would be by arranging the ratios of the resistances taken in and 
cut; but this would mve been impossible even supposing the 
current was not strong enough to heat the wires so as to pro- 
duce a continuous change. For all practical nuipcees however a 
constant integnd value of the potential is au that is required, 
and this may be obtained from a diBContinuous governor. Hie 
drawings are not to scale, because the scale as alreMJy pointed out 
will depend on the purpose for which the governor is to be used. 



March 16, 1885. 
Ph>£ FosTBBi Pbesidsnt, in the Ciuib. 

The following were elected Fellows : 

Pro£ J. J. Thomson, M.A. 
J. M. Dodds, M.A. 
Rev. A. H. Cooke, M.A. 
A. E. Shipley, B.A. 

The following communications were made to the Society : 

(1) Further remarks an the Ureorferment. By A. S. Lba, ILA. 

In the previous communication made to the Society it was 
stated that although the Torula ureae contains a ferment which 
is soluble in water, this ferment is not to be found in the fluid 
sonounding the cells either during or after an active alkaline 
feimentation. It appears therefore that the cells do not cany on 
the fermentation by excreting the ferment with the surrounding 
fluid, bat that its activity is localised in the substance of the cells. 
The absence of the ferment in the fluid during an active ferment- 
ation appeared at first sight somewhat unexpected, in view of 
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the fact that it is soluble, and it was hence a matter of interest to 
see whether, in the case of other ferment actions prodnoed by 
similar organisms, also containing a soluble ferment, this fennent 
is similarly retained within the cell protoplasm.. Working with 
ordinary yeast (Torula cerevisiae) the author finds that at no 
tinie during an active fermentation is any invertin to be found in 
the fluid surrounding the cells. In this case as in the former the 
ferment is retained by the cells. Experiments were described in 
proof of the aboye statement The invertin is not used up durinj^ 
the change which it produces, neither do the yeast-cells destroy it 
during their growth and activity. This is shewn by the £Bu;t8 that 
if cane-sugar be inverted by a solution of invertin, this same 
solution is again capable of inverting a further portion of cane* 
sugar,' and tiiat if some invertin be aaded to yeairti, and an active 
fermentation then carried on with this yeast, then the invertin 
can be recovered from the fluid surrounding the cells. 

It was suggested that the retention of tae ferment by the cells 
in the above cases is due to the fact that, unlike animal cells^ the 
Torulae are inclosed by a complete cellulose envelope which is not 
broken up at the death of the cell, and that since all known 
ferments though soluble are not diffusible, therefore even after 
the death of the cell the ferment is retained in the dead cell- 
substance. If the cells are treated in such a way as to break np 
the cellulose envelope then the soluble ferments are capable of 
being extracted with water. 

The outcome of the experiments shews that the ferment actioD 
of these organisms is carried on in their protoplasm and not in the 
fluid surroimding them by the excretion of every soluble ferment. 

(2) On some points in the anatomy of Nebalia. By G. Weldov, 
M.A. 

(3) Observations on the constitiUion of Callus. By Wai^tsr 
Oardiner, B.A. 

The author remarked that perhaps no structure had given rise 
to so many differences of opinion as the callus of sieve-tubea. So 
far as the question of its derivation was concerned there could be 
little doubt that the views of Russow and Strasburger, who 
regarded it as being derived from the protoplasm, were right* and 
tlutt Wilhelm and Janczewski's view (as to its derivation m>m the 
mucilaginous degeneration of the cell-wall) could not be main- 
tained. While irom its high ommisation it seemed almoet im- 
perative to regard it as being formed in connection with, and 
through the agency of, living protoplasm, yet the very early dis- 
appearance of the nucleus and the scant quantity of the dying 
protoplasmic contents threw some doubt upon this assumption. 
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The microchemical characteristics were so peculiar as to be quite 
unique. Taking into consideration* however, some of these re* 
actions (especially in the light of the results obtained with 
Hofinann's blue and Szyszylowicz's oorallin-soda) : the presence 
ot and the gradual breaking down of, the sieve-tube starch grains 
and the mucilaginous degeneration of the protoplasmic contents : 
there seemed to be little doubt that the callus is in reality of the 
nature of a starchy mucilage. Such a body would give all the 
reactions of- callus. The author then drew attention to the wide 
occurrence of the callus in connection with living cells, and re- 
marked that from his observations he was led to believe that a 
callus may also occur on the pits of voung tracheids, e.g* the root 
of Sambucus and the stem of Phaseolus. 

(4) ObservaHane an Vegetable Proteide. By J. R. Qrsen, B.A. 

The investigation of which the paper was a summary was 
undertaken first to determine the proteia constituents of the calx 
of the Cow-tree of South America {Broeimum galactodendron). 

To this calx the name of vegetable milk has been given ; it is 
described as closely resembling cow's milk in appearance, but 
lia?ing a slightly resinous odour. It contains two proteids, one 
being of the nature of a true albumin, the other belonging to the 
group of peptones. 

The former is soluble in water, coagulates at a temperature of 
68^ C, and gives a well-marked xanthoproteic reaction. 

The latter of the two is the body which formed the subject of a 
communication to the Society at the end of the October Term, 1884. 

In the calx of the Balata tree {Mimueope globosa) a globulin 
body occurs which is absent from Brosimum. It is marked by 
the usual reactions of globulins, but presents some features of 
interest in connection with the effect of heat upon it. Its coagu- 
lating point varies with the reaction of the liquid in which it is- 
dissolved. In an acid liquid opalescence sets in at 75^ — 80^ C, 
and as it cools a precipitate settles out. This is insoluble in nitric 
add, but dissolves to a large extent in ammonia. 

In an alkaline solution the ooagulatine point is TO"" — 85'' C, and 
the resulting precipitate is soluble in nitric acid but not in alkalis. 

The proteid bodies in both these fluids were found to be partly 
destroyed by the spirit which was mixed with the calx for pur- 
poses of preservation. Hence it seemed well to examine some 
fresh plants. Those selected were Manihot glasumi, the common 
lettuce, and the cabbage; these being representatives of three 
natural orders not closely allied to each other. 

In the manihot a globulin exists with well-marked characters. 
It is precipitated from w>Iution by a current of CO, or by satu- 
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ration with solid MgSO^. It gives well-marked zanihopffoltte 
reaction, and ooagulates at a temperature of 74"* — 80^ G 

In the lettuce is a body cloeely resembling the HemiaUmmom 
described by Dr Vines as occurring in many seeds. 

It is precipitated from its solutions by nitric or acetic addii 
and the solution of the precipitate in water does not coagulate on 
boiling. It is precipitated also by potassio ferrocyanide and aoslie 
acid. 

In all the plants above mentioned and in the calx of the 
gutta-percha tree of the East Indies the peculiar proteid aUudsd 
to above appears to be present. 

In the vegetable kingdom thus rep re s e ntatives of the thrss 
great classes of proteids^ albumins, globulins, and peptones sis 
present 

(6) On eAs devehpmenis ofK,E\ T, 0' in (uoending pawm ^ 
the ModvluB, Part II. By J. W. L. Olaishxr, MJL 

The present paper is a continuation of one bearing the ssbm 
title which was read to the Society on November 24, 1884^ and 
was published on pp. 184 — 208 of this volume. The sections sis 
numoered consecutively with those of the former paper. 

Fwmi of the equation EK + EK- KK' « |ir, §§ 31, 82. 

§ 31. The expression 

EK' + KK-KK' 

may evidently be written in the forms 

(i) EK' + (E' - K') K, 

(ii) {E^K)K'^E'K. 

(iii) (E^k'^K)K''\'{E'^lfK')K, 

(iv) [E^\{\'\'k'^K]K''\'(E''-\1fK')K, 

(V) (J5- \krK) if ' + {^ - i(l + *») K'] Jf, 

(vi) {E^\K)K'^{E^\K')K^ 

that is, in the forms 

(i) EK' + FK, 

(u) IK' + EK, 

(iii) OE-^O'K, 

(iv) UK'^TK, 

(v) VK' + UK, 

(vi) WE + W'K. 

We thus deduce from the well-known formula 

EK'^EK^KE^\w (I). 
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the nx equatioQA 

(i) EK' + FK - iir, 

(u) /JT' + JE'Jr-jTr, 

(iii) (?A''+(?'ir-iir, 

(iv)* ET^'+rA'-jir, 

(▼) FiT' + ITA'-Jir. 

(vi) WK'+W'K^^T. 

Each of these equations is thus a fonn of (1), the three terms 
being reduced to twa The last three equations are immediately 
deduoible from the first three by addition, since 

Equations (iU) and (vi), which involve and W, are perfectly 
^mmetricaL The other four formule exhibit the correspondence 
between E and I, and between U and V, which is observable in so 
masy other results. 

by KK\ the six equations become 

,., E r ir 

(I) Jf+J>' 



^"^ 'K'^K'^iKK" 

..... Q ^0' w 

(IT) j5:- + jfr- 

(V) ^ + ^- 



rf 



§ 82. If we expreM th« relation (1) in tenns of K and one 
other letter, the expceaaion equated to ^ir contains three terme 
ezoepi when the second letter is G' or IF. 

The groap of four formnlsB to which (1) belongs is 

(1) EK'-i,^E'K-KE!^\w. 

(2) JiT' + i'jr+jrfir'-jip, 

(8) VK' + trZ + \KE! - \ir, 
(4) VK'-ifVK- \KK' - Jw. 
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The additional term arises from the fact that it is not B and 
E', I and I\ V and V, and V and V* that correspond to each 
other, but E and /', / and E\ U and V\ and V and U\ The 
quantities O and 0' correspond to each other, as also do F 
and Tf '. 

Similar formvXm in which K and K' ar€ noi tMwrffML 
§§ 83, 34. 

§ 33. The following ofteen equations in which K and K' aie 
not inrolved are also forms of the relation (i) 

(vii) EE' -ir -Jir, 
(yiu) FF'-U"l7'-Jir, 

(ix) OW- Q'Wm. J(f - jb-^ rr, 

(i) E'Q - 10' - i**ir, 
(xi) EO'-IO' "{Ifir. 

(xii) rW^VW^iU'ir, 
(xiii) VW-UWrn^ifir. 

(xiv) .BlF'-/'ir-Jir, 
(XT) EW^IW''»\ir, 

(xvi) VQ' -VO^ll^ir, 
(xvii) F'(?-I^O'-i*Pir, 

(xyiU) .Sir - /'F - JiV 
(xix) E'U - IV' ^\l^lr, 

(xx) .BF -/'!;■ -i(l+AV. 
(xxi) i?' 7 - /IT' - i(l + **)«■• 

The first three equations remain unaltered when If is changed 
into ib", but the other twelve equations form six pairs, the eqoatioiis 
in each pair being convertible into each other by this change. 



These fifteen equations may be readily verified by ezpraasing 
all the quantities in terms of JTand K' and any other two quantities 
which correspond to each other. Taking for example B and F as 
the two corresponding quantities all the equations reduce to (i) of 
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the two corresponding quantities all the equations 
§31, viz. to 

EK' ^FKm \ir, 
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if ve mbatitate for the qtuuitities involved the values assigned to 
them by the equations : 

E~E. E'~r + K', 

j»E-K, r^r. 



Thus, for example, equation (zx) becomes 

E{r 4 i(l + *'») K'\ - /' f^- i(l + O) JT- J(l + *^ ir, 

that is 

h(l+n (EP + fZ) - i(l + J^v. 

which is equivalent to (i). 

The systems of formulae which express E, I, Q, U, V, W in 
terms of any one of tiiem and K are given in § 45. 

§ 84. It will be noticed that in the 21 formuln (i)...(xxi) 
each letter oocura in combination with every other letter except 
tiie one to which it coireeponds. Taking, for example, E we find 
the combinations 

EK', be; EO', EW, ET, EW, 

but not EI'. Similarly we find 

or, qe; qt, qvt, ov, gw\ 

but not OCF. 

BdoHotiB involving JT,, K', E^, E, Ao., § 36. 
§ 86. Using K^, E^, 7„ &o. as in § 9 (p. 191), to denote 
— , — , — , Ac, the 21 equations may be written : 

(i) E,K' +rK, -1, 

(ii) i.K' +jrir, -1, 

(iu) 0,K' +0'K,^l. 

(iv) u.ic +Fjr.-i. 
(v) F,jr +o"jr,-i, 
(vi) TF,jr +ir'jr,-i. 

(vii) E,E -/,/' -1, 
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(viii) 


VJ' 


'U.U'^l 


(ix) 


0,W' 


-G'lT, -J(«?-n 


(«) 


Efi' 


-ra, -n 


(xi) 


E'O, 


-Ifi' -A", 


(xu) 


V^W 


-tTFT.-iJfc*. 


(xiii; 


V'W, 


-o;ir'-in 


(xiv) 


E,W' 


-J'F, -i 


(XV) 


E'W, 


-I,W' -i 


(xvi) 


Vfi' 


-va.^ik-. 


(xvii) 


V'G, 


-u.ff'W. 


(xviii) 


EJJ' 


-rv, -i*'. 


(xix) 


E'U, 


-/,F' -J**. 


(n) 


EJ' 


-ru, -ia+n 


(xxi) 


E'V, 


-7.ir-j(i+n 



i2«Ia«ibm Mtvolvin^r JT,. J^, j?„ i;, <i^a, §§ 86—88. 
§ 86. By § 10 (p. 198) V6 have 

IT- JT.logj-Z;, 
F'— F.log|+ir.. 



1885.] K^ JF, J'f CP y^ a»omimg powin of th$ moMu^ t87 

Stibttitatiiig these Talaes of K*, B\ fta in the eqtiatioiif given 
in the lait eection we find that in e^erj otae the terms mul- 

21 eqtniioiis inTolving K^, JT,, E^, iT,, Ac: 

(i) E,K, - E,K, - 1, 

Cii) /A -A^. -1. 
Cui) G^. - (?,ir, - 1. 

(iy) trjBT, - £r,ir. - 1. 

(V) 7^. - F.x; - 1. 

(vi)' W,K, - W,K, - 1. 

(Tii) V. -'';^. -1. 

(yiii) F.Di-Dir, -i. 

(ix) o'.»;-<?.ir.-i(*p-n 

(X) E,G, ^Efi, -*^, 
(xi) Ifl, -Ifi, -f. , 

(xii) r.F, - F.TT. - li*. 

(xiii) v,w,-u,w^^\y\ 

(xiT) i?.Tr, -^.TT,-!. 
(XV) /.IF. -/.TT, -i. 

(xvi) F,(7, - F.(?. - j;^, 

(xYii) ir.(?, - u,G, - JA^, 

(xvui) JBiF, -^,F. -iA-*. 
(xix) J.IT, -IJJ, -J*». 

(XX) JBii7, -^,ir. -i(i+n 

(xxi) 7.F. -J.F. -i(l + *^. 

(87. It will be seen that by the sobstitution for f , E", ieb. of 
their valoet in terms of f , end f ,, /, Mtd /„ &a ell tiie 21 
equation* have been rendered uniform and symmetrical, viz. the 
Mgn 4^ the second term is negative in the equations involving K^ 
and JT, •• well as in the others, and each expression is symmetneal, 
vol- V. vr. IV. i7 
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ie. the first term beiog of the form AJS^ the aeoond ia of the 
form A fix* 



In the following liat the eqnationa are written in a 
manner and so arranged inffroups aa to exhibit the oorreapondenoe 
between 17 and F, / and l^undQ and W. 



(1) 


KA 


-Je;^. -1, 


(2) 


KJ, 


-JV. -1. 


(8) 


K^G, 


-Kfi, -1. 


W 


^.o; 


-KJJ,^\, 


(6) 


^^y. 


-JS^.^.-i. 


(6) 


K,W, 


-K,W,~l, 


(7) 


SJ. 


-EJ. -1. 


(8) 


Efi, 


-Efi, ^V. 


(9) 


EJI, 


-EJU, -J(l + n 


(10) 


^.F. 


-^.w>i. 



(11) E,V, -E,V, -ii'«, 

(12) F/, -F/, -Hl + AT). 
(18) F.<?, -F.flt.-J*^, 

(14) F.IT, -F.IT. -f 

(15) F.TT. -F.IF.-ii*, 

(16) (?./. -(?/. -*», 

(17) ».c; -e.ir, -jp. 

(18) fl',1F,-<?.>F.-i(*»-ifc-), 

(19) IF,/, - F./. - i 

(20) TF.Di-ir.o;-^*-. 

(21) IT,/, -tr/. -if. 

§ 88. The ^rttom of eqoationi is perhaps best mrittea in tbt 
following form, in which the left-hand memben of the eqoatioH 
are expressed as detenninants and the equations are so gioaped m 
to exhibit more olearij than in the last section the ooneepondeMi 
between B viA V, I txA U, kbA Q and F. 



1885.] JT, E, X, 0' in ateentUiig powen of tht modultit. 280 



if../. 



-1. 



1, 



1. 



1, 



^.. 


<?. 


^s. 


0-. 


^.. 


p; 


-8;. 


«^. 



-*•. 



i(i+n 



if». '^i 
if., r. 

if., u, 

jr.. IT, 

VvW, 



1. 



1. 



1. 



h 





-J. 












-J*". 






I^.. /. 
17.. /. 


-i^ 


fc*. 



-1*^. 
-i(l+*^, 



-i*'. 



0'.. A 


-*•. 


(^v r. 




c^^.u, 


'W. 


Ov V, 





**'•. 



i. 



T^p /. 

There en aevMi letten inToWed, vis. 

K, E, I, 0, U, V, W 

end in these 21 eqoetioni, eebh letter is combined with ererj 
letter except itself; so that every possible combination oooorSi 



Thns^ writing for brevity the determinant 

•• {AS), 



A., B. 



17—2 
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and taking any letter, tay for example G, the eqnatione give the 
values of 

(QKl {QF). (07), (QU), (GV). (O^n 



D^mtim ofik$ Adjunct, § 80. 

§89. Theserieiforrpir,,...,2r„2F,ajidr.,^„...,ir,.«F. 
in asoending powers of V were given on p. ]192 (§ 9). 

The coefficient of i(^ in any series A^ is connected with^ Ae 
corresponding term in the series A^ by the curious law explained 
in § 4 Op. 188). Thus, taking for example the letter E, the ooefi- 
cient of i* in i^^ is 

'"2*.4*.6*' 

and the coefficient of ib^ in £", is 

1V8VS /2 2 2 2 1 2\ 
■"2».V.6»U""2'*"8""4^6"8/' 

The quantity in bnu^ets may be conveniently termed the 

ji 3' 5 
adjunct to the coefficient q,* , ' , and the above expression ma/ 

be written 

The Beriei/or K^, E^, Jtc.. and K^, E^, Jko., § 40. 

§ 40. The series for IT, £;,... 2F,, 2F^ are derivable fton 
those for K^, E^,...iV^, 2 fP, by appending to each term irfker the 
first its adjunct The first or constsnt term is either 0, 1 or 2 
and follows no regular law. The coefficients of ifc^ in 217*^ and 2 IT, 
are anomalous, Ming and — ^. With these exceptions^ all the 
series with suffix 2 differ fix>m the corresponding series with 
suffix 1 only by the addition of the adjunct to each coefficient. 

Using the notation explained in the last seqtion the fonrteen 
series given on p. 192 may be written 

ff.- 5-!(ad)A?+ ^; (ad)ifc*+ ^r^^. (ad)f + Ac. 
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^,"1 — a 4*— ar^i **- a*'^* g* i?— 4a, 

/,-1-i (ad)*»- ^ (ad)**- ^1^ (ad)*'-*a. 

^,-l + |^(«d)«'+ ^ (ad)*'+ gj^ (ad)«' + 4c. 

1* 1* • 8* 

20;- - j-j **- i».4.6 *^"*°- 

2I7;-2- **• - jtj (ad)**- ^1^ (ad)A^-&c, 

2F,-l+p(ad)*«+ ^. (ad)*'+ ^^^ (ad)*« + &c, 

oiir_i '"8 L9 ^ ' *^' ^^ ijft 1 .8 .5.7 ,. ft_ 

xiFi — 1 — |r *^— jl ,j« *^ — 2*,4*.y ^-«c, 

2%e 21 f^riofiofM omiMcfe'i^ ik$ 14 mtim, § 41. 

§ 41. The eqiiatioDs in § 88 form a yery remarkable series of 
relatioDS to whicb these 14 series are subject, yiz. denoting, as 
in that section, Afi^-^Afi^ by (ili}),the 14 series are connected 
by the 21 equations : 

{K,E)^l. (F, 2F)-.2, 

(JT, /)-l, (iT, 210-2. 

(If, (7)-l, (if, 2TF)-2, 
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(^,7) -I, (2F. 2l7)-2, 

(E, Cr)»\'V, (2r, 2F) - 2P, 

{E.tU)^i-V, (2r, 7) -1 + f, 

(^. 2TF)-1, (2F, fl^ -l-*-. 

(fi; 2F)-1-**, 
(217, D -*•. 

((?,/)-*•, (2 F, 210 - 2 - 2**. 
(Q.2U)~V, (2W,I) -1, 

(<7, 2ir)-2f-l. 

Thui, if A^ and ^, denote any two different seriee of the 
aeven soies 

jr., E„ 7., (?„ 20;, 2F„ 2 IF., 

then A^B^'-A^^ is alwaTi of the fonn a + tF, where a aodfthew 
only the value* 0, 1, 2. 

For example, the fint equation E^, — KJE^ » 1, is eqaiTaleat 
to the identity : 

{1* 1* . 8^ 1* . S* . 5* 1 

1 + 2J **+frv ^^¥ir9 i^ + Ae.! 

X {l -^(ad) *?-^(ad)A»-^^^(ad) *• - 4c} 

x{ ^(ad)*« + ^(ad)*' + ^;i^(ad)*'+4c.}-L 

ilnt&iiM<M»{/oniut2(B isrittdfrom ik$ 21 rvlofwMtf, ^ 41—45. 

§42. The general form of the 21 lelationi is 
(« +P, t»+P, *«+P, l/'+P. *»+4c.) 

-09 +$. ** + g; *« + Q, *•+«, *»+Ac.) 
X {a, +P.p,f+Pj,/!'+P^JIf +Pj»Jt»+4c.) 

whore p« and 9. denote the adjuncts of P. and Q, respectiTelj. 
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1 By eqxittting the ooeffidento of 1^ in thU identity we find that, 
f ifn>l, 



If we define PxQ (adq) to denote Px Q (p — ;), i.e. the con- 
tmaed psodact of P and Q and the adjunct oj the miotieiU of P 
divided by Q, we may write the last equatidn in the form 

- ^^.x Qi ("dq) + P._ X Q, (adq) + P^xQ, (adq) . . . 

I The left-hand member of this equation 

- a IQ, (ad)} -fi{P, (ad)} - ajQ, + /9.P.. 

' When /8 ■■ 1, the equation may be written 
«{C.(«i)}-«.Q.+i8.P. 

-P.(ad) + P^,xQ.(adq)+P^x «.(adq)...+P.xQ^(adq), 

•ad, when a » 1, it may be written 
/8{P.(ad)}-/9.P.'+«(,Q. 

- «. («i) + <?^ X Pj (adq) + g,^ X P, (adq) . . . + Q, X P^, (adq). 

§ 48. Taking for example the fiist relation K^E^ — K^^ « 1, 
which was written out at full length, in terms of the series, at the 
end of the last section, and patting for simplicity n ■■ 4 (the law of 
the fi>rm«tion of the terms being as clearly seen in this particular 
ease as in the general formula) we obtain the arithmetical theorem: 

l*.8'.y.7* I'.S'.g'.r ,.^^ IV 8'. S'. 7 ,, J, 
2*.V.6^.d» - 8*.V.6*.8» ^**''' ■ 2". 4V 6'. 8* ^^' 

. 1*.8*.6 !• , V 

+F:4r6*'*a'(*^*»> 

,1.8 1 • o / J V 
,1 1 .3 .5 / « V 
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The left-hand member mtkj evidenily be writtea alee m ih» 
fimn 

i.y.s*.?* , j^ 



• < • 




tbe adjuncto at full length, the equation w therefim 

l.y.S*.7* /l 2.2 2 2 2 2 2\ 
'■2».V.6*.8»U~2"^5"4''"5"~6''"?~8/ 

r.y.S'.T /2 2.2 2.2 2 1 2\ 
■ 2*. v. 6*. 8* VI 2*8 4'*"6~6"'"?~8/ 

. I'.S'.S l*/2 2 1 2\ 
■'■2*.V.6'^?V8~* «"6/ 



IV 8 r. 8 



+ £f^.x 



•. 8' / 1\ 



■*"2*'*2*.V.6*l. l"8"'"4~6"'"6;* 

§ 44. Similarly fitom the second i«]ati<m, vii. JE^ J^ — I^ ■> I. 
we find 

1*.8'.5*.7' l*.8*.5«.7 ,.j, 
i».4*.6*.8* "2".V.6».8 ^""^ 

. r.8*.6^1* . . 

+?r4^F:T(~*^ 
+2 ^^74?:^ <•*»>' 

that is, writing the adjuncts at full length, 

1*.8*.&«.7* i*. 8*. 5*. 7 /2 2 2 2.2 2.1 1\ 

?:4rF:P'r.v.6*.8Vi"2"^S~3'^6"e'^y~8y 

1*. 8*. 5 r/2 2 1 1\ 

1V8 1V8»/ 1 . 1\ 

. 1 1*.S«.8*/ 1^1 2^2 2 .2\ 
+ 2^2».4^.6*ri"'"5"5'''i~6 + 5/- 
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In the 8am« way the third relation, viz. Kfi^ -K^&^^l, gives 



l*.8'.5«.r 1'.3*.5* ^,j, 
2». 4». 6». 8' " 2*. V. 6V 8 ^^^ 






^'•'l(~iq) 



"^2».4 2".« 

,1 1 • 8^. 6 / % \ 

^ These three equations suffice to exemplify the curious kind of 
•rithmetical fonnuke to which the 21 relations give rise, I have 
not examined in detail the complete system of results. 

§ 45. It mar be remarked that if the first term of the right- 
hand member of the first two of the three eauations be trans- 
Cl to the other side of the equation, the left-hand member 
mes the same in Mch case, and, supposing n "> 4 as beforei we 
find 

2«.4'.6\8"''2V4".6«.8 ^*^^'" 2V4r6* ^ V ^"^ 

.1*3 l«8^<iv 

1VS*.6 IV , V 

-2r4r6^?<~*^ 

.1»8 1*8 /«v 

+?:i^2ri»(*^^ 

^1 1*.8*.6« . , 

+2''?7p:6»<'^*i>- 
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E»pre$iiont far ih$ qtian^tie$ JE, I, O, U, V, W in ttnu ef 
any on$ ofiktm, % 46. 

§ 46. In § 8 (p. 191) the six quantities B, J, O, U, V, Wmn 
ezpreswd in terms of E and of /. It seenu wortli while tosire 
the exfMressionB of these quantities also in terms of Q, U, V, W. 
The complete system of formulsB is as follows : 

E ^E 'T+K, 

I -E'K ml, 

G~E~T^K ml+lfK, 

/ -u-\vK -r-i(i+P)ir, 

WmU+^yZ mV-^VK, 

E mO^V*K -F+^JT, 

I mG-lfK -F-iiSr, 



Ok<mg9ofq into —q, f and ^, § 47. 

§ 47. The following ti^Ue shows the transformations into each 
other of the quantities k, V, K, JT, E, E', fte. produced by the 

change of ; into —q,^ot ^. 
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Tablb L 



9 


-« 


«• 


«* 


h 


a 


\-v 


Sib* 


V 


i+V 


1+i 


V 


1 


Sft« 


l-k 


V 


!+*» 


1 + * 


K 


VK 


\0-^V)K 


a+*)ir 


K' 


l^lK'^iK) 


a+*)if' 


1(1 + *) JT' 


E 


JET 




ar 


W 




i+* 


B' 


G'+iO 


ar 




H 


i+f 




r 


G 


V 




I 


W 


l+V 




V 


r-^iE 




ir 


V 




i+ik 




I 






a 








G' 


k'" 






mm 


U 




21 


V 


F 




i'¥i 


v 








IBt 


w 


B 




V 


w 


l+i- 




T 


r'-¥iu 




B' 


y 


■ 


Uk 




y 






W 








W 









The gaps in the last two oolumns of this table correspond 
to rarolto which inyolye kK, k% kK' or VP as well as E, S, 
X T, ftc^ as appears from the following two tables, which give the 
complete transformations of E^ I, Ac. and of E^ 1\ &c. 
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Tablv II. 



9 


-« 


t 


«* 


B 


B 


i+F 


2F 
1+i 


I 


G 


V 


9(/-ur) 

l+Jk 


G 


I 


B'VK 

l + fc* 


2(r+«r) 


V 


u 


* l + fc* 


ir 


V 


w 


l+if 


ir+i7+ur 


W 


V 

V 


, F+r+Fir 
* 1+*' 


IF+17-Ur 



Tablb III. 



9 


-ff 


«• 


f* 


r 

G' 
V 
V 
W* 


(y+<a 
r+ii? 

w 
-F 


9F' 

1 + *^ 

1+1^ 

• (I'+ft^JT) 

1 + ** 

SI' 

1+F 
ir'+i7'+*'j:' 


^-i-ur 


l+* 
-r-wc' 

^ F'+ir-wr' 

1+i 
^ F'+ir+Jur' 


* i+* 



In oonoenon with the fomu of tome of the eipwiOM 
Tables IL and m. it may be lexnarked that 

V + W-B+U, 
W+V ml +7, 



r „ 

Of n 
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Okangt of q into i^, § 48. 

$ 48. The ohaage of q into *g^ is equivalent to the change of 

q bto ^ followed by the change of q into —q. Am abown in § S8 

(p. i^ the change of q into i^ oonverta k' into «'** and K' into 
i«»(r- iff), where $ denote* the modular angle, given by the 
equation « ■■ un A 

Tranafonning the renilta in the last column of Table III. by 
ofaonging ; into — { we find that, by the change of q into uj^, 

E' becomes •-•{Cf ■^■WK-V%{0'^kk'K')], 

r»{W'-¥iW), 

•{(y+TF'-ifcfc'Jr +»((?+ W-WK')\, 
r»(0'+iO), 

•#{(?'+ Tr+*ftX+ 1 (<?+ W+kk'K% 
Sinoe, by this change 

l(f becomes «'*", 
and r „ {^(K'-iK), 

itfoUowsthat ¥K' „ |«-« (JT' - tX). 

The transfonnations of F, T, V were given in § 24 (p. 203), 
and by their means the series for 

E K' iW 2F' 4g 40* 

W V W IT IT V 

in temui of lines and ooaines of multiples of the modular angle 
were feand in § 20 (p. 204). 

The transformations of E^, 0\ W, W give np fresh results, 
except the series 

WwJl j| 1.3 Ail * •' fe.il 1 .™.ll ttA ft 

1-OOS0 — 5r<»»8g-g-jacos7g- ^ . , g, coslltf-Ac, 

- - — -sm ^ + -gi-^ sip Stf + ji-^, sm7tf + ^5-^r-gj sin 11^+ &c. 
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These fonnaliB maj however be deriyod at once from the eeii 
for by ample differentiation^ since 

TBf '^^^ 

K 

or, even moro simply, by multiplying the series for — by 2 sin t# 

and using the formula 

2 sin 20sin (4n + l)^-cos (4n- l)0-co6(4n + S) 0. 



20, 1885. 
Prof. FosTXB, Prksident, in thb Chaib. 

The following communications were made to the Society: — 

(1) NoU on the rotation of ik$ jpiaw of pclarisatUm of UgU 
by a moving medium^ By Pra. J. J. Thoicsok, ILA. 

In a paper in the Philosophical Magcuine for April 1880, 1 
considered, assuming the Electromagnetic Theory of I^tkt, mim 
of the effects produced by the motion of the medium which is the 
seat of the electrostatic action. The motion was then su|^ioeed 
to be translationaL In this note I shall consider the case when 
the motion of the medium is of the most general character which 
a rigid body can possess. 

The notation is as follows : 

fg,haxe the components of the electric displacements panllel 
to the axes of x, y, g respectively. 

a, b, c the components of magnetic induction. 

F, Gt H the components of the vector potentiaL 

P, Q, R the components of the electromotive force. 

o, 9, r the components of the velocity of the medium; if as we 
shall suppose the medium moves like a rigid body, we may look 
on the velocity as made up of a motion of translation wIkm 
cotnponents are u, v, ic; and a rotatory motion the componanla of 
whose angular velocity are si^, «»,, «»,, 

^ is the magnetic permeability and K the speciflc inductive 
capacity of the medium. 
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Then the eqoatioiis, which give p, q, r ia terms of u, v, w^ 
•i, «•„ », are 

p»tt+c»g<^-a»ay (1)* 

qmm, V-^^JB^W^Jg (2), 

r-»w + «^ — a»/D (8). 

The equations of the electromagnetic field are 

^-«i-^-'i-t w 

Q.ar-«y-3^-^ („). 

^-*i'-*-f-S (6). 

""Ty-di ^' 

j.dF dH .J.. 

-S-f <»). 

and if the only currents which exist in the medium are displace- 
ment currents, we have 

^4-%-t w, 

*'4-t-t <")■ 

. dh db da ,-o\ 

^^dr^-'dy •^^>' 

Since ^^^f' ^"Z^' *"i?*' 

we get if we differentiate (4) with respect to y, (5) with respect 
to M and subtract 

Similarly 

4*f<tt ^1 { d^ d^ d\,^ , ,dh nA.\ 
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differentiatiiig (18) with regard to y, (14) with regard 
subtracting we get, since 



4" 



rf^ c^ (Dl ^ 



or aa it is more convenient to write it 

with similar equations for g and h. 

We may easily prove that a, h, c satiBfy equations of an endlj 
dlartype. 

We shall apply these equations to a very sim^e case, let m 
suppose that the light is propa^ted^ alonff the axis of # and that 
the medium is rotatmg round this axis with an angular veloeity a. 

In this case/and g are functions of $ only so that our equatioai 
become, writing t^ for l/p^K, 



"^5? ^•de + rff- 



Sui 



ippose a arculariy poiarizea ray goes along tne axis oi i^ 
for which /» a sin (fit - U\ 

g^-^aoOB (n<- Ir). 

Substituting we get 

If the ray had been circularly polarized in the opposite sense m 
should have 

If s», be small compared with n, then in the first case 

rf..(i-i?). 

And if in the second l^ be written for { 

rf,-.(i+i5). 
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so that the ray polarized in the opposite senae to that of the 
rotation of the medium travek more slowly than the one polarized 
in the same sense. 

The ray for which the diaplacements are nearly parallel to a? is 
given by 

/« a sin (n< — Is) + asin (tU — /,*), 
or say /— 2a sin (n^ - h) 

jp B a cos (fi< — l^z) — a cos (n* — h), 

g^iaain M^ J 3 cos (nt - h) 

(I —ft 
■a 22 ^a i^ COS {n< — &) approximately 

« a . -* ^ sin (w^ — h) ; 

or the plane of polarization is twisted in the same direction as the 
rotation of the hody throueh an angle wjv per unit length. We 
may state this result ratner more neatly by saying ^t the 
rotation of the plane of polarization after the light has travelled 
any distance is equal to the angle turned throiigh by the me- 
dium in the time taken by light to traverse that distance. To 
twist the plane of polarization through a third of a minute after 
traversing 10 metres, the medium would have to make about 500 
revolutions per second. This seems just to bring it within the 
limit of experimental verification, as the light might be reflected 
backwards and forwards. We must however remember that o, is 
the angular velocity of the ether and not of the moving piece of 
glass or whatever we may use for the experiment. 

The amount of the rotation of the plane of polarization is 
independent of the wave-length, so that the theory in this fonn 
would not account for the magnetic rotation of the plane of 
polarization where the magnitude of the rotation varies invei*sely as 
the square of the wave-length. An application of this result seems 
worth noticing ; according to some theories there is a rotation of 
the ether around the lines of maguetic force, now this will produce 
a rotation of the plane of polarization whatever the medium may 
be. Now experiments with negative results have been made to 
detect the rotation of the plane of polarization in air and we may 
conclude tiiat if the rotation had been as much as 1' per 
metre it could not have escaped detection, so that even in very 
powerful magnetic fields the ether cannot be rotating more than 
15000 times per second. 

If we go to second powers of co/n we see that the velocity of 

VOL, V. PT. IV. 18 
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propagation is tf/(l — i^V^*)' ^ ^^^ ^^ ^ rotating medium tbere 
would be dispersion but the blue rays would move more slowlj 
than the red. 

(2) On the theory ofeome experimente ofFrohlich on Ae ponttw 
of vie plane ofpolariMotion of light diffracted at refUseion from 
a grating. By R. T. Qlazebrook, M.A., F.R.S. 

In Wiedemann's AnnaUn VoL L, Frohlich gives an aooount of 
some experiments on the polarization of light diffracted by re- 
flection from two glass gratings, one of which was ruled with lines 
at a distance of '0506 mm. apart, the other with lines at a distance 
of 00617 mm. 

The incident light was polarised in a plane at 46* to the plsne 
of diffraction and tne plane of polarization observed for a series of 
angles of diffraction and for angles of incidence of 85^ 55* and 2^. 

The position of the plane of polarization of the light reflected 
directly at angles varymg by 5* between 85* and 25* was sbo 
observed. 

It was found that for the diffracted light the direction of 
vibration depends on the angle of incidence, the angle of dif- 
fraction and the nature of the reflecting face, but is completely in- 
dependent of the distance between the lines of the grating and of 
the overli^pinff of spectra of different orders at the same point in 
the field of the observing telescope; while the position of ibe 
plane of polarization of the light regularly reflected agreed ttiAj 
with that given by Fresnel's theory, except near the polsrisiDg 
anele where Jamin's effect, which however in glass of refractive 
index about 1*5 is not vei^ marked, came in. 

The only other expenments which I know of on polaiimticm 
by diffiraction at reflexion are some alluded to in Pro£ Stokes' 

Saper in the Traneactume of the Camb. Phil. 8oo. Vol. IX. on the 
ynamical theory of diffraction, but not published on account of 
the difficulties arising from the overlapping of the images formed 
by light reflected from the second surface of the grating. These 
were avoided to some extent by Frohlich by using a wedge-shaped 
piece of glass for his grating. 

FrShlich states in his paper that his results confirm ihe suppo- 
sition that the direction of vibration is normal to tiie plane of 
polarization, but does not give any theory. 

This has been partly supplied bv R^thy (Wiedemann, VoL Ih 
On the potarisation of aiffractea light), who has shewn thst 
FrShlich s experiments may be representeid by the formula 

tan^*tan^^oos8-(-0ec^^sinfiootp^ (l)i 

^ and ^^ being the azimuths of the plnnes of polarization of the 
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di£Ermci6d and regularly reflected light measured from the plane of 
diflBractioD, B the angle between them^ and p^ a constant for any 
given angle of incidence. 

B^hy obtains t)us result by taking as the solution of the equa- 
tions of motioti in the medium due to the disturbance at one 
point of the grating, the values for the displacement of any point 
given by • 

ay da 

where 4> » — cos iv 

r 



{i-H' 



r beinff the distance between the two points in Question. Now 
this solution corresponds to the motion which woula ensue if each 
element of the grating, considered as a small s^ere, were made to 
twiat backwards and forwards in periodic time T about an axis, the 
axis of s, the same for all elements, and it is difficult to see how 
this motion could arise. 

B^ihy also considers another possible motion given by 

dzdx* dyds* daf d'jf* 

which would arise from the action of a periodic force acting paral- 
lel to the axis of » at each point of the gxating, but aocordinff to 
him this solution does not lead to the equations given above. It is 
difficalt to imagine how the state of things over the grating can be 
that required for the first solution, and in any case the effects pro- 
duced by a traih of waves passing over a given element of space 
differ from those produced by causing the particles of the element 
to perform small vibrations under uie action of aperiodic force. 
In the second case the motion is symmetrical round the direction 
of motion of the particles, in the first case it is not The two are 
dealt with in FroL Stokes' paper on diffraction, sections 81 and 27. 

My object in the present paper is to show how the formula 
(1) employed by lUthy may be deduced on a certain simple as- 
sumption from Prof. Stokes' results. 

The assumption is that each particle of the bounding surface is 
performing small oscillations parallel to some fixed direction de- 
pending on the polarization of the incident light and the angle of 
mcidence. 

Consider any point on the bounding sur&ce and let a line 
drawn through thu point parallel to the direction of vibration meet 
a unit sphere in Z(Fig. 1). Let a ray regularly reflected from 
meet the sphere in jR^ and a diffracted ray in & Then according 
to Prof. Stokes the directions of vibration in the rays Ji^ JZ, so m 

18—2 
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as they depend on the motion at 0, lie in the planes OZR^ OZR 
and are perpendicular to OR^ and OR respectiyelj. 




Join ZR^^ ZR by great circles and take Qfi^, QR each equal 
\jo\ir, the directions of vibration meet the sphere in Q^ and Q. 

Let R.Ph^ the poles of the great ciides Qfi^t QR respec- 
tively. Then QP^ Q^P^ meeting in B suppose, are the traces of 
the wave fronts, and PBP^^h, the ande of diffiuction. Also B is 
the pole of the plane of diffraction HR^, and on Fresnel's hypo- 
thesis the azimuths of the planes of polarization of the two vrmTes 
are BQ^ and BQ respectively, while on the .other hypothesaa the 
azimuths are BP^ and BP. Now let ZR^»p^ so that p^ is the 
angle between the direction of motion over the surface and the 
direction of the ray directly reflected. Then 

ZQ,^p.^ 90^ ^ZP.Q., 

and since Z is the pole of PP^, ZP^P^ 90** and PP.Q. - p.. 

Hence the triangle PBP^ gives 

sin BP. cot BP = sin PBP. cot PP.B + cos PBP. cos BP^. 

Or on Fresnel's hypothesis 

tan ^ « cos S tan ^^4- sin S sec ^^ cot p.. 

While if we take the other hypothesis we have to put s- — ^ and 

^^4>9 for and 0« and get 

cot ^ »> cos S cot 0^ + sin S cosec ^^ cot p^. 

If we are considering difiraction by transmission, the incidence 
being direct, this gives Prof. Stokes' well-known law, for then, 
taking as the ray corresponding to p., ^., the ray transmitted 
directly, it is clear that the disturbance over the difiractiDg sur- 
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of same experimenti of Frohlich. 
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&oe will be in that surfEu^e sinoe the incident vibrations are 
parallel to the surfiAce, and thus Pp b 90. 

B^thj has made his comparison with Frohlich's experiments 
by patting the equation into the form 

tan ^ H a cos S + 6 sin S » c sin (S + c), 

and then calculating c and « by the method of least squares. In 
each series there are some sixteen or eighteen observations which 
are sufiScient for comparison with a formula containing two arbi- 
trary constants. 

For the angles of incidence 25"* and 85"* the same values of c 
and e were obtained from the two gratings, for the an^le 55"* the 
values for the two were slightly different^ but 65^ is near the 
polarizing angle for the glass used and the effects of elliptic polari- 
sation observed by Jamin, Quincke and others come in. 

From B^th v's values of c and e I have calculated the values of 
p^ and ^^, the latter of which was independently observed for the 
different cases by Frohlich. 



An^ of ineidaiM.. 


H 




obitifsd. 


Broftd 
Orating' 


[25 
56° 
,85° 


110° 68' 
50° 48' 

58° 7' 


- 3r 34' 

2° 14' 

39* 8' 


-sr 1' 
r52' 

39° 82* 


Narrow 
Orating ' 


[25° 
56° 

85° 


110° 68' 
52° 28' 

58° 7' 


- 37° 34' 

- 2° 8' 
39° 8' 


- 37<» 18' 

- 0°5«* 
39° 37' 



Thus the values of S^ calculated on the assumption that Froh- 
lich's experiments can m represented by the equation (1) and 
determined directly from experiment do not differ veiy greatly, 
and the differences throughout R^thy's Tables are quantities of 
the same order as those shewn above. 

This close agreement would seem to indicate that we may 
treat iJie motion of the ether particles on the interface, to the 
degree of accuracy required for these experiments, as rectilinear, 
while the results, as lUthy has shewn, are decisively against the 
hypothesis that the vibrations lie in the plane of polarization. 

The calculated values of 0^ given above are also given by 
R^thy in the course of his tables. 
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May 11, 1885. 
Prof. Foster, Pbesideutt, in the Cha3. 

The following coinmuDicatioDs were made to the Society: — 

(I) On the formation of lactic acid^ creatine and urea in 
mu»ctdar tisstte. By Prof. Latham, M.D. 

The variety of lactic acid which is obtained by the disintegra- 
tion of albuminous compounds and is formed daring the contraction 
or tetanus of muscular fibres, and hence called sarco-lactic add, 
though agreeing, in some respects with fermentation or ethidene 
lactic acid, differs from it in being optically active, turning the 
plane of polarization to the left, whereas the other is optically 
inactive. The difference too between their calcium and zinc salts 
is very marked. In rheumatic fever, again, it is formed in huge 
quantities in the system, and differing as above stated, from fSsr- 
mentation lactic acid, the inference is obvious that it cannot be 
directly formed from the glyco^n in the tissues, or from sacdiarine 
or starchy matters introduced into the digestive tract. In £sct, in 
the disorder referred to, one of the most important aids in cutting 
short the malady, and putting a stop to the excessive formation S 
lactic acid, is to place tne patient entirely on a diet of fiurinaceoiis 
food aud milk. 

Where then does it come from ? The <]^uestion possesses mudi 
more than a physiological interest, for if rightly answered a con- 
siderable insight will be gained into the pathology of the diaoider 
to which I have referred. 

Sarco-lactic acid may be regarded as a mixture of two kinds of 
lactic add* the more abundant being paralactic acid or etinr 

dene lactic acid CH, . CH jprwrkTrt the other ethene lactic add 

fOH 
CH, . CH, InoOH ' ^^^ t^eee two acids may be obtained, 

(i) by oxidising ethylic alcohol, treating the aldehyde ao ob- 
tained with hydrocyanic acid to form a cyanhydrini and acting 
upon this with adds or alkalis — 

0;a,.HO + = CH,.CHO + H,0 
ethyl alcohol aldehyde 

ch,.cho+onh-ch,.oh{2J 

aldehyde eyaahydrin 

CH..0Hp + aH,O-NH.+0H..CH{^H^ 

ethidene laotie add 

* Watts, DietUmary of Chemi$trjf, Yol. ym. p. 1180. 
t Fownai, Mamtal of ChemUtry, 1877, p. 625. 
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(ii) By converting ethene alcohol or glycol into a cyanhydrin 
and boiling with acids or alkalis — 

CH OH 

I •■ +Ha=H.O+CH.(S, • 
CH,.OH '*^ 

glycol chlorhydrin 

CH. {^°« • ^^ + KCN = Ka + OH, (^'^^ 

^anhydrin 

ethene lactic acid 

In a paper printed in the Catnbridae Philosopkioal Proceedings^ 
in 1882, t endeavoured to show that alDumen might be regarded as 
a compound of cyanhydrins or cyan-alcohols, bodies having the 

composition generally of B..,CH jp^ ; and I showed how by com- 
bining these cyan-alcohols together in certain proportions a com- 
pound might be obtained haying very nearly the same composition 
as that given by Schiitzenbeiger for albumen. The combination of 

fOH 
molecules of the form B...CH jp^ which I suggested gave with 

HjjtO, the compound 

M^KP.HS),(<*P.Hi)W™)*^ 



O.H,Jt,0.8 



three molecules of this undergoing condensation giving as ihe com- 
position of albumen 

albumen 

which differs from ScbUtsenbeiger's formula, C^H^N^O,^S,f , only 
in the small amounts of hydrogen and nitrogen. 

Now I did not suggest tlmt this was anythin|f more than an 
approximation to the constitution of albumen, m fact I would 
modify it materially now, as I shall show directly ; but the more 
the subject is considered the more evident does it become that the 
fondamental point with which I started (viz. that the cyan-alcohols 
are the bodies from which this complex molecule is built up)— is 
the key, not only to the constitution of that body but to the 
changes which it undergoes both in the system and siter death. 



* Fownai, MwkiulI of Chemi$tni, 1S77, p. 819. 

I, p. 884. 



t Annalet de CMmiV, 1879> p. 
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The chief objectioD to the formula which I have sugsested lor 
albumen la '* that it consiata of a large number of in^ecules in 
molecular as diatingubhed from atomic combination ; and on the 
whole, organic molecules seem to have extremely little tendenej 
to enter into this kind of combination/' This objection is filial to 
my formula, but stimulated by the kind expressions of the wiitsrcf 
this criticism I did not relinquish the subject, and I hope to ihow 
now that a further step has been gained towards the acdution of 
the problem. 

When ^roteid substances are decomposed or when they an 

introduced into the alimentary canal and digested, certain amkk>- 

fNH 
acids, or glycines, such as glyoodne CH, inrk/^rr » l^^uine 

^•°«* {cSh' *y'^'^® ^^^ {cA(NH^COOH ^' ^^ 
daced, these substances are absorbed into the system uid therebf 
the waste of the tissues is repaired. Now these ^ydnes aie ctpaUe 
of uniting with each other (Hofmeister) and it is probaUe thii 
their molecular weights are at least double as great as their 
formulsd would indicate*. They may be represented by the 
formula 

C,H„.NH,.O.CX) 
CO.O — NH,.O.H^ 

To obtain these substances from albuminous tissues the time 
must be hydrated, i.e. a certain amount of H.0 must enter into 
chemical combination with the tissue. On tne other band, we 
know that fflyco^en in the liyer is obtained by the dehydration of 
glucose in uie alimentary canal, and the question therefore sujpsesti 
itself; — what compound would result from the dehydration oftiieee 
other bodies with which we are now concerned, the glycines f From 
two molecules of glycocine dehydrated we should have 



fNH, _ (NH, 

dycocine (OO . NH - OH, - CXX)H 



20H^ 

glycocine 






CH 

'jOO.NH +H.0 

CH.: 

COOH 



* Miller's CAemMry, 1880, Part ni. p. 866. 
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Similarly 



»°"-Ch 



gljoocme 



OH, I 
OH. I 



fNH. 



OH. 



Similarly 






00. NH 
CO.NH 
OOOH 



+ 2H,0 






0.H, 



>0ONH 
.CO.NH 
(oOOH 

I 



+ 2H,0 



leuoixie 



CO.NH 
:C0 . NH 



+ 2H,0 



COOH 



and in the aame way these oompound molecules may be oomiected 

toffether by combining Hie COOH in one with the NH, in the 

other, with elimination of H^O. 

If these are the changes which take place on the dehydration 

of these bodies in their progress to the formation of albumen, a 

▼eiy interesting point attracts attention, viz. that the guantiya- 

lence of the atoms in the above molecules of CO . NH is not 

satisfied ^C^O *^V --K, there is a break between the oxygen 

and nitrogen ; there must therefore be an interchange of atoms 

and the molecule becomes^ C»N — O — H or CN . OH. Such a 

change coincides with the view expressed by PflUger* that ammo- 

(NH 
nium eyanate CNO . NH^ is a type of living, and urea CO j^^Tj' 

of dead nitrogen, and the conversion of the former into the latter is 
an image of the essential change which takes place when a proteid 
dies. 

By dehydration of the glycines then we should have generally : 

O.H..J 
/NH, SON . OH 

30.H.^ =0.H^ +2H.0 



loOOH 



C.H..< 



iCN.OH 



OOOH 

* AiohiT, Bd. X. B. 387. 
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6CH. 



NH 
COOH 



MNH. 
"HI u 



.H^j 



CN • OH 
COOH 



writiDff it 80 for shortness, the number in the bracket indicadog 

fOH 

the number of molecules of C^H^ jp^ ; and in this way we arrive 

at an atomic combination of the cyanhydrins or cyan-aloohob 

united to a cyanamide C.H^ JCN "^^ ^^ ^^ ^»^ inoOH* 

If now we dehydrate six molecules of glycocine and three of 
each of the other glycines in the series up to leucine and attach 
them to a benzene Dudeus, we shall I think have a compound the 
constitution of which will give us some insight into uiat of al- 
bumen. 

fOH 
Tyrosine C.H, |^ ^ ^^^^ ^^^^ or paraH>xyphenyl.aniido 

propionic acid, which is obtained from proteid substances, may be 
thus represented 

HO 



A 



H|- 




C-Hy 



H.-C 




C-H^ 



The C^ loooH ^^8 derived according' to my riew from 

C,H, |q5" that is from C,H^ j^J. This indicates the point of 

attachment to the benzene nucleus of the CJS^ Mriee. If then 

we replace EL by the CH, series, H^ by the CM^ and C^H, 8eiies» 

and Hv by the C.H,. series, we have Hi left to oe replaced by some 

(NH. 
sulphur compound and the composition of Taurine C,H^ IsoH 
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•oggeeU SO,a The compouad would tben U (OH being re- 
H 



80^-0 



c 


-OH )"=■ 




OH ™™ 




0.H,. <^0H 




ONOH 




NH, 


- C.H, 




^ • ' 


CNOH 


(2)0.H. 




CN"OH 


(S)OA 


CNOH 


0,H, 




OH 


OOOH 



*H| LCJI.I 

(4) 0B.{ 0^,1 

SoiroH loHOH 

"JJ.! O.H.I 

^OOOH lOOOH 

or if we combine the series together, the molecule COOH in the 
one combining with the NH, of the other with elimiiuttion of 
H,0, the compound may be represented by the formula: 



80^. 




NH, 

ONOB 
ONOH 
ONOH 
ONOH 
ONOH 
ONOH 
ONOH 
ONOH 
ONOH 
OOOH 



the molecules Gfi^ 
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the numbers in the brackets representing the number of times 
that cyanhydrin is repeated in that group, and the oomporition of 
the compound would be C^M^^^jy 8 ; which is almost identicsl 
with the formula given by Lieberkiinn viz. C„BLJ(^^0^ 

I offer this then as showing how by combimng the cjwd- 
alcohols with a benzene nucleus a body naving the same oampo- 
sition as albumen may be built up: — not as asserting that it is tlie 
actual composition, though strongly impressed that this is the 
case. For by simply dehydrating six molecules each of glyooctne, 
alanine and leucine and combining them in a similar fiishion with 
a benzene nucleus, we should amye at a formula fi^H^N^O R; 
but as I shall show presently there are reasi^ for belieying xEtA 

^^ C^H, jp,|^ are constituents of albumeD, 

Haying arrived at the institution of albuminous tnatter, we 
are now prepared to consider the changes which result from its 
disintegxation* 

From the yarious cyan-alcohols when treated with acids or 
alkalis the various acids of the lactic series can be obtained 

lactic, Sxybutyric Sec are ezami>les. 

The yarious glycines or amido-acids can also be obtained from 
them by tlie followiug methods. By digesting the cyan-aloohob 
with ammonitk the cyanamides are obtained* 

* Beriehu der dewUcK chem, GetelL xxr. s. 1966. *' The unido amds of fkk 
UMiy Mriet an aasily obtained by the familier reeotioiu whioh ttke plans oS 
traetiiig aldehyde ammonia ivith hydroefalorio and hydrooyanie aeida, and iHikh 

led Btiecher to the disooTery of alanine The raaotione indioated by 

take plaoe onqqeattonably aeooiding to the f oUo^kriiig general fonnnUi : 



B...gJh +HON-B...CJH +H/>, 
lOH ION 

and fi...0|H +3E|0+HGl«B...Gfi(NH^...O00fi+^«MOL 

The ^ttestion arises, whether the eyanamide 



b...cJh 

ICN 



I 



ooold not be obtained more readily from the ^yanhydxidei of the aldehydee 

(CN 
B...C-^H 
(OH 



OH 
Fint the molecule CH. -i p/%/\TT ^o^^d he detached and when 
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which acted upon hy acids or alkalis produce the glycines or 
amido-acidsy glycocine, alanine, leucine, &c 

C.=- {^' * 2«.0 = O.H^ {^^ + NH, 

If now muscular tissue is such a compound as I have suggested, 
the molecules being held together hy some force, vital or other- 
wise, it is not difficult to imagine that in the normal disinte- 
gration of the tissue some such changes as the following may take 
place. 

CH,| 

oxidised would be converted mto methyl-aldehyde, CO, and water, 

CH,{^Jj^ + 0«H.CHO + CO, + H,0 
glyoollic aoid methyl aldehyde 

the aldehyde being then either combined with a fresh molecule of 
HON to form a cyan-alcohol, or farther oxidised into CO, and 
H,0. We should then have attached to the benzene nucleus 
a compound of cyan-alcohols by the hydration or decomposition 
of one molecule of which we should have the corresponding acid 
formed and ammonia liberated ; the nascent ammonia may how- 
ever com^ne to form a cyanamide with the next molecule in the 
chain, which hydrated would form the amido-acid, ammonia being 
a^in liberated and forming a cyanamide with the next molecule 
higher up; and so on all through the different series. The changes 
then may be thus represented 

.OH ,0H 

Cfi^ \ C,H^ \ 

JCN.OH ' MCN.OH frkv 

^•1 ^°. +0^t{coOH 

}CN.0H + H.0- MCN.NH. i^^n-L K" 
CH I OH I glyooUic acid. 

'JCN.OH 'W 

0H.{ 

liy diessliiig thsm irtfli smniools, ezpeetiag ths oltiinsts Qhsngs lo be as foUowt : 



(CN rcN 

B...Cm +NH,bB...G{H +H.0 
lOH INH, 



TIm trafli of thill sapponition has been oonflnned by experiment.**— A^/cAf/, zm. 
11.889. 
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Three different conditions now present themselTes; (i) th« 
molecule CH, -ipi^ may become detached, or (ii) the m<decal« 

^ rOH 

chJ 

CN . NI^ or (iii) the Uiger molecule /CN . NH, may be 

CJH,] 
ICN 
separated from the chain. Let us consider the results in c— m (i) 
and (ii) taking the consideration of (iii) further on. In cstae (i) 
we should have by hydration 



,0H .OH 

VON. OH JCN. 

CH. 



OH J 



NH, 
+ H.O = CH ■ 



ON . NH, 



^CN *^^{co<5h 

and so on, the remaining two molecules by hydration being con- 
verted into CH, |(jQQH glycodne, C^H;, Jq^oh ■^**"'*^ •*»d 

NH,, which last passes on to form another cyanamide in the 
chain. 

If on the other hand the molecule CN . NH, is detached we 
have 



,0H ,0H 

JCN. OH kJN.OH 

.{ - CH. 

[CN.NH, j +CN.NH, 



OH 



C3H,.CH,(25or 



and there is formed the next cyan-alcohol in the series 

and cyanamide; the latter with water fomung urea* 

CN.NH, + H,0-C0{JJ" 

urea. 

* Fowbm' ChimlBtrp, p. 400. 
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In this way we pass from the lower cvan-aloohols to the higher 
with the formation of urea, the two molecules of CH, combining 
to form C,H^. Similarly 

I OH 
C,H, ,0H 

CN.NH,-C.H„ CHJ +CN.NH, 

chJ Ick 

I OH 

anJ +CN.NH, 
ICN 

and (OH 

C.hJ (OH 

(CN.NH,=aHJ +CN.NH, 

(ON 

Here we have not only an explanation of the formation of urea in 
the tissues but the reason why the amido-bodies obtained from 
the tissues possess different properties firom those made in the 
laboratory. It may easily be shown that the above cyan-alcohol 

iOH 
^^ , firom which leucine may be prepared, will contain 
^ (OH 

six different forms of C^H,^ jp_ . 

Going back now ; if urea and the next higher cyan-alcohol in 
the series are formed, this latter by hydration may be converted 
into the corresponding add and ammonia 

(OH /OH 

(ON (COOH 

Lactic acid 

which last affain passes on to fortn a cyanamide with another 
molecule in the chain. 

We may conceive that under the control of nervous force, 
varyin|f in intensity, these changes may take place and that 
fflyoocme, alanine, amido-butyric and amido-valeric acids and 
leucine result, bodies which we know can be obtained fix>m mus- 
cular tissue. Further, that the cjran-alcohols of one series may 
be as I have shown transformed itito those of a higher series, 
and that that particular cyan-alcohol may be converted into the 
corresponding add; lactic acid, tot example, being formed from 

fOH 
glyoodne by its dehydration and oouversion into CH, j^j^ » and 

(OH 
mbsequent hydration and condensation into urea and C,H^ ]p^ 
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II 



B V oxidation, lactic acid and the others belonging to the^ 
may be converted into the corresponding aldehyde^ carbonic acid 
and water. 

rOH 

+ 0-CH..CHO-hCO, + H,0 
OOOH 
lactic acid aldehyde 

or generally 

I OH 

+ 0-0..,IL,.,,OHO + CO, + H,0 
COOH 
acid aldehyde 

The aldehyde may then be further oxidised in the system into 
carbonic add and water 

0..jH^,., . CHO + 0^ « nCO, -i- nH,0, 

or combining with newly formed HON may produce a freah ejran- 
alcohol and so again take its place in the tissue. 

Or the aldehyde from lactic acid may combine with the 80,H 

roH 

disengaged from the benzene nucleus forming C,H^ lan H ^'^ 

rOH ' 

combining with ammonia produces C,H^ Iqonit ' ^^^ ^^ ^ 

the laboratory may be transformed into Taurine C^^ 1 qo TT * ^ 

comparison of the graphic formula of Tyrosine with that of 
ulbumen already giyen soows how this body is derived. 

Suppose now the bond connecting the bensene nucleus was 

broken at the point connecting it with the cyan-alcohol C,H^ ]p^ 

and separated from the CH, series; the latter would then undogo 

the changes already described, whereas the former would be con* 

verted into lactic acid and ammonia, the latter combining with 

fOH 
the next molecule of C,H^ j^^ to form a cyanamide. In this 

way lactic add would be formed at two di£ferent points, and bei^g 
derived from ethene and ethidene cyanhydrins would ^k wsosb the 
characters of saroo-lactic add. 

Let us go back and consider case (iii) where the molecttle 
(OH 
CH, 

rCN . NH, is detached from the chain; if after its sepaiation 



CH,( 

ICN 
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t: 



<NH 
we Bhoald 

have 

fOH 
OH. /'NH CH.-OH 

,CN.NH.»C« + J 

CH,. \NH OH-ON 

ICN 

" ^^'*'{nh.oh,-ch,-cn.oh 

Bat M I have ^viooaly pointed out CN . OH repreaents living, 
CO . NH dead nitrogen; tne formula therefore hecomes 



- NH 



■ 



jNH- 00 

In.ch.-c] 



CH, 
The ordinaiy fiMmola for creatinine*. 

The change is perhaps more intelligible if we oonrider the 
fonnstion of creatine. If before the separation of the molecule 
ON . NH, we hydrate the compound, we have 



OH, 
CH, 



rOH 



JN.NH, + H,0 



ON 



OH. 
CH. 



NH, 
ON.NH 



COOH 

CH,-NH, 

H,-COOH 

<HN CH,-NH, 
HN CH.- 



.OK.HH..|__ 



COOH 



/NH. 
NH-C< 

\ NH . CH, - CH, - COOH 

/NH, 
NH-C< 

\ N . CH, - CH, - COOH 



* FomM, p. 814. 
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The ordinary formula for creatine — and aooording to this we ongfat 
to obtain creatine artificially firom ethene alanine. 



I have thus endeavoured to show that albumen is a compound 
of cyan-alcohols united to a benzene nucleus, these being derived, 
as I have pointed out in my previous paper, firom the various 
aldehydes, glycols and ketones; that lactic acid is obtained in 

two ways, either from C,H^ ] ^^ , or firom changes and condensation 

(OH 

in CH, -Ip^ , from which latter creatine and creatinine are also 

derived ; and that urea may be obtained firom one series of cyan- 
alcohols with the production of a cyan-alcohol higher in the seriesL 

There are still one or two other points that I do not wish 
to leave unnoticed. According to Tieman, the cyanamides 

R Cv H are very unstable bodies and with the elimination of 

\CN 
NH, yery easily condense into Imido-nitriles*. 

R-CH-CJN 

2 {R - CH (NH^. . .CN} = \ NH + NH, 

R-CH-CN 

R-CH-C!N 

and \nH + {R - CSH (NH^ - CN} 

R-OH-ON 

R-CH-ON.R 



[,+ V- 



NH.+ >N-OH 

\0N 
R-OH-CN 

If then the force holding the cyan-aloohols oompodog liviiw 
proteid together were suddenly withdrawn, changes would qoiekly 
take plaoe in these unstable bodies; there wouloM the fonnation 
of some acid and the different cvanamides, whidi latter would 
underao the condensation above described. Does this not offer 
some clue to the phenomena of rigor mortis and ^e ooasulation of 
the blood ? 

* BtHehU, UT. 1. IMS. 
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Again, bj oombining two molecules of CH, ]p«^* we should 

lave by Tieman's formula 

OH,-CN 
2CH.^J'->NH +NH. 

CH,-CN 
irhich wheu hydiated with weak adds would give 

CA(^^){coOH 

i body having the same composition as aspartic acid, but diEfering 
in that it is an imido instead of an amido l)ody. Similarly 

C,H,-CN 
CH-ff^OAlgJ-^^NH +NH. 

CH,-ON 

irhich hydrated would give Cfl^ (^H) ]pq(-vtt ^ ^^7 having the 

lame composition as glutamic add, di£Perinff only in structure. 
But by strong HCl and high temperature these 'imido-nitriles' 
seem always to give aldehyde, HCN and an amido add. It is not 
improbable therefore that under certain conditions we may have 

2CH. {^« converted into CH, . CH (NH.) j^^ 

aspartic acid 

and CH.{^ + Ca{^' oonyerted into C^. (NH.){^? 

glutamic add. 

Lastly, a few words as to the formation of glucose. In plants 
CO, entennff by the leaves combines with H.0 sent up from the 
roots, and from these starch is said to be formed, a volume of 
oxygen equal to that of the CO, absorbed being exhaled by the 
plant. 

MM. Loew and Bokom^, and Pringsheim have shown that 
there is a substance in living plasma which has the property of 
reducing silver salts and for this reason is regarded as an aldehyde. 
The aldehyde resulting from the combination in the plant of CO, 
and H,0. Frinffsheim gives the following as the reaction; the 
volume of CO, absorbed and of O given out, being the same ; 

00, + H,0-H . CHO + 0, 

methyl 
aldehyde 

19—2 
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By oondenaation of the aldehyde gluooie is formed 

aldehyde gluooie 
which by dehydimlion is converted into staich 

fluooie staroh 

fOH 
In muscular tissue now, by hydxatton of CH^ i^^ we torn 

glycollic add, which when oxidised in the tissue is conTerted into 
methyl aldehyde, and this by oondensation produces glaodae» which 
by dehydration gives rise to glycogen ; 

methene glyooUio aoid 

cyan-alodhol 

QQQg + 0-H.OHO + 00, + H,0 

glyodlio add methyl 

aldehyde 

6H.0HO-0JS,A 
aldahyde gluoose 

•nd OA,0.-CA.O. + H,0 

glucose glycogen. 

From what I have said as to the formation of urea in muscukr 
tissue it is easy to underetand why, when leudne or glyooeine are 
introduced into the alimentary canal, a proportionate quantity of 
urea appears in the urine*. Taking glycocme for example, two 
molecules in passing from the alimenta^ canal to the hrer are 
.dehydrated 

This now is attached to the last molecule in the albuminooi 

fOH 
chain which is undergoing change CH, i^^^ and we have 



CH,{ 



NH, 



tON.OH 
CH.I 



CXX)H 
* VotUt't FkntMon, 4th id., p. 489. 
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The ON . NH, is now libented to tana urea and we have 



W. 



dML 

OH 



CH.CH. 

>0N. 






OH 
OOH 



fOH 
rwnaining, the CH, InooTT ^^^^ converted into glyoollic acid, 

fOH 
and the CH,. CH, <^^ being either converted into lactic acid, 

and undergoing the other ohangea previoualv referred to, or being 
combined with NH, to form a cyanamide and then an amido body. 

The application of the theorv I have here advanced to the 
pathology of diabetes, of gout ana of rheumatism is, I think, very 
evident But this, and the conditions which lead to the defective 
metabolism associated with these disorders, will form the subjects 
of discourse in another place next month. 



POSTSCRIPT. 

The question may reasonably be asked; — ^What becomes of the 
j^ucose in the system, if lactic acid is not formed from it ? The 
most natural answer seems to be, — that one change at least is 
into alcohol and carbonic acid — 



CJE,,0. » 200, + 2€ H, . HO 
fliaoose aloohoL 



Startling as this view at first sight appears, the following points 
levertheless indicate that such a change is possible. 

in the tissues alcohol may be converted into aldehyde 
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and this oombiDiDg with^ HON would form ethidene eytajbjdtm^ a 
constitoent, as I lu^ve tried to show, of albomen 

0^ . HO + O - CH, . CHO + H,0 

aloobol aldehyde 

ch,.cho+hcn=ch,.ch|^ 

aldehyde ethidene ejanh jdrin 

this may then be decomposed into lactic add or ondetgo the other 
changes in tlie tissnes wnioh I have refened to. 

Bat there is a further purpose it may senre. On lookin|; at 
the formula I have given for albumen, we see that there is still 
another way in which the molecules can separate in this unstable 
compound ;-^the molecules of CNOH may become detached, and, 
by the combination of the C^H^ portion, a mnhydrin higher in 
the series will be formed. Now when CNOH is passed into 
alcohol the following changes take place 

CNOH+c;a,.Ho-cx){J^ 

eyanio acid alcohol urethane 

urethane or ethylic carbamate is formed, and this combined with 
NH, will give urea*. 



r- . - <^ 



CJO^ +NH,-00-{ +CAHO 

uieUiane urea alcohol. 



Bat aQOther sabatanoe is also formed— fJlojAiaiiie ether 

C30 



NH, 



2CN0H+CAH0- *ira 

00. 

lOCA 
allophanic ether. 

Tbis by alkalis may be transformed into a salt of the base and 
aloohoL 



CO 
OOJ 



NH, 

CO 



NH, 



NH +NaHO-C,H,.HO+ JNH 

•oda aloidiol CO. 

OC,H, (ONa. 

allophaoie mdinin 

ether aUophanate 

* FowBM, Orgmie CktmUtry, 1877, p. MO. 
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which 18 readily deoomposed by weak adds into carbonic add and 
urea* 

(NH, 
NH +H,0-Na,C0, + C0,+ 2C0^ 

(NH. 
ONa 

If the allophanic ether however were combined with glycocine 
we shoald have 

(NH, rNH. 

COi (NH. CO^ 

NH +CH,4 =CA.HO+ JNH 

CO. (COOH C03 

loc^H, Inh-ch,-cooh 

and this compound united with urea may, as I have elaewhere 
Bhewnf , form ammonium urate and water. 

(NH. 

(NH. 
NH +COJ =C.N^O,H,.NH, + 2H.O 

(NH. ammonium urate. 
INH - CH. - COOH urea 

From what I have stated it is easy to see how alcohol may act 
as a food, and that after its administration the amount of CO, or 
of urea eliminated from the system may not exceed the normal 
quantity ; if anything this theory would show that the CO. should 
be lessened. It is not more difficult to conceive, d priori^ that 
glucose should in the system be transformed into carbonic acid 
and alcohol, than that it should be converted into lactic acid ; both 
changes are simply the result, out of the body, of di£Perent forms of 
so-called fermentation. 

A second question may be asked. Whence is the HCN derived, 
that is to form the cyan-alcohols entering into the composition of 
albumen ? 

It is 6x>m the oxidation of the amido-bodies. 

By oxidising glycocine for instance, we get{ 

CH.i ' +0. = HCN + CO. + 2H.O 
(COOH 



CO 
COJ 



Leucine gives § 

(NH. 

COOH 



C.H.,j^ + O...C.H,CN + 00.+ 2H.O 



* WatU' ma, tf Ckm., Yol. I. p. 1S8. 

f Ok tA< TvmMvh 0/ Vrie Aeid in Attinuth, 1884. 

t WstU' Diet., VoL n. p. goe. I tb. Vol. m. p^ S8i. 
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By oxidising asparagin, we get* 

(CONH, 
CA(NH^^ +0,-HCN + CH0,.NH, + 2C0, + H,O 

(COOH 
aspaigin ammonium 

formate. 

Taking this view then of the conatitation of albumeD, the 
following may be given as a summa^ of the nutritive changeSb 

The amido-acids glycocine, leucine, Sec in passing from the 
alimentary canal to the liver are dehydrated, forming a series of 
cyanhydnns or cyan-alcohols grouped around a boizene nudeosi, 
and then pass into the circulation. In the circulatioii there is 
constant cnange going on, and the cyan^aloohols hydrated 
converted into the glycines or amido-acids, which as they 
into the tissues are again transformed into the <7an-aloohol8 and 
there partly hydrated and then oxidised sive rise to the Tarious 
effete products which are eliminated from tne system chiefly in the 
form of carbonic acid and urea 

(2) On ffi$ molecular theory of viecoua soUdi. By Rev. C. 
Tbotter, M.A. 

The following paper is an attempt to give somewhat sneater 
definiteness to our ideas of what may be ceiled the moleciilar 
architecture of a viscous body. 

I assume with most modem physicists that the struetuie of 
all bodies is molecular, i.e. that all bodies are built up' of sepenfte 
molecules, such molecules being either systems of vortex rings or 
groups of atoms of some other kind. 

It is supposed that these molecules are in a state of conatani 
motion, the mean velocity being dependent upon the temperatuie, 
and that the state of things may vary pretty continuoiuly from 
the ultra-saseous condition of Crookes, in which the mean free 
paths of the molecules are not only large compa^ with the 
dimensions of the molecules but may extend to a oonsideimble 
number of millimetres, to the solid condition in which the mole- 
cules are not only always subject to the influence of neighboariog 
molecules but oscillate about positions of equilibrium. 

We are in entire ignorance of the nature of the actions be- 
tween the molecules of a solid. The fact that a solid may be 
converted into a liquid with a very slight change of volume, or 
even, as in the case of ice, with a diminution of volume, proves 
that the distinction between a liquid and a solid cannot oepend 
solely upon the mean distance of the molecules. The jModnction 

* Fownei, OrganU Chemittrg^ p. 417. 
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or the diBappearanoe of heat which aooompanieil a change of state 
would seem to indicate that the distinctioii does not depend 
•dely on the mean velocity. The phenomena of diflfusion shew 
that in a liquid which, apart from molecular motions, is at rest 
the molecules pass, though very slowly, from one part of the mass 
to anolJier. In the case of a solid there is no evidence of what, 
when we compare its duration with the time taken by the mole- 
cale of a gas to describe its mean firee path, we may call' the 
Beeolar motion of the molecules; we assume that they oscillate 
about positions of equilibrium, but of the forces which bind them 
together we know nothing. 

The question then arises, what are the relations to one another 
of the molecules of a viscous body ? 

We may say generally that the viscous condition is one of 
transition between the liquid and solid states. A substance is 
lensibly viscous only through a certain ranffe of temperature; if 
it is sufficiently cooled it becomes sensibly solid, if it is sufficiently 
heated it becomes a more or less limpid liquid. The range of 
tempoature through which a bodv is sensibly viscous may be 
considerable, as in the case of pitch or shellac, or it may be very 
small, as seems to be the case with ice. 

If we consider a portion of a viscous solid, however small, 
which is nevertheless large enough to be jMuctically examined, 
it appears to be homogeneous ; it does not follow however that 
if we were able to mag^y it sufficiently to come within a ** mea- 
sureable distance " of being able to see the individual molecules 
it would still appear to be sensibly homogeneoua If it be allow- 
able to apply tne term '' element" to a small parallelepiped whose 
dimensions are large compared with the dimensions of molecules 
bat small compared with ordinary magnitudes, and which may 
contain (say) a few hundreds or thousands of molecules, we may 
say that it is quite conceivable that contiguous *' elements " may 
be very different in their molecular architecture. 

The hy^thesis which I wish to suggest is that there is really 
such a distmction between different small portions of a viscous 
solid, and that we may describe the whole as consisting of a 
comparatively solid framework the interstices of which are filled 
by a more or less liquid mass. We may illustrate this conception 
by a sponse with its cavities filled with liquid, or better oy a 
mass of gelatine which has imbibed water and passed into the 
ordinary condition of a jelly; the essential difference being that 
in these cases the solid framework and the liquid coatents are of 
different chemical composition while in the supposed case of the 
I viscous mass the '^ solid " and " liquid " parts consist of the same 
I substance in different states of affgr^fation. 

Of course any such picture of the molecular architecture of a 
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i_«» 



vigoous solid must be, so to speak, more or less ** diagiaminatic 
In the present state of our ignorance as to the nature of the 
action between the molecules of a solid it would appear to be 
premature either to affirm or to deny that there is a distinct line 
of demarcation between what I have called the ''solid" and what 
I have called the " liquid " parts of the mass. It might be moie 
accurate to speak of the "more solid" and ''less soM'' portiras; 
all that is involved in my supposition is that while some "elements" 
of the mass are in a state of aggregation which is essentially that 
of a solid others are in a state which more nearly resembles that 
of a liquid, and that we may pass from one extreme condition to 
the other in so small a space that the whole appears aensTb^ 
homogeneous when examined in any ordinary way. When I 
speak hereafter of the "solid" and "liquid" portions of the mass 
I must be understood to make use of the words subject to the 
foregoing qualifying remarks. 

^ow whenever we have a portion of any substance in contact 
with another portion of the same substance in a different state of 
aggregation we usually assume that there is at the' common sor- 
£g^ a condition of "mobile equilibrium;" that an interchange of 
molecules is goine on between the portion in one state and the 
portion in the other state. The most ^miliar instance of this 
IS when a volatile liquid is in contact with its own vapour in a 
confined space and at a constant temperature, but there is no 
reason to doubt that a similar state of things exist when a 
volatile solid is in contact with its own vapour or a fusible solid 
is in contact with its own liquid under analogous conditiona. 

In our supposed viscous body the relations between the ''solid* 
portions ana the conti^ous "liquid" portions throughout the 
whole mass >vill be similar to those which obtain at the common 
surface of an ordinary fusible solid and its own liquid, and the 
most natural assumption seems to be that at each common sur- 
face throughout the mass there is a condition of " mobile equi- 
librium," so that an individual molecule which at one time formed 
part of a " liquid " portion of the mass may become attached to 
and form part of a "solid" portion and vice versd. Subject to 
the same reservation as applies to the use of the words "solid'' 
and " liquid " we may call those molecules which at any time form 
part of a " solid " element " attached " molecules and those which 
form part of a " liquid " element " unattached." 

The peculiar characteristic of a viscous solid, vix. its gradual 
change of i^pe under the influence of external forces which are 
insufficient to produce a sensible change of shape in a very short 
time, follows as a natural consequence from the preceding sup- 
position as to its molecular structure. 

The first efifect of an external force is to produce a slight and 
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probably insensible deformation of the ''solid" framework con- 
aidered as an elastic solid. This will go on until the system of 
molecular stresses corresponding to the system of strains is in 
equilibrium with the external forces. 

So fiur the case is parallel to what happens when external 
forces act upon a piece of jelly ; but in the case of tiie jelly the 
position of equilibrium is permanent, the strained framework 
remains strained. In the case of the viscous body an interchange 
of molecules is constantly going on between the ''solid" and the 
"liquid" portions of the mass; "attached" molecules are becoming 
"unattached" and "unattached" molecules are becoming "at* 
tached.'' This involves the replacement of strained " solid " ele- 
ments by unstrained ones. 

But with the complete or partial breaking up of a strained 
element a corresponding stress disappears simultaneously ; there 
is no longer equilibrium between the external forces and the 
system of stresses ; a further deformation of the mass will take 
place till equilibrium is restored; and so on continually. The 
successive deformations are cumulative while the stresses are not. 
The final change of form is the sum of the partial changes, but 
the sum of the molecular strains has a constant average value. 

The rapidity with which the viscous body changes its form 
under the mfluence of given external forces will depend (1) upon 
the proportion of " liquid " to " solid " elements, which wUl affect 
the strength of the "framework" and therefore the amount of 
strain necessary to produce equilibrium, and (2) upon the rapidity 
with which the interchange of molecules between the "solid 
and "liquid" portions of the mass takes place; and this again 
will depend partly upon the proportion of " unattached" to " at- 
tached molecules and partly upon the mean average velocity of 
the molecules. On both these grounds the rapidity of the change 
of form will increase with the temperature. 

(8) Some appUoationa of generalized apace coordinates to 
differential analyeie. By Prof J. Labmob, MJL 

This paper is being printed in full in the Tranaactiona of the 
Society, 
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May 25, 1885. 
Pro?. Fobteb» Pbisidbmt, in thb CSsaib. 
Pro£ E. Pearson was elected a fellow of the Society. 

The following communications were made to the Society: — 

(1) On the eohaion of the equathne of vibraHons of ths oAer 
and the stresses and strains in a light wave. By R. F. GwTZHB, 
M.A. Communicated by Prof. J. J. Thomson, MJL 

In the first part of this paper I develop a solution of the equa« 
tions relating to a b'ght disturbance in a series of periodic tenns 



with coefficients expressed in a manner comparable with the 

geometric series -. -r , etc., and am thus able to get a simple ap- 

r T 

proximate form of solution suitable for distances from the souroe of 
light large compared with a wave length. 

From ibis it follows that 

3^1 ix = x\ra . d^jdi^ etc., 

so that the elements of the strain are proportional to the Telocity 
of the displacement, and that at any particular place and time the 
kinetic and potential energies are equal, and their sum is variaUa 
In this particular the disturbance is not analogous to a pendolom 
Tibration. 

At the same time, I find to what degree of accuracy the equa- 
tion of continuity demands that the vimttion shall be m the wave 
front 

In the next part of the paper I calculate the stresses of a 
second prder in the medium oue to the disturbance (the streases 
of the first order being of a circular harmonic type do not con- 
tribute at all to the mean stresses). From this consideratioQ 
I prove that, except near the point source, the mean stresses are 
such that Pfly "> P^ , et cetera. 1 find the expressions for the actual 
stresses and thev turn out to be those required by Maxwell's 
Theory of the Electro-magnetic nature of lights that is tliey are 
of the same form as the stresses in the Electro-magnetic field. I 
also obtain Maxwell's Equations of Electro-magnetic force. Finally 
it would follow from this investi^tion that in a wave of plane 
polarised light the displacement is m the direction of the magnetic 
force. 

I also discuss in the last part certain analogies which are of 
interest but do not satisfy the conditions developM in "*~* 
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1« The eqoatioiM of which the solution is required axe 

^^-«Vf (1). 

and similar equations for 17 and (; where v" stands for the Cartesian 

Afker solution I shall add the condition that 

dx c^ ds ' 

I shall suppose that the time enters the solution onl^ through 
tngonometncal terms, and (in the first instance) that the disturbance 
arises from a single source at the origin. In this case the solution 
takes the form 

f — 2 {-4j sin|i (r -erf) +-BjCOSjp(r— erf)}, 

where |iai— , X being the wave length, and generally our unit 

for comparison of magnitudes 

I shall shew how A and B are to be expanded in series of 
terms descending in magnitude comparably with those of the 

- X X* 

geometricaT series 1 • -o ••• I^or on substituting this value of { 

in the differential equation, we get these equations of condition : 

Write now A and £ in a series, in descending order, of 
homogeneous terms, beginning with one of degree — 1, to ensure 
convexgenc^, and use Enter's Theorem. Thus 

-ij-w^ + tf^ + w^+Ac. 



(2). 



V" Kt + <'-* + *c-} - -^ {«-, + 2t*., + &c.} « 0. 
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Hence u.^ and v . may be any homogeneous ftinctionB of a, y and 
s of denee — 1, and the terms of other degrees are to be derived 
by the ^w 






(3). 



By this means we may obtain a complete formal solntion 
suitable for values of r greater than X, for on examination the 
orders of magnitude of the consecutive terms are to be compared 

X X" 

with those of the geometric series 1 . - . -^ , etc. Hence the series 

in the case of light may be considered to be limited to the fizst 
term, and would actually terminate provided V^^ « 0. 

In the general case we notice that if u^ and v_^ are divided 
into any number of parts to suit any linear algebraic or linear 
differential condition ; and if each of these parts is expanded by 
the law above, the sum of the separate expansions will be the 
original expansion. 

Thus if we write f « f . + A ^^ - --^^^V etc., we should find that 

for any value of k this division can be always made, and in one way 
only. 

If, moreover, we want two similar expansions for ff and (, where 
f , 17, ( are to satisfy the relation 

dx dy dz ' 
we may obtain them without loss of generality, thus 

^ dy dz* ' djf dx* ^ dx dy* 
where f^, %, {^ are unconditional solutions 

f^«S {iljSinjp (r -ae) + -B, cosp (r- erf)}, 
f^o-S M, sinp (r- ol) +5,oos|> (r- erf)}, 
C;-S U.sin |>(r-o«)+ 2?, cos |)(r-a«)}, 

and f "iS {C^sinp(r-cii)+i>i00S|>(r — oi)}. 

I have shewn how to deduce A and B from the first terms (say 
a and b). I will shew how to obtain the correspondinff first terms 
in and D (say and d). The following terms will pe found by 
the same rule as before. 
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I The first terms will evidently be obtained by differentiating 

( only the trigonometrical parts. Thus 

and similarly we may deduce the other terms. 
For example, 

i where a, V, c', cC stand for the second terms in A, B, C, D. 

If we proceed to operate upon ^, 17, ^ we may obtain a second 
I derived vector {,,.17^, ^ which will have the form 



f. — 22|,'{(a,-««-»^±M±».f)8mp(r-a<) 



(^-. V-^^y^V )eo8p(r-ae)}. 



i where 2S relates to the summation for different values of p and 
i alflo for the completion of the coefficients of the several terms. 

This will become f , = — 2p"f a, provided 

^« + 6j^ + 6^ = 0j ^^^* 

which form the conditions that 7/ + ^* + ;^ *■ 0- Operate upon 

the first of these with y*; write a' and 6' for the second terms in A 
and B, and observe the equations (3) by which these are to be 
found. 

Now this is of the order \/r compared with a and b, and there- 
fore to this degree of approximation we may say that 

or that the displacement lies in the wave front (Stokes' papers^ 
YoL II., On the jDynamioal Theory of Diffraction, Art. 27, p. 276). 

A proof that w^ +yff + # {^ is approximately sero, on the con- 
j, dition that n^ + 2^ + ^*0 may be given in this way, 
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(on the condition that ^ + ^ + S "^ ^^ 



Hence xf + yi; + s^ satisfies the fundamental equation of tUi 
paper and can be expanded in the same form as f , i|, {T ^^^^ them- 
selves expanded, but the terms of order — 1 in f , i|, {^ will appear 
as of order in ce^+yn + ^^, ^^^ therefore the sum of such terms 
will vanish. We may use a convenient notation by writings this 



fl?|t*-i + y,«-, + *cw_,«0) 



That x( + ffff ^ nt may vanish absolutely will require only that the 
terms of order — 2 should vanish, or that 






These conditions reduce to 



did 



(5X 



d d d r^ 

In ordinary cases of the propagation of light waves, we may 
neglect all parts of (, tf, C except the greatest, and in findiiig the 
differential coef&oienta we neea only to differentiate the trigona- 

metrical function. 

In this case we have 
d^^±d( d^^y^dl ^f.J.^ ^„1^ ./fi) 

and the variation of the displacement in directions perpendicular 
to the wave normal, or in the wave front, i.e. the elongation in Uses 
in the wave front, is zero. This indicates that the components 
of the strain are greatest when the velocity is greatest, and that 
at any point the kmetic and potential energies have their sero and 
maximum values simultaneously. 

By the relations already established, simple proofii can he 
given that the kinetic energy and the intensity (measured fay 
I' + 17* + D'^f ^^® disturbance are propagated by the same law as 
the disturbance itself except near the origin of bght That is that 

and |^_av}{? + «*+n-0. 



1685.] equations of vibrations of eOher in a light warn. 265 
It will be sufficient to prove the first, 

Qsmg this and the analogous relations 

^pw.n.«.-{(g)\(DV(g)V{^e>...} 

By the consideration of the dimensions it is plain that this 
equation is not accurate, since in that case the intensity would be 
expanded in a series similar to that for (, Ac, in a manner cor- 
responding to that used for aS + yv+^H- 

t. The order of magnitudes which we are considering com- 
pared with the amiditude of the disturbance, which we shall call 
simply d, is represented by 

f-A-'*^"^''*-'* ^' 

and therefore 

^ • U/a^ ' "* W3?"^-f -^ w- 

Hence, in neglecting terms in the equations of motion of an elastic 
solid which contain squares and products of the differential co- 
efficients, we assume tnat f/X may be neglected while our only 
declared rule has been to neglect X/r; which is really treating 
them as comparable quantities. (With regard to this ratio f /X, see 
Sir W. Thomson's paper quoted above, where it may be taken as 
not greater than 1 : 800.) In what follows I shall suppose that 
we may retain {/X but neglect the square. 

We have thus to extend our equations by including terms 
such as appear in the hydrodynamical equations and in the 
general theory of elasticity. If, in fiict, a theory of molecular 
vortices, such as is touched upon by Maxwell {Electricity and 
MoffMtimn, Vol. ll. Art. 823), is to be considered at all, the terms 
of the second degree upon which the theorems about vortices 
depend must be retained in the equations. I shall prove that the 
expressions already found for f , 17, C identically satisfy the complete 
differential equation, a result which would be necessary if we are 
not to introduce terms affecting waves of half the length or say 
octaves of the original wave len^JL 

VOL. V. PT. IV. 20 
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8. As we are to retain the squares and products of the 
differential coefficients of ^, 17, ^, we must extend the ezpresBion 
for the work {w) reouired to produce the change of state of stnin 
per unit volume. We ther^ore treat i& as a cuhic function of 
the roots of 

K-A, 0, h «0, 

c, K-B. a 
b, a, K-^ 

(Thomson and Tait, YoL I. part 2. App. CL K) 
where A ^1 + 2$, etc., with the usual notation. 

We will therefore write (in order to ohtain all the tenna of the 
second order) 

«>-«•, + «•, + < (9X 

where 

2«/«iii(«+/+^)«„ 
neglecting higher powers of the components of the strains. 

From these we find the P*8 by the usual formuln. I shall inite 
down these formulsB for P„, P^, and P„, omitting the part of the 
first degree, which has been already employed in forming the 
equations and which being of the circular harmonic type con* 
tnbutes nothing to the mean pressure. 

Then 

and similar equations. 

Before simplifying these, I shall limit the cases to thoaa la 
which P„mp^, to which the special case I am oonaideriiy 
belongSi The general condition for this is that the oomplemo&toiy 

minors of the determinant ■ >»' ^* »^ may separately yaniah, frc»a 



which it follows that the leading minon vanish also. 
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Far P^ — Pptf 

\^ d*) (S« dy H) d{x,y) d (s, x) 

|iLe.|fo .(,0). 

And thete minon must, be each 0, for otherwise the Jaoobian 
kbove ooold be proved symmetrical, and therefore the disturbaace 
irould be without rotation^ contrary to our hypotheeis. 

Ab a consequence of these conditions we have 

<^ .^.^^^.ii.^^^ .^.^^i.kk (u) 

£d * (iy ' S Si ' (2y ' 3]ir S2r ' d|y ' Ss ' *' '"'^ '' 
We use these relations in simplifying P«p, P^, P^, etc. 
Thus 

irith sinular quantities which can now be written down. 
Sefore ]Hrooeeding we will evaluate «,, «,, and «,'. 

iint, 

2«., - n {a* + J^ + (>• + 2e* + 2/« + 2/} 

-{®'+^"*0**' •<"> 

so— s 
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We may obtain another eqireanon for this by oompaiing with (IS), 
thus 

The fint of theae forms timplifiet in the oaae we an speoUly 
treatingi for by (6) 

end nma\ 

••• •.-*{®'-(S)"nm 

Ab we have been tnating the unit of volume ai being the unit 

we may say that «», is equal to the kinetic eneigy per unit of 



etOi 




ay mat «», is equal to tne loneao eneigy per 
volume', and that actually and not on an average. The 



enetw 

is not oscillatory between the wholly kinetic and the whoEj 
al as in the case of a pendulum, but when the 
is zero then »^ is zero. If it were not so we might ezpeet 



potential as in the case of a pendulum, but when the kuMtie 
energy is zero then »^ is zero. If it 

that there would be a luminous trace of the path of light owing to 
the dyinff away of the oscillations, whereas this expression shews 
thM Relight passes and leaves the medium at rest without tmos 
of its |Mssage. 



We have also the formula 



»0-®"-®}-- 



which I sbaU refiar to htter. 

Secondly, to evaluate «„ write it as a determinant and bovd« 
it thus, usbg the rektions (11), 



2«,-{ 



1. 
d«' 



0, 
2 

If*. 




0, 




^t 



das' *c& cla' ^d» *dm' 



*dm 
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I 



1, 


-1, 


-*.. 


-*. 




S' 


3«' 


'i 




*J. 




»j 


Si' 






^s 



which IB easily seen to be zero, and «»/ is also evidently xero. 

Thus the parts of the stress due to »^ and «»/ do not themaelYsa 
vanish under the conditions 

d!0 9^ 2 

and Ptf^^P^, etc., but no work is required to produce the oor- 
rsspoiuung strains. 

We may however find a valid reason for omitting these terms 
of a third order, firom the consideration that if we suppose the ex- 
pressions for {, i;» {^ such thaf our equations if written in full are 
apjdicable in the immediate neighbourhood of the source itself, the 
terms contained in «, would be the ruling terms and would as they 
are of an odd order be liable to a change of sign, and hence would 
^ be incompatible with stability of the medium. I shall therefore 
tnat these terms may be omitted from our equations. 



and 



dx 



di 



4. I shaU now proceed to analyze iheae stresses, and as 
jireliinmary I shall snew that the vectors, 

dl th, di 

dt' IK' 

<*?_*! df^di: 
an at ri^t angles, for 

evidenUy vaiiishes by (6). 

Take first the piart of the JPs due to <»,. and for simplioity 
take a point in the axis of m distant r from the origin as the 
point oooaidered, and the axis of y* paraUel to the momentary 

resaltant of ^, ^, ^, that of if parallel to the resultant of 



dy 



d*f 
di' 



dM 



dot' 



dn 

dx 



di 

dy 
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Then P„«0, P,y=0, 

an 



^'^'^'[i]' ^^^'^' 




This indicates a tension in the wave front in the diiection of the 
resultant of 

dl dt, di 
dt' '31' St' 

Next, the part of the Pt due to «/ is 
P^-0, Pr^-0, P^-0, 

P,.^-0. P^^-0. P^^ — <|g-^}\ 

or a preBSure (?) also in the wave front in the directioii of the 
resultant of 

dl: dn d^ dti dn di 

ay dM* dz da' dx dy' 

Whereas the part due to 0/ is a tension (hydrostatic) equal in 
all directions and of magnitude 



midfiY 
J\dt] ' 



If now we complete the equations of motion by adding the terms 
of the second order formed as in the case of fiydrodynanucs and 
Elasticity, supposing the terms of the first order satisfied^ we have 

dt ' dxdt **" dt ' dydt dt * dedt 

-^^-+1^^-+^^'. asx 

with two similar equations. 

It is plain that the expression on the left will vanish identicatty, 
and the terms on the right vanish identically so far as thev depend 
upon a>^ and «,, but the terms depending upon 01^ will remain 
and cannot be made to vanish by any further condition respecting 
i% V» K slready sufficiently restricted. The existence of such tenns 
would require a corresponding furce in the medium. 

Having investigated the stresses corresponding to co, and « ' 
I shall now neglect them, supposing that m and I are absolutely 
zero in accordance with reasons already given. 
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If we take into aoconnt the ezpreseionB we have found (12) 
and (13) for the parts of the stresses depeoding on «»,, we may 
put d^/da = a/ra . d(/dt, etc, and n » a*, thence we get 

P .r^fV P «^f *y P «^f ^f 
^'^ W' ^'^ Tt'dt' ^-^ 3?-*' 

p «/'*'V p «*y ^f P -W 

It will be noticed that P^ ^ P^^, etc., only when the terms of 
order X/r are neglected, so that in the neighbourhood of the source 
the stresses are not of this particular nature, and some natural 
phenomena (possibly magnetization) may be expected to shew 
Itself as an accompaniment 

6. To compare this with Maxwell's Electro-magnetic Theory of 
Light, let us suppose 

4-'- 'S-A 'f-» <■»'• 

XV ^ d( dH dO ,^. 

tfierefore ^„^«_-_ (20). 

etc. 

In the first part of this paper I shewed that F, 0, H can be 
found from linear equationa Knowing this we may find them 
more simply thus» 

d(dK A;\ .„^ Id^F 

therefore ^.-^^.(|«g) 

« — ^ f (by Maxwell's theory); 
alao kfjM* e 1, 

therefore 2^..(|-g) and 2^-v(|-g) . 

etc, etc. 

On this theory then the magnetic force is proportional to the 
time variation of the actual displacement, and the electric dis- 
placement to the molecular rotations, and these two vectors have 
been shewn to be always at riffht angles. In an ordinary light 
wave the actual disturbance would be coincident neither with the 
magnetic force nor the electric displacement, but in a plane 
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polarised wave the disturbance would be in the direcCiom of 
the magnetic force. To make this agree with Maxwell's 
sions for the energies we must give a special value to r, ihoa 



kinetic enezgy 


-5?K+/8« + 7^. 




—®-^* {/•+«•+*•}; 


putting jji-^, 


we get 


kinetic eneigy 











..(SIX 



which agree with Maxwell's expressions for the Electro-kinetic and 
Electro-static energies. 

And these have been shewn to be equal 

From the formulsB from which this was proved it is seen that 
the name potential enersy is not quite applicable to the electro- 
static energy, and that the whole energy must consist of the aum 
of the two energiea 

Lastly, from the equations 

cR'dxdt^ dt 'dydt iSt'lsSi 

etc., 

omitting, on the ground that ours is one of the ampler caass 
of electro-magnetic action, the fact that each side vaniahea in* 
dependently, we get 

'3i\ds 3v/ dt\dm dy) 

etc., 
or 4ir(t7-«^) 

«*«• (M). 
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which equations agree with those of Maxwell (Vol. n., Art. 643), 
and lead me to suggest that the true stress due to strain is 
the tension along the lines of magnetic force and that the hydro- 
static pressure is due to the velocities. The stress being made up 
of two parts just as the energy is made up of two parts. 

6. I have taken above the variations of the actual displace- 
ment as proportional to the magnetic force, so that the electro- 
magnetic energy is proportional to the kinetic. But as this is an 
open question, I will work out some other analogies. 

(1) Put yf - J'. vv^G, yf- JET, that is f , iy, f proportional to 
the components of the vector potential 



1^ dt) 



(28). 



Hence kinetic energy - to {/• + jr* + V}, 
potential energy * o^i^' + i^ + y}- 

Put h'-L'""^ 

dnetio energy « -5 (/• + ^ + A*), 

io*eiiti«l energy - ^^ («* + /8* + 7*) 

-^(a« + /9*+y). 

The result of this analogy is to interchange the l^inetic and 
oiential enerffies, but the stresses in the medium would be along 
he lines of the electric displacement instead of magnetic force. 
"he form of the vector here renresenting a might, at first sights 
ppear the more suitable, but the vector whose components are 

— ^ ^ » etc, has in our case no more rotational property than has 

In neither case do (a, fi, 7) or (/, g, h) appear to have the 
roper dimensions, but the relative dimensions are of course correct 
B either supposition. In order to make the dimensions correct. 
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put m for tbe deosity of the medium, but still the dimenaioiis will 
diifer from those of the electro-magnetic system. Thus if 

and a is of dimensiomt [M^L^T^], 
then 1^ is of dimensions [M^ L^. 
Then as before the kinetic energy 

and potential energy 

with 5-£; 

but f» is of [0] dimensions, therefore v is of [M^], which is contrary 
to our requirements. 

(2) Mr Olazebrook has worked out another analogy in whidi 
vdf/dt a F, etc., founded on equations into which the electeo- 
motive force at a point is introduced as an impressed force but 
not apparently related to the strain of the medium. So long as 
linear equations only are used it is probable that other analogies 
could be similarly worked out. Put 

v^ = F, etc., 



therefore "^^S"" — F"' 



(24). 



dt \dy dz) ** dy Hz " '^ 

We might by starting with the vector (|, ^, i) have proved the 
equality of the quantities 

(f' + ^-+|^aad«'{(|-g)Vetc.}; 
that is, 

but these expressions would no longer be the kinetic and potential 
energies of any actual motion. 
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The stieBB would in this case be along the lines of the eleetro- 
maffnetic momeDtum. All that can be said in favour of this 
amJoOT is, that it shews such agreement as is proved in Mr Qlaae- 
brook s paper {PhU, Mag., June, 1881). 

(8) I shall work out one other case, because, though not at 
first siffht a desirable one, it appears to find some support from 
MaxwdL 



Put 
therefore 



"f-Zl 

\^ ~ 3*/ " dy ds' 



.(«). 



which plays no part in the electro-magnetic theory 

\dy dz) ^ dy'^ dz* 
which is also without importance. 

I^t (^1 ^1 M^d (^^, ^p, t^) be the velocities of two separate 
disturbances in the medium, then the term which will appear in 
the kinetic energy in which these velocities are connected is 

Putting y| » u, etc., taking the triple integral over all space 
and transforming, neglecting we surface integrals, we get 

- ///(^i^ + V + }Uw)dxdydz 

-T///{f.(|-f)-*.(S-|)*t(f-|)}^** 

-?///{-(|-S)-''(i-D-HS-|)}^*^- 

Comparing this with Maxwell's provisional theory of the mag- 
netic action on light {Electricity and Magnetism, Vol. ii. §§824, 
825), we see that the latent analogy underlying his hypothesis is 
that which is given above. 

On this analogy the electric displacement would be propor- 
tional to the actual displacement. The electro-magnetic momentum 
and magnetic induction would become mere mathematical ex- 
pression& The electro-magnetic and electro-static energies could 
still be proved equal, the electro-static energy being now pro- 
portional to the intensity of the light. The only merit of this 
supposition appeal's to be that it is the basis of Maxwell's specu- 
lations. 
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(2) Note en Prof. Rowland's jpoper on mkerical mmee of Ugki 
and Ae dynamical theory of diffraction {PhU, Mag. Vol xtiil. 
June, 1884). By K T. Owtther, M.A. Commonicated by Piro£ 
J. J. Thomson. 



(8) On plane waves of the third order in an isotropic elasiie 
medium, with special reference to certain optical phenomena^ By 
Prof. K PsAJtsoN. 

1. The object of the present paper is to consider a simple 
case of wave motion in an isotropic elastic medium, when the 
displacements are not considered so small that the cubes of the 
space variations may be neglected In general the three body- 
equations for an isotropic solid each contain upwards of 80 tenns 
wnen we do not neglect the squares of small quantities and over 
200 when we retain the cubes, so that they appear to be ex- 
tremely unmanageabla In the simple case we are about to con- 
sider we shall find that it is necessary to retain cubes in order to 
introduce any change into the equations for wave motion. 

2. Let ti, t;, ti; be the displacements of the point wys of the 
solid parallel to the axes. 

Then the strain on a very small element of the solid at (sw) 
is fully determined by the quantities s,, s,, s,, a, ff, 7, where if PQ 
be any elementary Une dxuwn from »vg, and;havin^ projectioiis 
8^1 ^f 6^ on the axis which becomes PQf after distortion^ 

Pg« - PQ" + 2«,&i?' + 2«,V + 2*.««* 

+ iaSyde + 2 fi&iOx + f^fSssfy. 

It is easily shewn that 

«i-«.+4W + «.• + «'.•)* 

Further, W the work will be a function of the variables 

^» «i» V «, A 7 - P(s„ V ••* ^ 'fi» y)> »y- 

8. Let us consider the case of a plane wave in whicb tbe 
vibrations are in the fikce, and suppose this face parallel to the 
plane of my. Furthermore let us assume the same vibrattoos are 
taking place at every point of the face and that there is no 
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oompreasiooal wave ; then u, v will be functions of m only, and w 
will eqoal xero. Hence it foUowB that 

Lagnoige's method gives us at once : 

0^jjJBWdafdydM'¥pjjj(^6u'^^6p^dxdtfd$ 
to detennine the vibrations. Or . — 

The first integral may be written 

Integrating by parts and noglecting the surfSftce terms, we find 
or the body equations take the form : 



d fdW ^ dW\ d*tt 1 
d fdW ^ dW\ th> 

ji\di;''''*'~Skr^w. 



(i). 



4. We must now determine the form of W. So tar as terms 
of the second order are concerned W must be of the form 

It is needful however to consider possible cubic and certain quartic 
terms. The only terms of the Srd and 4th order in the expression 
for the work which would not give rise to terms higher tnan the 
third in the differential equations are of the form 

If we turn the axes throuffh any small angle 80, «, remains un* 
changed, a becomes a - fiod, and /3, fi + c£6. Hence, since this 
cannot change the form of W it eaidly follows that d, s, / are all 
lero and h^ig. 



Cii). 
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Thus TT is of the form: 

We aoccordingly find 

Hence, sabstitutiiig in (i) we have 

" <* r/ « . t\ T . j**^ '^ 

82j[(«/ + Ot*J + «*5p-^ 

where ^-^ and |-?^±*^i±iMi). 

p 8 2p 

6. We proceed to draw some inferences from these eqaationa 
(a) A ' plane polarised * wave or one of the type 

u«il cos — (s - ie<), t^ « £ cos -^ (s — irf), 

is not an accurate representation of a possible wave motion in aa 
elastic medium unless v » 0. 

This involves X + ^ + 4 (c + gr)« 0. 

It seems to me possible that o may equal xero, and in this caoe 

we have jf — j-J-, 

or the coefficient of the terms of the fourth order is negative. It 
we do not look upon o as sero, we have in our particular oaae, 
since t|"> i (a* + /r), for the terms of the fourth order 

and we again find the coefficient of the terms of the fourth oid«r 
negative. We are thus led to a certain relation .between the 
elastic coefficients of the square andquartic terms of the work, wbioh 
must be satisfied, if a plane polarised wave is to be propaaatod 
through the medium. It is not impossible that such relation holds 
or very nearly holds for the ether, it would denote that the npnt- 
don usually taken after Green for the work is too greoL 'Then 
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appetn to be no ffround for supposing that the above relation 
howeyer wonld bold for every meaiom through which transverse 
waves miffht be propaffated, and the retention of the above cubic 
tenns Imos to interestmg results, which we shall now consider. 

(() It is possible for a plane wave, given by ecmations (ii), to 
remain in a certain sense polarised in one plane. For it is only 
needful to put v^O, whidi is a possible solution of the second 
equation, and the first then involving only u becomes 

8 AT ■'■'^ a?" 3?' 
As a first approziination let us take a single term of the type 



ilcos?^(.-^). 



Then 

■■ — -4' -r-j- y COS -T- (S — irf) 

+ A* -^ If COST Y (' - ^) 

Hence u»-4cos— (# — /rt) + il*^-<sin — (j-irf) 

These results are of a rather remarkable character, the ad- 
ditional terms introduced contain ^ as a factor of the amplitude, 
and although these may only be the first terms of a series of powers 
of i which may not necessarily become infinite with the time, yet it 
would seem that a wave of velocity k could not be propagated in 
the medium as a stable motion. There would arise superposed 
waves of increasing amplitudes of (i) the same wave length but 
retarded by a quarter of a wave length, (ii) of one-third the wave 
length. 

Has anything of this kind been observed t It would suggest 
that if a chemical ray were selected and passed through a proper 
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medium, it might aftef trantitioD be found to be aooompanied bra 
strong heat ray. Further, we might be led to question whether 
the heat of a vety hot hodj be not doe to its givins off §X the 
same time a mass of chemical or even violet rays ; whethor with 
Mr Langley the 'real colour of the sun be not bhie 1 

On the other hand the occurrence of terms with an amplitude 
containinff t might suggest the breakiog up of the wave, or the 
impossibility of transmitting a wave of a velocity m which is inde* 
pendent of the intensity and of the wave length. 

6. (o) Let us look at the matter from a somewhat diffevsnt 
standpoint, and assume 

u»^cos — (#-i<X 
where ib is not equal to tL 
We find 

^.^_,. ^„oos— (0-*e) + -^ircos^(#-«), 

Henoe approximately 

where ^^^'^'IJ'^' 

From this we can af^ draw curious deductions. If a wave be 

transmitted into a medium fojr which if is not sero, its veloci^ wiS 

depend upon its wave length and its intensity. Its velocity 

increases with its intensity as seems natural Let &< be the 

k 
velocity of a wave in a second medium, and suppose p «■ /4^ the 

coe£Bcient of refraction, then 

A*«r + j-| + r^+ eta, 

where r, $, tl^ etc. ai'e certain constants, of which s, /. . . depend partly 
on the intannty of the wave*. It will be observed that this veeott 

* * It has, howerar, long been the opinion of lome phUoeophert fliat then mm 
nyf of diileient oolonxs whioh have the seme deipree of ntengibflitj, and tkel 
thine are rajt of the eame ooloor with different degrees of lefrmngihintjy.' Aiiy, 
Ufuhiiatory T%«ary, p. 167. Will the refrangibilitj being a fnnetion of the ' 
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n dedaoed from the ordinary theory of elasticity and without any 
imnnption as to Uie ratio of wave length to molecular distance. 
RTe remark in the second place that the wave of length X will 
)e accompanied by a wave of one-third that length, which has the 
ntensity a function of the time. Here again we have only the 
irst term of a series which does not obvwusly become infinitely 
(reat as i increases. If u represented a wave of light (not a chemi- 
ial ray from beyond the violet) for example, the wave of one-third 
ts length would not fall within the sensible spectrum, and hence 
here might be some difficulty in ascertaining whether the above 
uiomalous term bad a real existence. It can hardly be doubted 
loweyer that if it does exist it ought to manifest itself in some 
naaner, for it would seem to correspond to the breaking up in 
ome fitfhion of a ray of light of a single wave length transmitted 
hrough an isotropic medium. An isotropic medium would seem 
n a certain sense to possess ' double refraction ' for a selected ray» 
t divides the ray into two parts, one of which has one-third of the 
wevious wave length. 

7. If we take u of the most general form 

— XA^ cos n (s — kj), 

he anomalous terms do not necessarily appear unless one of the 
;^s «■ JCi The treatment of this general form involves considerable 
lifficultieSy which I postpone for the present, as it r^uires careful 
iramination, being not unsuggestive for the proMems of absorp- 
ion. 

8. (a) Let us return to equations (ii) and suppose v is not 
ero^ but that to begin with 

u — ilcos— (# — /rf), v^ B COB — (g — id). 

A* Ar 

We find to the aeoond approximation 

t~ A oo»^ (m -id) + A {A* + ff)^-t tin^ {t - Kt) 

-A(A* + ff)^£tBin^iM-Kt), 

A Ar tC At 

which corresponds of course to what we have considered above, i.e. 
i plane wave of vibrations all parallel to a fixed direction, in this 

sane tan"" and of intensity A* + B*. 

VOT-. V. PT. IV. 21 
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(6) Next let us suppose 

which would oorrespood to- elliptic vibrations. 
We find 

. 2ir, ^. Ai3A* + B^it*v^ . 2ir, _,, 
u -^ cos— («-«<) H ^ — 5 r^ -t Bin— (t-iCt) 

A (A* - er^ -n* p . . 6ir, . 

«.5sin^(.-«*)-^=^(^:±^J^*cos^(,-«t) 

Thus it seems that in an elastic medium such as we are 
considering a wave of elliptic vibrations is not a stable fonn of 
wave motion. 

If we neglect the third terms in u and v (which in the case of 
light would correspond to a ray outside the visible spectrum), we 

find ^.(l + e)+^((2.P)+^(l + P«)«(l + PQ)«, 
where p = ___--_<, 

Hence, neglecting for a first approximation the coefficients of 

ff we may say that if a wave of elhptic vibrations be started in an 

isotropic elastic medium the vibrational ellipse will retain the 

2AB w* p 
same shape but rotate with constant angular velocity ^ r-^ - 

about its centre in direction opposite to that of the vibrational dis- 
placement Further, the rate of rotation is obviously a function of 
the wave length. 

If we consider terms of the order (amplitude)', we find that the 
axes of the ellipse themselves vary with the time and the rate of 
rotation is no longer constant 

If the wave be one of circular vibration A^B, P^Q and we 
find that to the fourth power of the amplitude this form of wave 
motion is stable. In this case the anomalous terms of one-thiid 
the wave length disappear. Even when we consider terms of ^be 
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-der (amplitade)' the vibration remains circular although :the 
bdina then alters with the time. It must be noted however that 
lere would be in this case superposed anomalous waves, for we 
Lould have to find u and i; to a third approximation. 

These results seem noteworthy, for it would appear that a 
ikve of circular vibration is more stable than a wave of linear 
ibration, and that whereas a wave of linear vibration is acoom- 
anied by anomalous waves which rapidly rise into importance, 
tiese disappear in the case of a wave of circular vibration to a 
lucli higher degree of approximation. Further it would seem 
tiaty disregarding the anomalous wave, elliptic vibration with a 
low uniform rotation of the ellipse may for a very considerable 
ime be a stable form of wave motion in an isotropic elastic medium. 
liese remarks again have interest for the undulatory theory of 
ight. 

9. Let us assume more generally that 

I* ■■ il cos (mz — nt), v = 5 cos («u — n^ + a), 

Then we find : 
^-^■^--Yg-il (8mM' -f ip^B^ cos {m£ - nt) 

+ -T- A* cos 3 {mz — nt) 

+ ^^!^^^^^ ^-^ cos (^TT^z - ;r^ « - 2a), 
/vhence it follows that 
ti = ^ cos {mz — nt) — ^ — t sin 3 (mz — nt) 

m {m + ip) tfvB'A ^ . , ^ ^^ . ^ , 

m{m--2p)p^vI^A . . , 5- 5- . -, . 

, s . 1 m'A^ niYI? 

where n' — «'m « -r— + — o - 

21—2 
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Similarly: 

-where 9-*^" 4-+ 3— • 

Let 118 write 



therefore 





Sir 








Sir 




2*1.. 

J-x'*' 


i^> 


-«» + 4w' 




* sx*; • 


k" 


-«» + 4ir» 




+ Tra) • 



In our solution above we have endeavoured to find wavei 
which mi^ht be propagated through an iaotropic elaiitie medium ib 
such fiAshion that although anomalous waves* might ariae then 
should not be any such waves of the same aigumenta as the 
principal waves. Let us see at what results we have arrived. 

If two waves consisting of vibrations in planes at right anglei 
be propagated through an isotropic elastic medium, then 

(i) These waves will interfere with each other, that is to sajf 
either will produce anomalous waves in the plane of the other. 
This production of anomalous waves exists whatever may be tlia 
relation between the wave lengths, or between the velocities of 
propagation of the priocipal waves. 

(ii) The velocities of propasation of the prinoipal waves an 
altered by their coexistence, ana in a manner which depends not 
only on the wave lengths but on the intensitiea. 

(iii) If the two principal waves have the same velocities of 
propagation then it is necessary that 

A B 
\'\" 

or the amplitudes must be in the ratio of the wave lengths. V 
this condition be not fulfilled, there must be anotnaloua wavei d 
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16 aaine wave lenffths as the prindiMd waves introduoed into 
idr respective vibi^tory planes.^ ^ 

(!▼) if the two principal waves have equal wave lengths, they 
ill as a rule have different velocities of propa^tion, depeoding 
ot only on their own, but on each otberr intensities. The 
elocity of a wave in one plane is accelerated by the existence 
f a wave in a plane at right angles. 

(▼) Equal wave lengths and ec^wBl velocities of propagation 
Aceamtate equal amplitudes, but in this case there will be ano- 
laloua waves of the same wave length and velocity arising from 
he terms with the phases 

p - 2mM — J — 2nt -f af* 

The above results might all be translated into theorems con- 
eming plane polarised lights but it seems idle to restate in the 
snguage of optics theorems which may after all have no bearing 
ipon that subject 

10. We have in the course of our work (Art. 3) supposed 
:hat 10 «B 0, or that there is no wave of normal vibration, it may 
M as well to inquire a little more fully into the legitimacy of this 
luppoaition. If u^ be not zero we must take 

irhere a^w, and the other strains remain unchanged (Art. 2). 

Now the expression we obtained for the work in Art. 4 may 
be written 

2Tr-/i(a- + )8)* + ^(a«+i8^', 

.There , . ?^±^^>J^±2) , 

if we substitute for s^ in that expression ^ (a* + 0^, 
If c be not zero we must take for TF, 

2lf-A*(«^* + )80 + ^(a* + ^*+(^ + 2M)^* + ecr"+/r* 

4 (\ + 2/i + lc)<r (a«+i8^ + ha^ (a* + i8^, 

where c is the same constant as before. We may write 

X + 2^ + 2c = 2«, 
ilXV 
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and the equation for normal vibrations may be written 

The coefficient therefore of the term ji (**.* + O "^ ^ + * 3: • 

and unless this vanishes there will be normal tfibrations. There are 
two important cases however in which it can be made to vanish. 

First, if 0* »: — 7 a constant quantity. The expression for If will 

then be of the form /*' (a* + i8^ + ?■ (a* + /8^*, where however the 

constants fk and v will not be equal to the previous fi and v. 
This result seems noteworthy. It would appear that : if onee s 
certain definite strain be given to the medium paraUd to som 
straight line, then it is possible to send a wave of pure transmm 
vibrations in the direction of this strain. 

For in this case the equation for w is satisfied and we hsfe 
similar equations to those of Art. 6 (6) for u and v. 

This result susgesta various inquiries: (a) as to whether i 
wave motion couldDe started which would produce or be aooon- 
panied by such a strain; (6) as to whether such states of straii 
permitting of transverse waves unaccompanied by normal wans 
may not exist for one or more directions in certain bodies. 

The other case in which there would be no normal wave whatr 
ever is in a medium for which €« 0. This involves 

Hence we see that if the expression for the work contains so 
terms of the third order (€ » and e = 0) — a by no means impio- 
bable supposition — ^then there will be to a high degree of vfSfiKiDr 
mation no normal wave. 

Should e =■ 0, our expression for v reduces to ^ 7—^ and 

p V 
thus involves only the hitherto unconsidered elastic constant f 

If g might be n^lected as small in any case, we have for v the 

following physical meaning — it is ^ of the squared velocity d 

propagation of waves of normal displacement in the medium. 

The above equation for w would doubtless give not uninterest- 
iug; results for the normal wave which must accompany one of 
transverse vibration. 
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11. Another more general form of integral may be obtained 
for the equation 

follows. 
A first integral is 

±/7iy*T?cip-2 + C, where p-^-, J-jg-- 
Hence 



-or 



where «^ + 7i'/8' + ie'« + ^/ 09) 

and ^j (0) is an arbitrary function of 0. Another solution is 
obtained by changing the sign of the root and introducing a second 
arbitrary function, thus : 

where g - Jp^/T^t-h^^ {y)»0. 

These solutions correspond respectively to waves propagated in 
opposite directions, and it will accordingly be sufficient to consider 
one— say the first— of them. We must however note that they 
cannot be superposed since the equation is not linear, or waves 
cannot be propagated in opposite dtrecUons mthout affecting each 
other, Integratmg by parts — 

IJv^^^dfi 

-i3 Vivss:^ + J r^ log (VJ^/9 + 7;;j^^ 

«i3^A5tf*+j? + function of vff + higher powers, 

Thus i«-^ir + /S>/i!j?+?<-fX(/8)< + ^(/8) 

where x (fi) ^^ ^7 ^ proper choice of Cbe taken to vanish if we 
put y » 0, which amounts to neglecting f -r- ) • In this latter case 

wefind ^'08)-f-r + i« = O, 

and ««F(ir + ict). 

Thus in the case of a single term representing a wave motion 

u^A cosn{z + «<) = ^ ifi) - B<l> (/S). 
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12. Let us rappose this form of solution retained when w is 
not considered zero and endeavour to discover what chaaget an 
introduced. We take 

ilcos»(j + ^ir^ + ig»0-^09)-/8f 08), 

A Acoenf 08)-^09)-/8f 09) 

is an equation to disooyer the form of ^ 

PutZ-f 09), 

.-. AconnX^fXdff'-fiX, 

•^nAfannX^X j^^fi'^X '^. 

.'. fi^nAfonnX, 
This gives fi in terms of ^'03)^ 
Hence we may write 

It- Jcosn(j + s/v/9* + «*«)+x08)-<» 
where /8 « - n-4 sin n (jt + Jvp^ + «■<). 

The complete value of the term x 0^ is 

—3- + etc. 

by a proper choice of C. 

Now let us see what happen s to when t is indefinitely in- 
creased. Obviously sin n (s + Jvl3^ + «* ^'^ .'^^ increase ia- 
definitely. Hence as t grows large fi remains finite. 

vSH 
Thus it follows that ^ (/9) < « — -^^ does become infinite with t 

Or: 

The terms which give rise to the anomalous wave gram larger 
and larger as the time increases indefinitdy and the motUm departs 
more and more from the simple waveform 

u^AcoBnis-i-Kt). 

The velocity of wave propagation k is given by 

ife* « iB* + i'/8'-iB* + im*il* sin* fi(jf + 7v/9' + «•«). 

* ICore geoeraUy we might have taken 
We ehottld have foand 

/j«-£(jr) 

and »«^(X) + xW«. where X^z + jJ^ + ic^t and xW hae the value in teat 
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This result is not quite in ftooordance with Art 6, and might 
suggest that the method of approximation there adopted is not 
entirely satisfactory. 

It will be obeerred that the present article answers the doubt 
raised as to the nature of the t which appeared as a factor of the 
amplitude in Arts. 5 and 6 ; it really marks a breaking up of the 
wave motion. 

13. The above remarks do not pretend to be a complete dis- 
cussion of the higher terms in tne equations for plane wave 
motion in an elastic medium ; thev are merely intended to point 
out that interesting results closely bearing on the undulatory 
theory of light may possibly be dedudble from these terms. That 
these terms would lead to some formula resembling Cauch/s has 
been suggested, but it does not appear that any investigation of 
these h^er terms has hitherto been published. If these higher 
terms raidly* explain the dispersion of light in a transparent 
medium/ then the refractive index ought to vary with the intensity. 
This result seems so contrary to all ^previous experience that it is 
perhaps sufficient to justify our rejecting such an explanation 
of dispersion. 

(3) Preliminary note on the theory of explosione. By R Thbel- 

PALL^RA. 

An attempt was made to account for some of the anomalous 
effects observed in explosions by Sir Frederick AbeL 

In the well-known experiments with detonators composed of 
various explosives, Abel was led to imagine that the apparent 
selectiye efficiency of chosen substances when applied to explode 
one another might be accounted for on a hypothesis of ''synchro- 
nous ▼ibrations.'' It was pointed out that this hypothesis can 
have no possible physical meaning, unless the vibrations be sup- 
posed to take place in the ether ; and an explanation was sought 
m the behaviour of the products of explosion as regards their 
motion in air, and in water. For this purpose the explosives 
were treated in gproups arranged with respect to their supposed 
time of decomposition, and it was shewn that much would aepend 
on the method of "break up." of the volume of gas set free by 
the explosion. The various ways in which the eneigy of an 
explodon might be transmitted through fluids were enumerated, 
and some stress was laid on the effects to be expected if the 
conditions of explosion were such as to lead to the production of 
vortex rings. 

The necessity of clearly defining the meaning of tho phrase 
" violcuco of explosion " was pointed out, and it was shewn that 
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the * violence " as defined by -75 ^ 1 — ; — would not leiHe- 

*^ time of esploaon '^ 

sent the relative destructive effects of explosions in free air. 

Various experimental methods of treating the c^ueBtioD of 
** break up " were described, and further communication waa re- 
served pending the result of experiments still in p rogresa. 

(4) OJmrvatUms and staHsHa. By F. Y. Eogkwobth. CSom- 
municated by J. W. L. Qlaisheb. HA. 

lAbstraoL] 

The paper beg^ with a classification of the different cases 
which the (two) chief problems denoted by the title present : ei^i 
different principles of division are laid down. For example one 
division is between the cases where the weights of facility-carves 
are given beforehand, and where they are to be inferred from the 
observations (cp. Qlaisher, Mem. Astron. 80c. XL. p. 103). Under 
this head it is remarked that many writers seem unduly to aasume 
the modulus as known in cases like the statistics of male : female 
births; when they treat the m + n events as so many indeptndmt 
black and white balls drawn from an urn. The fluctuation of the 
ratio, as inferred from the facts, the returns, is often very different 
from that assigned by such a simple hypothesis. 

Another distinction is between facility-curves (other than pro- 
bability-curves) which are, or are not» finite. The writer offien a 
simple proof of the law of error in the former case, disproof in the 
latter case. 

Another distinction is between (a) observations so numerous 
as to present by simple induction or inspection the law of their 
genesis (the method of Quetelet, Mr Qalton with hia qoaitiles, 
deciles, Aa, Mr Airy in his determination of modulus^ Ac), and 
08) iixe case where the data are viewed as samples, from which 
we are to ascend by way of inverse probability to the geneaiB of the 
observations (the method pursued by, e.g., Merriman in finding 
modulus and mean). 

Under the first heading, Mr Oalton's method (Phil Map^ 1878) 
of finding the number of dements in a " binomial " is criticiMd 

Under the heading of inverse probabilityi it is attempted to 
examine its foundations : whether, e.g., in determining invenely 
the modulus we are to assume as having d priori equal pioba> 
bility the different values of c (the mwulus), or of (f« or of i 

[>■-], or of V — all plausible and inconsistent There is reached 

a conclusion agreeing with Laplace's first principle (Introdudion, 
Theorie Anal.). 
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In the case of facility-curves ivhicb may^be regarded as pro- 
bability-curves whose modulus is not given, nor known to be 
identical (cp. Qlaisber, loc. cit), tbe writer recommends a limiting 
(derived) function of the equation of (n — 1) degree. 



fl? •— J?! fl? — fl?g flp — fl?- 



where d?., d?,, &c. are the observations. 

In tne general case of facility-curves not probability-curves, 
it is argued that, though a perfect solution of the problem : What 
is the t)est Mean is unattainable (the writer retracting his hasty 
statement to the contrary in Phil, Mag., Feb. 1884), yet an 
approainuUe solution in the form of a weighted arithmetical mean 
is very generally afforded, if the fisunlity-curves can be regarded 
as of the form 

by taking the (r — l)*"* differential of 

r- {Jf,(aj - a?,)» + 3f,(a? - a:^" + &a} 
+ P,(a?-a:,)"H-P,(«-»J*-h&a 

a 'limiting' function of the equation whose solution is required. 

This method, imperfect as it is, preferred to the method of 
least squares, which is criticised at length. It is shewn that its 
fundamental principle is identical with what Mr Todbunter calls 
''assumed inversion" (Todbunter, Prob., p. 566): namely, that we 
can test a Mean, or method ofredvction, say d{x^, ^,..0' % putting 
ourselves as it were at the source of error, taking every set of 
values such as 

(1) a?„ «„ fl-J 

(2) <, <, <r 

which as it were emanate from the Hource according to the (sup- 
posed known) facility-curves of the observations, forming for each 
set the mean 0, e.g. 

(1) e{x^, «„ «?,.,.) 

(2) ^«, <, <...) 



and then observing the divergence of the facility-curve presented 
by the values of A This principle, it is argued, is theoretically 
incorrect and practically leads to wrong conclusions, e.g. if it were 

proposed to find the best value of n in the function 

11 1 

^ a;,*-f a?,* + &c. -fa?/ )* 
considered as a method of reduction. 



(■ 
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Another diBtinction is between real and fictitioiiB or Bubjeetive 
means (the latter belonging to statiBticB in bo far as distingaisbed 
from obaervationB). There is a real mean in the ordinaiy case of 
a physical quantity elicited from obeervationa A Bubjective mean 
is of this nature. In the case of fluctuating phenomeni^ e.g. prioeB, 
we may edlect a certain value (not as that of a real thmg, but) as 
the best reproBentative of the whole set; which, if we must pat 
one for many, minimizeB the detriment incidental to that necee- 
sity. The subjective mean is found by a mathematical process 
analogous to Laplace's reasoning at p. 333, Theor. Anal. 3rd ed 
(p. 365. Nat ed.)* In the case of a simple £Euulity-curve this mean 
is the central point, other in other cases. 

Laplace's theory in the passage cited is defended as the most 
philosophical view of the problem of observationB. In fiict^ though 
we begm with the search of a real point — namely that from which 
observationR have emanated — ^we have to take as a proximate end 
a certain subjective mean. When we have found by inverse pro- 
babilities the relative frequency with which different pointB 
originate the given obeervations w^^ «,, w^..., we seek the mdjmh 
five mean of the set of values foundl 

The nature of a subjective mean explains Laplace's conception 
of the " most advantageous " as distinguished from the " most pro- 
bable " value. 

It is attempted to elucidate many other vexed passages in 
Hieorie Analyttque, e.g. the method of situation, the proof offered 
in the second supplement of the accuracy of the method of least 
squares, the assumption of mean error as test of advantage. Ac 

The paper is being printed in fiill in the TransacticmB of the 
Society. 



Nate an Mr Ibbetson's paper "On the free smaU normal 
vibratiana of a thin homoaeneoue and ieotropic daelie ehell, bounded 
hy two conjbcal epheroiae. Communicated Jan. 28. 1884. Cor- 
rection by the author. 



The expression assumed on p. 70. line 19, for the thickness r 
of the shell at (17. p. supposes the tangent planes at the points 
on the outer and inner surfaces of the shell having these co- 
ordinates to be parallel. It is in fact the formula appropriate to 
a shell bounded by eimilar spheroids. 

The corroct expression for r for confocals is 
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For obvido* reasons this error has no effect on tbe Apparent 
ification of the former results, by redaction to the case of oon- 
centrio spheres. 

Tbe correction greatly simplifies the expressions for the 
antial energy, and they may now be integrated with com- 
parative ease. 

With our former notation ire hare, for the oblate shell 

- » pa/y (8 -I- 4«* -I- 8ft*) 4, 
•*« 60 • '^ • * 



TF.-~. 



a' 



. f 



• 192 ■ (I - /*•) «»' 
and for the prolate shell 



6U 



W, 



9/3*^. 



192 • (1 -/*•)«* 



P 



Where ^, - -ij f"^ ' {9 cos* tf - 6 [1 + (1 - /*) «T cos* tf 

^1 -of J 9 

+ 1 + 2 (1 - 4/i) a' + 2 (1 + 2fi) a* 
+ 2a* (1 - 0^ I> - (1 - /*) «T sec* tf 
+ a* (1 - a*)* sec* tf} <W ; 

^,--pL^f'^'{9ft*8ec»tf-6a*(l-/i + 0«>c*^ 

+ «*[2(l + 2/i) + 2(l-V)«' + a*]8ectf 

+ 2a* (1 - a*) (1 - M - /»«•) CO" * 
+ (l-a*/cos*tf}<W. 

Thus, im int^n'*^cn, 

A - («+2m)«-(V -8m)«*+ (I - 2/*) «•+!»' 

+ ^^[^-(l + 5/i)«* + 2{l + 2M)a*]; 
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il.-j+(l-2/*)«*-(V-8M)/ + (H+2/*)** 



log 



l + >/l- 



■— ^ [2 (1 + 2m) a«- (1 + 5/*) »• + y a«] . 



The times of vibration are 



) 



. 8iro / p (1 - /**) a'(8 + 4a' + 8g* 
/S* V 8g • ^. 

8yo f piX-ij?) tt*(8 + 4g*+8/j 

To the first power of the ellipticity e («« 1 — a) of the meridional 
section. 



vrhence it appears that, in a series of shells of the same material, 
wh ose inn er and outer surfaces have the same major axes (a and 

a J\ + /9"), the sphere is the form of mawimum period for the 
class of vibrations considered. 
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OcUiber 20, 1885. 

ANNUAL GENERAL MEETING. 

Thv following were elected officers and new members of the 
Donncil for the ensuing year: — 

President : 
Prof. Foster. 

Vice-Presidente : 
Profr Liveing, Prof. Babington, Prof Adams. 

Trecutvrer : 
Mr J. W. Clark. 

Secretaries: 
Mr Trotter, Mr Glazebrook, Mr Vines. 

New Memhere of Council : 
Vrot Stokes, Prof Lewis, Prof J. J. Thomson, Mr Larmor. 

The list of names of Benefactors of the Society was read by 
fte Secretary. 

vou V. PT. V. 22 



316 Prof. Liveing, On the ni$amremsnt of kinetic [Oct M, 

The following were elected Associates : 

Mr Bobt Bowes. Mr W. Marshall 

Mr J. Carter. Mr H. Middleton. 

Mr A. Deck. Mr W. E. Pain. 

Capt P. Going. Mr W. W. Smith. 

Mr W. Heape. Mr R. H. Solly. 
Mr R. T. Lynch. 

The following communications were made to the Society : 

On ike meaeurement of kinetic molecular energy on an dbeeUte 
ecale. By G. D. Liveing, M.A., F.R.S. 

In treatises on thermo-dynamics no definition is usoally giTca 
of the particular molecular motions which are to be retarded si 
heat At least two very different kinds of motion are indiukd 
under the name heat by all writers on the subject^ namdy die 
motion in a gas which produces pressure and the motion whidi 
produces radiation. Most writers now-a-day distinguish betwesa 
neat and the motions of liquefaction, vaporization, and that of 
decomposition of molecules, and such expressions as ** latent best 
of evaporation "* are used under protest, or chanses of state ars 
reckoned as internal work. When heat is empfoyed to do ex- 
ternal work it is almost exclusively the motion of tnuialation 
of the molecules of gases which is directly emploved, but tiie 
energy is supplied to the working substance by conductaon in the 
f6rm of heat, and all the other forms of energy that I have met- 
tioned may be drawn upon, even the eneivy of dLnociated chemifal 
elements if there are such in the suppfy. For the nJke of dii- 
tinctness in what follows I shall use the word " heat " to mess 
only those forms of energy which consist in the vibratoxy motioiii 
producing radiation and those which pass in conduction. I do 
not pretend to say that these two kinds of motion are identieal 
but merely that for the present I class them together as one fbni 
of energy which all, so far as I know, call " heat." The motiaiii 
of liquefaction, vaporization, and of the breaking up of molecaki 
into simpler parts I shall distinguish fifom heat as aepanta 
forms of kinetic molecular energy. Nevertheless when the aapp^ 
from which heat is drawn to work an enffine oonsista of aoj 
oidinary materials in a state of thermal equiuorium at fint» tlMS 
when heat is withdrawn 1h>m them an adjustment takes pisoa 
between 'all the forms of kinetic molecular enern in the snpfb 
in accordance with the law of dissipation whereby, in geiienl 
they all ultimately contribute their quotas to make good in put 
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e lofiB of heat» and in thia way they may all be said to take 
LTt in the work done bv the engine supplied by them. They 

I haTe their effect on the temperature of the supply on which 
le availability of its energy essentially depends, and it may be 
leerved that in the category of forms of energy which thus con- 
ibute to maintain the temperature of the supply must be in- 
uded the energy of dissociation, whether the aissociation consist 
L the breaking up of the molecules into parts which are homo- 
3060118, as happens with sulphur vapour and many other vapours 
; higb temperatures, or whether it is dissociation of chemically 
iverse kinds of material 

Now considering that all these several forms of enei^ con- 
ilmte to the temperature of a body it seems hardly possible to 
iroid the conclusion that they are all subject to the thermo- 
vnaisuc laws and that the oondusions drawn from those laws are 

II applicable, mutatis mutandis, to them as well as to heat Many 
othors appear to me to have .made tacitly some such assumption, 
nd I have myself dcme so avowedly in considering the influence 
f disBination of energy in regard to Chemical Equilibrium \ It 
I pofl8H>le however to follow out the reasoning with regard to 
acn form of kinetic molecular eneigy in lines parallel to those 
mployed by writers on thermo-dynamics. 

The second law of thermo-dynamics is a particular case of 
he more general law of dissipation of energy. That law may be 
tated as follows : 

Every change which takes place spontaneously in the form 
>T distritnition of enei^ in any given portion of matter without 
looessioii of energy from without reduces the availability of the 
^neivy of that matter to do mechanical work. 

No machine self-actine can then convert energy from a form 
a which it is less avaimble into one in which it is more 
available. 

It follows then on Gamot's principle that if we have a re- 
ranible engine working between a supply of enersnr at one degree 
)f availabiuty and a sink at some very slightly lower degree of 
ivaalability, tne fraction of each unit of enei^ derived from the 
nipply which can be converted by the ennne into mechanical 
work will depend only on the degree of avaiLbility of the supply 
nd on the difference of degrees of availability between the supply 
and sink. 

The eipreesion degree of availability is an awkward one and 
i^t always appropriate so that I prefer to use '' potential " instead 
rf it The fundamental notion connected with equality of potential 

lew. M^t<m.SdUiidOo. J- ^ iTf ^ 

22—2 
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he\n^ that when two forms of energy are at the same poleo- 
tial in the same substance there is no tendency for either to 
be increased at the expense of the other; but uiat if they sn 
at unequal potentials there is a tendency to an equalisation ; abo 
that when two bodies have their energies at equal potentials them 
is no tendency for the energy of one to increase at the ezpenti 
of the other, while if they are at unequal potentiala there is s 
tendency to equalization by the passage of eneigy from one bodj 
to the other. 

It remains to construct a scale of measurement which shall 
be applicable to all kinds of kinetic molecular energy. 

Let S and 8^ be two systems each homogeneous in regard to 
both matter and energy, and let E, E^ be their respective eneigisi 
in such forms €^, 0. , €, &c. as are from^ the nature of the Bystems 
capable of being freely transformed into each other, and fieelj 
transmitted from 8 to 8^ or vice versa when 8 and 8^ are placed ii 
communication ; e^ for instance ma^ be heat, «. the eneigiy of motioa 
of translation of the mplecules of a gas, 0, tne energy of chemiesl 
separation and so on. E will be the sum of s^ + «^ 4- e^+ &c. for 8] 
and E^ the oorresponding sum for 8^ . 8 and 8^ may have besides 
E and E^ other energies which are not freely transformable into 
any of the forms included jn E and E^. If and 8^ axe each ia 
equilibrium, s^, a^ «„ &c. in 8 will all be at the same poteotial F, 
and 9^, 9p s,, &c. in jSf^ will also all be at one potentiai V^. Aim 
if when 8 and & are put in communication there is no tendenqr 
for any ]>art of b to transfer itself to jSf^, or for any part of JF^ to 
transfer itself to 8, then V^V^\ but if part of E^ paasea to S, 
Fo is ffreater than V, and if part of E passes to S,, v \m gieatsr 
than V^. 

Suppose V greater than V^ and the difference to be fi F[ thea 
it follows, on Carnot's principle, that no more work can be got out 
of E in consequence of the equalization of the potentiala of E 
and E^ when 8 and 8^ are put into communication by any meaai 
than can be obtained by means of a perfect reversible epgias 
working between 8 and 8^ ; and hence the greatest amoont of 
work which can be got out of E by such means will depend oo^ 
on V and h V when S F' is very small 

Let us suppose ;Sf^ to be maintained by external aflenqr in ^ 
constant state, so that the potential of E^ is always Touring the 
operation of transferring part of E to 8^ and converting the reit 
into mechanical work by help of the reversible engine. Tbea 
if 5 IF be the greatest amount of work which can be got out of E 
by this means, we shall have 

SW : E^SV : F(V) (i), 

when F{V) is .v)mo fnnorion of T''. 
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IXow suppose the engine to be worked backwards so as to 
"^eotore £f to its original state, taking as much enersy as possible 
Tom 8^\ then fiTr is the least amount of work which must be 
lone upon 8 to restore to it its original energy E at potential F, 
u&d therefore £7— filT is the amount of energy which must be 
lopplied to iSf in addition to the work STT done upon it E-^hW 
tnaat therefore be the energy of 8 when at the potential F^, 
because no energy could pass spontaneously from 5^ to £f at a 
higher potential, and STF is the minimum amount of energy which 
must he derived from without to raise the potential firom \\ 
to V. 

Next let us measure F on such a scale that fi Fbears a constant 
ratio to fiTF when E is increased or diminished ; and let jSf^ be so 
changed in its state by external agency that the potential of E^ 
ia reduced to V^-^hV) then by means of a perfect engine working 
between 8 which has energy E-^hW at potential F^, and & 
maintained with its energy E^ at potential V^^hV^ a second 
quantum of work, equal to the former quantity hW since SF is 
toe same and is always proportional to STT, can be got out of 
JB^hW^ and we shall have 

-fiFr/CF-SF), 
hot by equation (1) 

hW : E^ STF-fiF : J^(F) -8F, 
whence F{V''hV)^F{V)^hV, 

and F(y)^V. 

and equation (1) becomes 

hW I E^hV I V (2). 

Since the work that can be got out of each unit of energy 

in i?is the same fraction of STF, that one unit of energy is of 1^ 

we may write in the above equation dW : dE, the rate of work 

obtainable per unit of ^, instead of STT : ^, and make 5 F always in 

a constant ratio to dW/dE. hE, where iE is an arbitrary increment 

of E which ma^ be the unit of energy. SF, the increment of V, 

, is then wholly mdependent of the naturo of 8 and of the amount 

I of energy E, and we have a method of measurement of F ap- 

, plicable to all forms of kinetic molecular energy, and we can 

make the magnitude of our degrees of potential the same for all 

. When the energy in question is heat, and F is temperature, the 

equation (2) be^mes that which is usually given in text-books for 

the relation between the amount of work which can be got out 

' of a snpply of heat E at temperature F on the absolute dynamic 

scslo vnen the refrigerator is at temperature F — ST. 
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If 8^ be some independent tystem with energjr j?^, or if die 
nature or drcamstances of jSf be such that it mavnaTe enem a 
some form E^, which cannot freely be traasfonnea into any oTtlM 
forms of E, the potential of E^ will be independent of that of S 
but may be measured on the same scale if SV is always in the 
same ratio to dW/dE^ • 

If the scales of measurement of any two forma of etnergr E 
and E. coincide at one point they must coincide at all pomk 
Coinciaence at one point may be determined by the oonaideratioa 
that when E and E^ exist in a system or in two comzaanicatiDff 
systems in such circumstances that the one can be transfbixQied 
into the other, there will be no tendency to any such transfonns- 
tion when both are at the same d^ee of potential, for no woifc 
could be got out of any such transformation. 

The zero point may be taken arbitrarily, and as a zero point 
has already been assigned to the dynamic scale of temperatarB 
the iBame point may be retained in all cases. It is plain that 
E and V will vanish together whenever E can be directly trans- 
formed into heat, and uxis appears to be the case whenever the 
energy is strictly speaking the energy of the moleculea 

Molar energy does not exhibit differences of potential. 

When the energy is what is called energy of position, that is 
when the energy is that of the field, it is only when there is 
some difference in the energy of the field in different parts 
occupied by the system that any dissipation of the energy of the 
field can occur within the system. The potential of the eneigy 
of the field at that point within the system where it is least will 
therefore coincide with the zero of our scale when the energy 
of the field has to be brought into comparison with the other forms 
of energy in the system. 

When the energy of the field is gravitation we can hardly 
include in the field of any experiment a sufficient difference 
of gravitational potential to bring the energy of the field into 
comparison in a measurable way with the molecular energies of 
the materials of our experiments. Nevertheless in the large field 
of nature differences of gravitational potential must, I should 
think, be capable of producing such effects as chemical decom- 
position. For example, the stable arrangement of a mass of 
mixed hydrogen and oxygen under gravity is not one in 
which the proportions of the two gases are constant at aU 
levels, and if we have a large mass of aqueous vapour extend- 
ing to a considerable height above the earth, there must be 
a tendency on account of gravitation towards a separation of 
hydrogen and oxygen and an accumulation of hydrogen in the 
upper part of the mass, and of oxygen in the lower part. Unless 
the potential of Iho energy of cnemical separation passes per 
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ftltam from leio to some amount greater than the difference of 
lotential which can be established bv the combined effect of 
;myitation and the other eoergies of the system within the space 
lecupied by the molecule, one would suppose that dissociation 
noat occur and by the action of gravitation be rendered permanent 
it least in part 

(2) On the transit of Venue, Dec. 6, 1882. By J. B. PsABSON, 

The paper contains an account of the reduction of observations 
nade by Dr Pearson, with a odculation of the value of the Solar 
Parallax, found by comparing theso with the French observations. 



Kovemhei* 9, 1885. 
Pbofessob Foster, Peesident, in the chair. 

The following communications were made to the Society : — 

(1) On Weieemann'e New Thear;/ of Heredity. By A. Sedq- 

WICK, UJL 

(2) Suageetions with regard to the nervous system of the Chor- 
iota. By W. Bateson, B.A., St John's. 

Having in view the facts of the anatomy and development of 
the Enteropneusta^ and especiallv the condition of the delaminated 
portion of nervous system which is connected with the skin by 
median-dorsal chords, the author argued that 

(1) The nervous system of the chordata must have been from 
the first an unpaired and " unseffmented" structure. 

(2) That Its present origin by invagination must be secondary 
to a primitive process of delamination. 

(3) That the difference of function between the dorsal and 
ventral roots must have been primitive, the result of the physical 
necessities of the case. 

If these suggestions be accepted, the nervous systems of the 
lower chordata form a regular and progressive series. 

(3) On ihe nature of the Heart-Sounds. By F. J. Allen, M.A., 
8t John's. 

The difference between the two sounds of the heart may 
be one of degree rather tiian of nature. Certain circumstances 
render the sounds more alike, and certain others increase their 
difference. 
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There is no real similarity between the systolic soand and the 
susurrus of muscles in tetanic oontiactions : tho former is qoito 
nnooth, the latter rough. A prevailin^^ fundamental note may be 
heard in each : but ttus is also heard m the second sound ; and ii 
therefore independent x>t muscle, and may be the fundamental nots 
of the observer's auditory mechanism. 

In the author's more delicate experiments a stethoscope of sev 
form was used. This was an ordinary binaural flexible stetho- 
scope, fitted with a peculiar receiver which consisted of a smsB 
drum with heads of thin caoutchouc membrane. This iostra- 
ment, called (in default of a better name) the tympanoid stetho- 
scope, is very sensitive; since the vibrations of a body can be 
communicated to it by a very light contact with the outer dmm- 
m'embrane. 

Various kinds of muscle were examined both within and outside 
the body. It was found that skeletal muscle, both of the fng 
and of mammals, gave rise to an audible concussion or thud, when 
eontracting under the stimulus of single induction shocks. Thii 
thud is louder when the muscle pulls on a weight ; but neverthdeei 
it appears to be independent of resistance : for it is still prodnoed 
when the muscle lies loose upon the membrane of the stethoscope 
and is even audible when a scrap of muscle no bigger than a pes 
is used. Little or no sound is produced, however, when the 
muscle is exhausted, even though its contraction remains visiUe 
to the eye. 

The heart-muscle of warm-blooded animals, stimulated in the 
same way, produces a similar concussion or thud ; which, however, 
is much duller and weaker than that of the skeletal muscles. The 
heart muscle-sound has not the character of a susurrus;, but appesn 
to be merely the expression of a single contraction less sudden and 
of longer duration than that of the skeletal muscle. 

The heart-muscle of cold-blooded animals (frog and crocodile 
gives rise to no sound audible with the tympanoid stethosoqie. 
This is apparently because the contraction, although of mn^ 
longer duration than those before mentioned, is not sudden enoogk 
to produce an audible concussion. 

It appears that in the following kinds of muscles there is sa 
ascending scale of suddenness in contraction: — (1) Unstriped 
muscle, (2) cold-blooded* heart-muscle, (8) warm-blooded hesit- 
muscle, (4) cold-blooded skeletal muscle, (5) warm-blooded akelettl 
muscle. The first two contract too slowly to give rise to sa 
audible concussion, and the last produces a very sharp concussioo. 

Medcing experiments with the tension sounds produced bj 
suddenly stretching or jerking membrauous substances, such at 
tape and leather, I find that a sudden and weak jerk gives riee 
U> a short flapping sound, whilst a slower jerk with sustained 
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tendon produces a long musioal sound. The relation between the 
two kinds of sound is very suggestive of the relation between the 
second and first heart-sounds. 

Since the cardiac muscle can produce a contraction* sound, it 
is evident that it must contribute a share to the first heart-sound, 
although it may not be an important fiiotor. If it were important, 
the sound of a hypertrophied heart should be loud, whereas ex- 
perienoe shews the opposite to be the case. The sound of the 
muscle is probably not a prolonged one, but simply a dull thud : 
and, since the muscle must contract before any other systolic event 
can take place, ike nuiscuJar ihud muet come at the beginnifig of 
the eyetoho eound, not prolooging it towards the end as usually 
supposed. The looming prolongation of the sound is most likely 
due to the vibration of the valves and ohordae tendineae uoder 
the sustained tension to which they are subjected ; as simulated 
in the experiments on stretching membranes. 

The systolic sound in smaU animals ^cat, rat^ mouse) is not 
proloDged as in man and other Iftiger ammals. The two sounds 
m smul animals are nearly alike. The conditions which give the 
special characters to the systolic sound in the human and other 
large hearts, appear to l>e (I) the long systole with sustained 
tension, (2) the large sise and consequeut free vibratility of the 
valves and chordae tendineae, and (3) the thickness of the ventricle- 
wall, which is not favourable to sharp vibration in itself, and which 
acts as a partial non-conductor to the valvular sound. The simi- 
larity between the two sounds in small hearts should therefore be 
owing to the absence of these special conditions. 

(4) On Ae travelling of the Transpiration Current in the 
Oraeeulacem. By F. W. Ouver, Trinity College. 

In this communication the author drew attention to some 
experiments carried out by him on certain members of the order, 
which would point to the importance of the living cells of the 
wood in the ascent of the sap. The cooperation of the living 
elements has been already shewn to be logically necessary by the 
^ysioloffists Godlewski and Westermaier ; and from the experi- 
mente described some support for their general theories was 
attempted to be drawn for a special case. 

(5) On the oonetitution of the walls of vegetable cells and the 
degeneration Ganges oocurring in them. By Waltxb Qardinbb, 
MjL, Clare College. 

The anther stated that although a wall consisting entirely of 
unaltered oeUulose may conveniently be regarded as the tyincmi 
coil-wall, yet practically such a structure is seldom mot with in 
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▼egetabld tiwue. Even from the veiy first the wmll may be for the 
meet part mucUaginooi^ or maj ooniift of aome form of hydmfted 
celluloee ; but perba{M the more normal pbenomcBon tliai oeemi 
is, that in a inickening oell-wall the innermoat higren nmMirt di 
oelluloae, while the outer portion tends to d^enerate into nmcilafeL 

The structure known as the middle-lamella is oo mp oa e d, m the 

CI cellulose cell-wall, simply of ceUulose faiyeiB^ whieb haie 
me peculiarly dense and resistant owing to |aeaiMm sad 
tension, out more generally these layers undsrgo a hydmted er 
mucilaginous change, and e?en incipient lignitolion mid cntka- 
larisation. 

The occurrence of mucilaginous degeneration is one of ths 
deepest physiological interest, since by^ this means the sepnntion 
of cells m the formation of stomata, intereellnlar spaces, and the 
like is made possible. During the separation from one another of 
contiguous cells the external mucilaginous portions of the wail 
frequently present a very rugged outline, and the two walla may 
even be connected by strandsof mucilage whidi traverse the inter- 
cellular space. 

The external portion of the walls lining intercellular spaces 
often degenerates into mudla^ over their whole aurfiuse, bnt in 
man^ cases this degeneration is confined to certain definite areas, 
leadmg to the formation of mucilage rods and drops. 

The process of partial or entire mucilaginous degeneratioa 
appears to be one of nydration, since (amon^ other things) it can 
be shewn that by employing suitable hydratii^ re&genta» the area 
of mucilaginous change can be increased at wilL The aathor 
believes that the phenomenon of swelling as exhibited by eell-walb 
is made possible by, and is in the main dependent on, the forma* 
tion of definite hydrates of cellulose, such bydrated forms being 
very unstable and probably consisting of a large number of mole- 
cules. 

In addition to the mucilaginous degeneration occurring in the 
walls of normal cells, mucilage may be derived directly from the 
protoplasm or from walls which are undergoing a pathological 
change. 

Cuticularisation occurs in the outermost layers of the walls of 
living cells, when the walls in question are freely exposed to ths 
external medium, but in the opmion of the author, lignification and 
suberisation is in some way dependent on changes takine place in 
consequence of the slow and jg^radual death of the cell, which must 
however be situated in the vicinity of living tissue. In certain in- 
stances a suberous d^eneration may occur in the most extemsl 
layers of certain cellufose walls, in which normally a mudlaginoas 
change would have supervened, but this is apparently dependent 
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I on some patlialoffical change. Instances occur also in which cell* 
bWeUs^ of a cellulose natuie when living give a definite lignin 
I reaction when dead. In lignified and suberised waUs the maximum 
gdiange oooors in the neighbourhood of the middle lamella, and 
^ here^ too the change iB associated, although to a less degree, with 

mucilaginons degeneration. 
^ In conclusion the author stated that he had undertaken the 
^^ above investigation mainly for the purpose of ascertaining whether 
F intercellular protoplasm was ever present, in plant tissue. All his 
'^ frequently repeated observations most emphatically negatived the 
■^ occurrence of any such substance. 
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Mr F. J. Allen, M.A., St John's College, was elected a Fellow. 
i The following communications were made to the Society : — 

(1) On a new method of producing the fringes of interference. 
. By L. R. WiLBERFORCE, B.A., Trinity College. 

I [AbetrcKt.] 

The author stated that in the course of an inouiiy into the 
suitability of various forms of interference-fringes for certain in- 
vestigations on the velocity of light upon which he had been 
engaged, he had been led to adopt the mode of production which 
was the subject of his paper. 

He brieny described the method, indicated the elements of its 
theory, and, by a comparison of his results with those of former 
experimenters, shewed the great increase of accuracy attainable 
by means of rt 

The paper is being printed in the Transcuitiona of the Society. 

(2) Some experiments on ihe dielectric strength of mixtures 
of gases. By Dr C. Olearski. Communicated by Prof. J. J. 

THOMSON. 

O. Wiedemann and Biihlmann in their investigations on the 
passage of electricity through gases* compared the electric strength 
of oxygen, nitrogen and air free from carbonic acid and aqueous 

I > Poge. Am. Vol. lio, 8. S35, or Wiedemann EUkiricim, Vol. it. p. 460. 
I 



326 Dr C. Olearski, Some expsrimentu on tite dieledic [Nov. 23, 

vapour. They determined the quantity of electricity paaHiTi^ at 
each discharge, and, although it u perhaps not quite evident, it is 
at least very probable that the quantity of electricity carried at a 
discharge is proportional to the potential necessary to introduce 
the discharge. Based on this supposition we should conclude from 
the diagram^ given by Wiedemann and Ruhlmann that there is as 
anomaly as regards the strength of air, which according to them 
would be intermediate between its constituent gases for pressures 
larger than 30 mm. of mercury, but Weaker than either nitroffea 
or oxyeen for pressures lower than that This would not be what 
we could easily explain, and would suggest that for these low pres- 
sures only the weaker constituent of the mixture is carrying the 
discharge. 

But as this result does not seem to be condosively profed 
by the experiments quoted above, and is not even announced 
by the investiffators, and it was of some interest to make ex- 
periments on the strength of mixtures of gases, Pro£ J. Thomaoii 
suggested to me during my stav in Cambrid^ to investigate the 
question by the method of Faraday*. Accordingly a current given 
by a Rubmkorff coil was sent through a multiple conductor, in one 
branch of which was a glass tube (whose internal diameter was 
2 cm.), closed air-tight by india-rubber stoppers, having two spheri- 
cal platinum electrodes at a distance of about 15 cm., while in 
the other branch there was the usual apparatus for measuring 
the length of sparks, consisting of two movable brass balls in 
open air. 

When the distance of movable electrodes is laree enough, 
sparks pass only in the glass tube, when it diminishes they appisr 
between the movable spheres as well. The limit distance itieasures 
the strength of the gas enclosed in the tube. There is however 
a difficulty in making an exact measurement, for, when the distance 
of electrodes is reached at which the first spark passes across 
them, the discharge does not always choose the same way. In this 
manner there is an interval which is larger for higher pressures 
than for lower ones, in which it is impossible to decide whether 
the gas enclosed in the tube or the air between the movable 
electrodes is stronger. But when we only compare the strengths 
of diflTerent gases, faults conung from this incertitude may be 
poBsiUv eliminated by keeping always the same mode of proceed- 
ing. For every determination therefore the distance of the movable 
electrodes was at first made so small that all discharges passed 
through them. Then the gas was pumped out by means of a 
Sprengel pump and the pressure was noted at which the first dis- 

1 1. o. tab. IT. fig. S, or Wied. EUktn Vol xv. p. 462, fig. 193. 
* EjTperim. Re»eareh. Vol. i. 
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diam poMed in the tube. This mode of iovestigation was used 
in all the experiments, whose results are given below. 

There is another point which may be noticed. Faraday 
srtginally observed that after a discharge is passed across a gas it 
becomes electrically weaker than it was before. It may be easily 
shewn that this alteration in the electric strength of the gas lasts 
for some time. For instance 1 made the distance between the 
movable electrodes 52 mm., and having filled the tube with 
nitrogen I found that until it was pumped out to 10 mm. of 
mercury no discharge appeared in the tube. After having intro- 
duced a little more nitrogen, I passed the dischai|;es from a 
Ruhmkorff coil through the tube for 10 minutes ; after waiting 
for 2 minutes, I found the corresponding pressure of nitrogen 
12*5 mm., which shews that nitro^n is weakened by the passage 
of dischai^gos, and does not acquire its previous properties afWr 
a rest of 2 minutes. To avoid errors arisiug from this cause, after 
every determination some new gas was introduced into the tube 
(when the gas was very rarefied sufficient to increase its pressure 
about 30—40 mm.). In this manner the gas enclosed in the tube 
was never sensibly changed by previous discharges. 

Experiments made at ditferent times have not given exactly 
concoraant results in absolute numbers for the same gases, never- 
theless the order of gases as regards their electric strength was 
always the same and the ratio of numbers found for several gases 
was nearly equal. Even for absolute numbers the accordance was 
much better at low pressures when the discharge had the form of 
a glow, than at higher ones when the passage of electricity is 
accompanied by a spark. These differences are doubtless princi- 
pally caused by the different states of free atmospheric air, by the 
varying quantity of dust in it, and perhaps by some differences in 
the working of the Ruhmkorff coil. On the contrary, measure- 
ments made some hours one after another gave numbers which 
never disagreed I07, even for pressures larger than 100 mm. of 
mercuiy. Therefore finally I made experiments with ffases, whose 
electric strength I compared, on the same day, and I shall give 
below only such measurements or means of such measurements 
which were executed with this caution. 

The following is an example of measurements executed one 
after another with oxygen, a mixture contAining 6l7o ^ol. oxygen 
and 397t ▼oL nitrogen, air and nitrocen under low pressures. 
Oxygen which w&<f prepared from chlorate of potash was led 
through water and a solution of caustic potash. The carbonic add 
contaioed in the air was also removed by means of caustic 
potash. Finally the gases were dried by passing through twf> 
tubes with CaCl^ and the third with phosphoric anhydride, each 
of which contained a plug of wool t^ retain the dust 
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35 


28 
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U 
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15 


0-52 „ 


9-6 


8*5 


11 


IS 


0-86 „ 


5-5 


50 


6- 


6-5 



In each horizontal line the distance between the movable 
electrodes is given and the correspondiiu^ pressures of different 
gases at which the first discharge appeared in the tube. 

From these experiments air would seem to be intermediate 
between its constituent gases; while the mixture of oxygen and 
nitrogen in the ratio of aVL f oL to 39*/^ is stronger even thss 
oxygen. The difference is nowever not larger than the possible 
errors of the experiment Another experiment has given for the 
same mixture and for oxvgen numbers almost exactly eqoaL 

The following are the means of three measurements eveij 
one of which included oxygen, air and nitrogen : 

There is a very small difference in the electric strength of 
oxygen, nitrogen and^ air. Oxygen is a little stronger than nitrogen 
for low pressures just as Wiedemann and RUhlmann feund, 
whereas SWaday has shewn that under the pressure oi an atmo- 
sphere nitrogen is the stronger. Generally the curves given on 
the diagram of Wiedemaxm and RUhlmann agree with numbeis 
found here as measuring the electric strength, which shews thst 
quantities of electricity carried at a diachaige measured by HK^ede- 
mann and RUhlmann are proportional to the potential whidi ii 
neoessarv to introduce the discharge. Air appears however to be 
intermediate between oxygen and nitrogen even under the prsseoie 
of 6 mm. of meroury. 
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Hydrogen is yerj muA weaker than nitrogen, and tkerefc 
oompiiced it with a mixtare eontaiaing 70*^toL hydrogen 
M^/^ voL nitrogen. 
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In the last column are given pressures calculated when it is 
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BuppoMtl that the strength of a mixtare in eqtial to tlie warn 
of strei^hs of its constituents, i.e. according to the fiimnk 

^ " 0-7Ni.'0*SH ' ^^^^ ^ ^' ^^^ pressure of the mixtare, H and 

N pressures of hydrogen and nitrogen. It seems that calculated 
and observed pressures disagree more than it could be explained 
by the imperfection of the proportionalitj of strength and p r casni e 
of gases and by errors of experiments. 

(3) On tlie mutual action of oicUtatory twists in a vtbraHti/ 
msdium. By A. H. Lbahy, M.A. 

This paper is being printed in the TranseusHons of the Society. 

(4) On the iranspiration-streafn in cut branekss. By Fbakch 
Dabwin, M.A., Trinity College, and Rkgivald W. Panxini, 
B.A., St John's College. 

CONTRKTS. 

1 1. Objaet of Experiments . SSi 

I S. Method Stt 

jjs. On Dofour*! eiperimentfi 07 

1 4. Eetimation of the effeot of 'double tawing*' on the ilofw of valer in 

trsnspiriag bnnohee SSS 

1 5. Bstimalion of the efiaot of don hl sss w iag oa btaaehes thro«^ uliieb a 

•treem of water if drawn 1^ mesne of sa sir-pomp • , WtS 

1 6. Diteoseion on a point of diffemee between the liSQlts given in 1 4 aod 1 a. Sll 

1 7. Ezperimente with eolation of eoeln, and witii eoloar held in sM ps nA m 

in water .80 

|S. OonolaiionB ai to Dnfoar*i donble-eawing eiperinMate— aad ssasesl 

^iOQSBion of reenlte S0 

10. Eiperiments on bending and oompreefiing the timmes of tnmflpiilvg 

branchee SU 

§ 1. Objset of the Expermsnts. 

The series of experiments hero recorded was comtnepced in 
the spring of 1884, aod was in laige part completed ^ in thai 
year. We have been forestalled in some of our results anoe tks 
work was begun, nevertheless we think it best to publish them. 
since the amount of evidence available on the subject is by no 
means large. 

It is not necessary to refer in detail to the views 
botanists as to the way in which the transpiration-stream 
through wood. The subject has been recentlv discussed in an 
admirable paper by Elfvingf, and more recently in Godlewski's^ 
paper on the same subject. 



* L e. Brenehee 0wn half throogh on oppoeite sidee at pointe near sash 
t Ueber den Tianspirationetrom in den Pflavswn. AeM Hoe, SHent^ Ffimie*. 
Tom. JPf, 1S84. 

t Prinflnheim'n Jakrlmrh, 1SS4. Bd. xr« Hf ft 4. 
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It will 0uffic6 to lay that the two chief theories are 

L That the chief and easential path of the ttream it in the 
walls of the elements of the wood ; that the stream is 
in fact the movement of the water of imbibition con- 
tained in the walls of the elements. 

This view we shall refer to as the '' imbibition theory". 

iL That the chief and essential path for the passaoe of 
the stream is in the cavities of the elements of the 
wood. 

The chief object of our experiments has been to help to decide 
the question whidi of these theories is the right ona 

u the present paper we have not attempted to do more than 
to teat the validity of the two themes as applied to ctU branches, 
withoat ocmsiderinff whether or no the conclusions arrived at are 
ajpplioaUe to rooted plants. The method employed may, it is be- 
lieved, be used with plants grown in water. 



§ 2. Method, 

The experiments here recorded were chiefly made with the 
potometer already briefly described by one of us* . The instrument 
IS intended to measure the amount of water absorbed by a tran- 
sfpirinfi plant in a given time, and has been called the potometer 
in imitation of the name suggested by Moll-f* for a different instru- 
ment 

There ii nothing new in the principle of our potometer, the 
chief merit that we may claim for it is its convenience for working 
jmiposes. 

Jfia. 1 shows the potometer in action. It consists of a T tube, 
of which the limb a is bent so ais to be parallel to the remaining 
two limbs, and into which a cut branch of a plant is fixed by an 
india-rubber tube. The two other limbs of the tube are closed by 
india-rubber corks, through one of which passes a thermometer tube 
6. The T tube and the thermometer tube bein^ filled with water 
the apparatus is fixed so that the end of b dips into a small vessel 
of water, c. It is obvious that all the water which the branch 
ahaoibs must be obtained from the vessel c. To take a reading 
with the instrument all that is necessary is to remove the block of 
wood d so that the vessel c can be lowered ; when this is done air 
instead of water will be sucked in at the end of b. When a 

* Tnanc&M Duwin in Natim, May 1, 1684. 
t Arehtve9 Nttfiandaiiet xriii. 1S84. 

VOL. V. FT. V. 23 
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' oolamn of air a few millimeters in length has entered the tube 6, 

I the vessel c is replaced ; by this means a babble of air is enclosed 

I in 6 ; the bubble travels up the tube and serves to indicate the 

I rapidity of the current of water in the tube b. The time which 

' the bubble takes to traverse a measured length of tube is read by 

means of a stop-watch. Then by taking the reciprocals of these 

readings a series of figures proportional to the amounts of water 

ahaorbed by the branch in a given time are obtained. Thus if 

10'^ is the reading, the reciprocal being 01, the rate of absorption 

i is put down as 100 ; five seconds being entered as 200 ; 20'' as 50, 

and ao on. The actual quantities of water corresponding to these 

I figures vary according to the size of the tube used. A rate of 100 

* in our experiments means that some quantity between 4 and 8 

I gramms of water are absorbed per hour. 

Details. It will be seen that at each reading a small bubble 
enters the potometer, these bubbles collect at e, and can be got rid 
of at intervals by taking out the cork e and filling up the vacant 
space with water. In some rare cases bubbles have l^en found to 
collect in the limb a underneath the cut end of the branch, this is 
of course a serious error, and to avoid the possibility of its oc- 
carrenoe, a different form of instrument was occasionally used, in 
which any bubbles entering firom the end of the branch could be 
collected with the bubbles used as indices of the rate of absorption. 
Practically however it was found that the form given in fig. 1 did 
not lead to errors from this cause. 

There is naturally some resistance to the drawing of the bubble 
of air into the end of h (fig. 1) ; thus it follows that the bubble 
enters with a jerk, and does not settle down to a steady pace until 
it has travelled some way up the tube. It is therefore necessary 
that the mark on the tube forming the lower limit of the fixed 
distance to be traversed by the travelling air-bubble should be at 
some little distance from the firee end of the tube; in our experi- 
ments the length of he was usually about 10 c m. It was found 
convenient to employ the upper end (/) of the thermometer tube 
as the upper limit of the measured space. 

In using the apparatus it is of importance that the length 
of the Imbble emjuoyed as an index should be constant, since 
it was found that by using long and short bubbles alternately the 
jroadinp could be made to vary ; the longer bubbles giving slightly 
quioksr rates than the shorter ones. This point was carefully 
attended to, each bubble being regulated to a measured length as 
it entered. With these precautions fidrly uniform readings can be 
taken. The following series is not specially selected, but snows the 
kind of uniformity easily attained to— and greater uniformity was 
oftan reached : 

23—2 
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5*6 second* 


6-8 


»> 


6-0 


»> 


fi*8 


M 


6-0 


n 


6-8 


u 


5-8 


M 



In our experiments we usually employed Oambridge 
supply water, which is fairly firee ftom imporitiii, in aome 
however distilled water was used. The sncoess of the method 
depends on there being no leaks in the apparatus; it is thenlbie 
essential that the india-rubber corks should be ffood, and the Vifif 
tures where the india-rubber tube is attached eiwer to the glas cr 
the branch should be earefolly made. For this pornoae eithsr 
copper wire or (what is better) india-rubber thread was eai- 
ployed. 

Advafiiag$$ and diiodvantaffm of the fMtlmL 

The apparatus is rapidly put together so that readings can bs 
taken witmn one minute after the K>ranch has been cut It is so 
simple that it is not likely to get out of order, and the places of 
possible leaks are reduced to the lowest possible number. Esdk 
reading takes only a few seconds, so that a number of obeermtioas 
may be made in a short space of time. It is easy to take obs6r> 
nations without in any way disturbine the plant, and this is of 
importance since it has been shown that the ^KftHng caused by 
such a disturbance as is involved in weighing a transpiring plait 
influences the transpiration*. 

Owing to the sinking of the level in the vesseb e and s; as the 
branch absorbs water, the conditions do not remain abeolat^ 
identical from hour to hour, but since these sources of enur are 
extremely small, and their effect is spread over a conriderahie 
interval, they may be considered as of no moment 

Changes in the temperoture of the water, or in this jmasare of 
the surrounding air, must theoretically disturb the reamnff of the 
instrument If the water in the x tube is increasing in bulk 
owing to increase in temperature the passage of water up the tabs 
6 must be delayed. 

If it be remembered how slowly the temperature of the 17 ce. 
contained in the potometer would be changed in the ooorss of 
experiments conducted in ordinary rooms, and when it is fiirthor 
considered that the bubble serving as index often moves «t ths 
rate of 12 mm. per second, it mil be seen that no serious 

♦ BaranetKky. Bot. ZeiUmn^ 1878. 
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irill be introdnoed The aame oonttderations mvtatii mutandis 
^ppW to barometric changes. 

It muat further be remembered that the ose to which we have 
pot tbe potometer ii espeoiaUy to tsst the effect c^ sudden changes 
bA the conditions; and that where we record changes in rate of 
gabaorption, which are observable from minute to minute, errors of 
tbis aort need not be considered. 



Teste applied to the apparatue. 

We were not able to discover any serious sources of error in 
tlie apparatus, but we were anxious to prove that the readings 
of the stop-watch do represent the flow through the potometer. 
We therefore substituted a siphon at a in place of the plants and 
proceeded to compare the different rates of flow of water through 
the siphon with the corresponding readings of the potometer. It 
was found that low pressures of the siphon corresponaed to what we 
were accustomed to consider high readings of the potometer. And 
ais we furUier found that the liability to error is greater with 
rapidly moviog bubbles, we may assume that our experimental 
readings are tnore and not less trustworthy than those obtained in 
the testing experiments. 

The siphon was so arranged that the free end could be raised 
Mid lowered, and the experiment here ffiven begins with a pressure 
of 100 mm. of wator : — that is to say, the efficient column of water 
was 100 mm. in height ; as the column was increased by regular 
increments to 200 mm., the reading of the stop-watch deoreiftsed 
from 7r to 8-5". 

In the following table A gives the reading of the stop-watch ; 
B gives a series of figures proportional to tm reciprocsis of the 
figorsa in ^ ; (7 gives figures proportional to the pressure o^ the 
siphon, — ^figures which therefore approximately represent the 
outflow from the siphon : 



100 
120 
140 
160 
180 
200 

It will be seen that the difference between B and C never 

reaches 57o- 

With soil higher pressures and with a correspondingly rapid 
rate in the passage of the bubble the error increases from 1( to 



A 


B 


7-8" 


100 


5-8 


125 


5-0 


146 


4-6 


162 


40 


188 


8-5 


200 
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iff'l^f 80 that we are not inclined to trust observationii when tke 
reading of the stop-watch is less than 3^ 

A second method of testing the apparatus was that of weigbiiy 
the quantity of water flowing from the siphon in given times ; the 
siphon was allowed to run for 15 minutes, the potometer beiiy 
read at intervals of about a minute. The current yiftts then 
Quickened and the amount of water yielded in 15 m. again weighed, 
tne potometer readings having been again taken. 

In the following table, column A ^ves numbers proportional to 
reciprocals of the mean of the readmg of the stop-watch takeo 
dunng the flow of the siphon at one pressure. Tnoae in £ are 
proportional to the weights of water flowing from the siphon in a 
quarter of an hour at three different pressures. (Tne actual 
pressures are not given.) 

A B error 



100 


100 


146 


150 


408 


430 



l« 



277o 
4-47. 

If we call B the actual outflow from the siphon, and A the 
outflow estimated by the potometer, we shall see that the error 
does not reach 5°/^. The reading of the stop-watch corresponding 
to the amount 408 in column A was i'f. If the calculi^ed flow 
had been equal to the observed flow the reading would have been 
4*9"', and since in our experiments we should not base any concln* 
sions on a difference of O'S'^ it is clear that the amount of dis- 
crepancy between the observed and the calculated outflow is not of 
an amount to influence the trustworthiness of our oonclusiona. 

But the best proof of the trustworthiness of the apparatus was 
obtained by comparing the readings of the potometer, obtained 
from a transpiring branch placed under varying conditions of 
atmospheric humidity, with the readings of a psychrometer. 
It is known that the amount of water absorbed by a cut Inrandi 
varies inversely with the variations in the relative humidi^ of 
the atmosphere when the temperature remains constant*. It is 
clear therefore that the readings of the potometer should bear 
a certain ratio to those of the wet and dry bulb thermometer. 
The plant used was a branch of Portugal laurel, the twigs bein<^ 
somewhat altered in position by tying so as to give the whole 
a convenient form for being placed under a bell-jar. The brandi 
was passed through a cork fitting into a horizontal plate of glass 
on wnich the bell-vlass could be placed so that the plant and the 
thermometer could be exposed to a moist atmosphere, the humidity 

* C. Ed«r, <* Uatersiudiaiigeii Uber die AnnsohnMnns von WasMRbunpf M fa 

rfliinzcn." Siii. der k. Akntf, /fir fTw. 8. Wien, Bd. 72, Oct. 1875. 
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d which ooiild be yaried hy ndnng one edge of the jar. When 
ihe leaalto calculated from the potometer and psychiometer read- 
ngi^ nnder these cixcamftances, were represented graphicaUy, it 
found that the two carves were strikingly similar. 



PrecauHom* 

Sachs* has pointed ont that the amount of water ahsorbed by 
cat blanches suners a gradual diminution so that long-continued 
dMmnratiODS are not trustworthy. But since our remilts chiefly 
iiBf&od on sudden changes in the rates of absorption, changes 
which are made evident in a few minutes, we are not inclined 
to believe that this diminution introduces any serious error into 
eor results. For similar reasons we have not bought it necessary 
to givie the readings of the psychrometer which were noted in 
nearly aU cases. 

ijiother phenomenon which occurs when a cut branch is plioed 
in the potometer must be noticed, since, unless regpeod is had to it 
in ezpmmenting, serious errors must arise. When a branch (e. g. 
of Portugal laiuel) is cut, and fitted into the notometer, the 
leadings are at first very high but rapidly sink, until after an hour 
or so they reach approximate constancy. The following is an 
snmide: 

Sept 16, 1884. Portugal laurel (Prunus huitanica) cut under 
water and at once fixed in the potometer : 

p. m. rate 

8-87.. J... 268 

43.. .1... 208 

50.. .'...167 

54.. .'...159 
413...;. ..118 
5-3 ...'... 87 

37 76 

41...... 80 

During tbk experiment the air was becoming Bomewhat 
damper, which would dightly increase the fall in the rate of 
Absorption. 

§ 8. On Du/our't teptrimenii. 

The riral theories of water transport, i. e. the imbibition and 
^ " intraeavital " theory, have been tested by Dofour in a paper 
published in Sach's ArhtiUn, 1884. If Dufour is right, the mtra- 

• Flora, 1886. 
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cavital theory of water-transmiasioa most be oondemned. It ii 
ther^ore of importance to test the validity of hiB lesoItaL The 
Essay consists of several sections — we shall first deal erperimsa 
tally with one of these. 

Dufour made a series of experiments in which two incisfai 
were made on two opposite sides of a branch and at a sibcit 
distance apart» as.shown in fi^. 2 or 7. If the indsioiis reaeb ths 
centre of the branch the continuity of all vessels mnst be farafcsa. 
Branches thns treated were tested as resarda their power of tiiBS> 
mittin|[ the water of transpiration, and also as to tiieir powor of 
transmitting a current of water forced in under pressure. 

He was able to show that a transpiring branch which bad been 
"douUy sawn*" can transmit a sufficient amount of mler ts 
prevent the withering of the leaves; but that when the bnoub ii 
cut off above and below the double saw-cuts and it is attempted ts 
force water through the branch it is found that the cunent 
pass the double cuts. 

From this it is aigued that the transpiration-stream widdi 
pass the double cuts must be of a different nature to the 
stream (the stream travelling in the cavities of the 
under pressure) which cannot pass this part of the branch. UmI 
Ib to say, that the argument leads up to the belief that the alujaa 
of water travelling in a transpiring branch does not travel in ths 
cavities of the wooid elements. That it travels as water of imbila- 
tion in the cell-walls seems the only other theory which snggesli 
itael£ 

We believe that Dufour is wrong in two points : 

(i) He has not realised how ffreat is the obstruction to ths 
transpiration-current produced by double-sawing. 

(ii) He has exaggerated the difficulty of forcing water thiev^ 
a doubly-sawn braniST We believe when the transpiratioo alieaia 
and the filtration-stream are properly estimated, that they will bs 
seen to be equally transminible through a doublynmwn bnmdL 

We proceed to the experimental proof of these statemeiita 



§ 4. L Ettimatian of the tranamratian-s^riam in douhljf §mm 

brandieB. 

In the pAPor already referred tof it has been shown thai is 
the case of Portugal laurel, double-sawing may ptoduce a gnsi 
effect The fall in the rate of absorption was mm 100 to Zf^ 

* i.e. Mwn as shown in figi S and 7. 

t FranoU Darwin in Nature, May 1, 1884. 

^ The onto were i inch apart 
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Kohl bai afkenrardi made a amihr experiment with Finns*. The 
following series tie of the same duumeier : 

Exp. 1. Jfuly SS, 1884. Portagal lanrel (iVuniis hrnkmiea^ 



Tims 



(i) 



.(«) 



11-40 
IS-S 
« 
11 
IS 
14 
1« 
19 
25 
ST 



1*0* 

s-ss 



Birt* 

81 
83 
8S 



SftwadlMlftlvonriit 

68 

70 

T« 

78 

8««yd «ffaAt» to (i) 

7 

10 

87 



on. nboMit 



This expflxiuMiit ahowi two pointi. 

(i) A nn^e oat prodnoes no TOiy great dumnution in the 
nte of AbiQiption, wheroM the Moond oat pioduoes a great UXi 

00 After the flnt oat the diminiahed rate of abaoqitioa 
begun at onoe to liaa. Tlie great diminution doe to the aeoond 
aaw k also tempomy, and a mow reooveiy takes plaoe. 



Sxr.l Aqgnst 1,1861 fortogsl laaieL 

Bale 



t 



Tine 

4*SS 

4'Sl 



68 
88 



(i) Sawed half thnmgli 



4-88 



(ii) 



40 

41 

67 

6*80 

$-9 



iaaU 



of Am 



47 

48 

Sawed emonile to (i) and 8 en. above it 

11 

18 

18 

88 



«» a Mr dbtUM^ U. 10 io U Mk fraa 
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It will be teen that the unaimt of effeefc in Exp. 8 it nol m 
great as in Exp. 1. The variability ii dae ae we belieTe diieflj 
to the difficulty of making the two Mtw-inciiioDa exactly oppodte. 
In the followinff experiment the incieions were eacefblly made, 
and we belieyed at the time that the whole of ihi vesieb in the 
oroM lection were ae?ered. 

Exp. 3. Jnly 27, 1885. 



p.in. 
5 



Bate 

84-7 
(!) 29 Sawed half throogh 

31 80-0 

48 78-1 
(ii) 03 8awed half through opporite to (i) 

54 I 29*4 

It was found afterwards upon careful examination that the 
law-cute were not however exactly opposite, and that thanliBie 
a rery small strip of tissue remained nnseveied This do dovbi 
accounted for the somewhat slight effisct produced by double 
sawinff. 

We therefore determined to make the incisions so deep m te 
preclude this kind of error. The following experiment shoira the 
great effect of slightly deepening the saw-cutsi 

Exp. 4 July 31, 1885. Portugal huireL 

Time Ruti^ 
a.tn. 

10-58 , 971 
(i) Sawed half tlirongh 



11-51 
7 



781 
86*9 



(ii) 10 Saw«id half through oppcsite to (i) 



13 
16 



56*2 
59*9 



The incisions* seemed only just to include the whole 
and certainly did not overlap. They were therefore both deepened 
to 5 mm. (the branch being 8 mm. in diameter). The rate of 
absorption immediately fell enormously. 

am. Bate 
11-22 6-4 

* Ineltioiii ff'6 em. and 7-5 cm, ronptctiTelj firom Um cat rarCMf. 
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The following experiment givee simiUr retolto : 

Exp. 5. Portugal laurel out August 11, 1885. 

Aug. 12. Time 

12-29 



43 
1-4 



Rate 

82*0 
83-8 
82-0 



(i) Sawed through -f^ of diameter (18 mm.) at 18 om. from 
cut end : 



113 
15 



76-9 
76-9 



(ii) Sawed 4 mm. deep opposite to, and 2 om. ahoTe (i) : 



M8 
20 



68-5 
72-5 



(iii) Deepened (ii) to 6 mm., i.a i^ of diameter : 



122 
26 



17-9 
19*0 



(ir) Deepened both (i) and (iii) to 8 mm., -fg diameter : 

1 33 I 11-0 

The following ezamplee show that when the two incisions un- 
loubtedly overlap, the mi in rate after tho second incision is great : 

Portugal laurel cut from the tree on July 28, 1885. 
Exp. 6. July SI. 



a.m. 

1157 

59 

12-9 



Rate 

166-7 
156-3 
158-7 



(i) Sawed through ^ of diameter* : 



a.m. 

12-13 
15 



Rate 

90-9 
95-2 



(ii) Sawed through ^ of diameter opposite (i) : 



12*23 
37 



6-9 
8-1 



Exp. 7. Portugal laurel cut from the tree August 11, 1885. 



August 12. 



pm. 
12-48 



Rate 
90-9 



* laeiAiniit at S And 10 em. tnm the eat lorfMe. 
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(i) Out durooi^ 4 of diunetar : 



ISM 

08 



00-9 
90-9 



(ii) Inowied tiw cut to tf di 



tkroofli 



12S7 
1-2 

diaau 

111 
80 



78-5 
85-0 

5-7 
8 9 



OtliAr ezamplw will be given later, when the ■ooroe* of 
in the ezperimente ue diacuned. 

Exp. 8. Beech (Fagm tylvaHea). Aug. 13, 1884. 

f,m. Bate 

4-28 91 

86 91 

(i) 88 Sewed HaovA half 

89 85 

46 86 

(U) 48 Sawed half throng oppodte and 9 oa. 

aboTe(i) 

80 26 

8 8 87 

18 48 

The experiment shows ; the smell effect of the fiist cut ; the 
laiger effect of the second ; slow end partial recoveiy after the 
second oat. 

Bzp. 9. hrj {Htdtm kdim). JLxm. 16, 1884 Here the eats 
were made at 2f and S4 cm. from we base of the bcaadi, aad 
S6 Mid 18 cm. ftom the first side branch. 

{km. I Bale 

6-17 68 



(i) 




(«) 



28 

88 
89 

48 
6-88 



Sawed neariy half (^) throng 

48 
66 
Sawed 2 em. hi|^ier vp^ and op p oa i te 

(i); more than half (^) thmdh 
10 
10 



In this case there was partial reeo v ery after the fint o 
no signs of it after the second. 

* DiaaMUrofbtaBdiUmia. Inotatow at U mi4 U «b. fkeai tte eat 
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Bxp. 10. A Imnoh of S: 
dimIot irater) was moun 
following readings : 

Angmit 7, 1888. 



(i) 



' Sveamore {Ae$r P$$udo-plakuim) {ea% 
tea in the potometer and gave tbe 



<») 



48 



{km. 


Bute 


4'19 


60 


28 


60 


S5 


Sttwed Uuraadk A «l dkiMtar a* It MB. 
from Um MM 


86 


87 


43 


84 


44 


8ftir«d throofh ^ oppodie 0) and S 




om. above it 



In another obeerration upon thii plant the depreaiion caoeed 
hy tho douUe aitwing was not so great; the rate after the operation 
being | of the original rate. 



Exp. 11. Elder {8a/mbueu$ nigra) out under water, Aug. 17, 1885. 

Bate 

100 
100 
Sawed throoffh •^ of diameter at 18 em. 

from the base 
84 

98 

Sawed through ^ diameter opposite 

to (i) and S om. abore it 
»*4 



(i) 



(ii) 



p.m. 

8-88 
39 
40 

41 
48 
48 



48 



Exp. is. Hone-obBstnut (jBkuUu k^ppoecutanum*) cut under 
water, Aug. 18, 1884. 

p-m. Rat. 

8-44 71 
(i) 46 Saw.d half fliiongh 

49 60 

6-3 84 

18 87 

(u) 16 . 8«Miid «▼ oppoait. and about S em. 

fimnO) 

17 18 

27 9 

88 7 

48 8 

* OUm» Mfl— >>■ with llinw ohMtant do not gtt. Htm in. MBoairtof faUtog 
off in nt. o( MMdiptiMi. Tliuia«MiMtaiM.ttMlKll«aaflma71,brfM«1lMint 
Hv-mt, to S7 .ftMr th. MoaBd Mw-«at. 
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Here tbe first cut diminisheil the rate hj about iO*L\ th 
immediate effect of the second cut being a diminution of TT/^ 
Partial recovery occurred after the first sawing, but no ngsi si 
recovery were seen after the seoond. 

In a plant such as the Jerusalem Artichoke {HdmAm 
tuheronu) where the vessels take a larger share in the vsseok 
bundle than they do in woody plants, the effect of the two cnti ■ 
greater still, that of the seoond cut being very strongly maiksi 



Exp. la 
water). 



Aug. 15, 1884. Jerusalem Artichokes (cot tuMkr 



p.in. 


' Rate 


0-49 


'■ 143 


65 


128 


58 


128 


61 


Cnt half thrmudi 


8 


67 


7 


58 


9 


58 


10 


Cat half thraogh oopodte, 2 


«80 


2 (about) 



abon 



The reading after the second cut was difficult to take, tbe 
bubble took about 10 niinutes instead of 17*2^. But wbeth« 
or not it is accurately represented in the column of reoifineib 
by the figure 2, there is no doubt that the efSsot of the secood est 
was enormous as oompared with the first 

The same thing is shown in the following experiment : 

Exp. 14. Aug. 15, 1884. Jerusalem Artichoke (cut QDikr 
water). 

Rate 

lie 

116 

Out half through 

91 

98 

104 

104 

Cut opposite, i cm. above 

2 (about) 



p.m. 

4-55 

6- 3 

4 



6 

9 

17 

18 

about SO 



Tb« eflbct ot the fint out it amall, and ia followed bj pHtU 
Moofttrj, while the •eeood oat prodoeee « compuativelj eooniMvi 
ofnet. 
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It if intanttiu; to ooni|iare th« ntalto in the iMt two experi' 
to wHli tlio omet of doaUe caU on gynuMMpeniM. 



. 15. Aug. 14, 1884. Sooteh flr {Pim$ tifl/mbrU), (out 
undar waterX 



(i) 



(a) 



km. 

11- 

9 

17 
23 
27 
29 
32 
54 
36 
39 
46 
64 

12- 1 
2 
6 
7 

12 
19 



Rate 

63 

62 

60 

49 

48 

47 

47 

8ftw«d half thioach 

46 

48 

47 

47 

47 

49 

BkirtA oppottte to (i) and 2 cm. higfaar 

46 

46 

46 

46 



Hon noitlior the effect of fint nor eeoond cote it st all marked, 
hot in aoodwr ezpenment the effect was greater. 

lESzp. 16. Punw $yUulr\$, eat under water. 



(0 



(«) 



Time 

3-3 
6 

21 
S8 



Bate 

64 

Gkwed throagh A, of diuiatar* 

60 

67 

Gkwed thrcmgh ^, oppotite to and Sorn. 

abora (i) 
S4 



In two other ezperimenti the effect of doubling sawing was 
to cause a depression represented by 100 to 60, and 100 to 93. 

With Tew {Tatsui ioooato) the effect is also somewhat variable. 



* Dismtlsr of braaeh IS mm., iaddoBS 18 and 15 em. from out «id. 
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Exp. 17. T«w. 


Ang. 11,1884: 




•.Ok 


Bote 




USff 


177 




131S 


196 


(«) 


14 


Sowtd BOfO «lMa kJrtluM«h 

190 

189 




19 




U 


198 




1«0 


197 




11 


804 




17 


109 


(«) 


SI 


Sowod ofporfla to (i) 1| <ik oWi* it 




u 


101 




18 


187 




81 


108 




86 


178 




8*80 


187 


Bun tlM flnfe oat pradooM • aoBall tStti, tlM Moood art • 
giMteroM. ThseziMiiineDiigMiiMwliatii^andlgrtlMftotofthi 
UDOont of alMOfptioii baing on tho beraMO ooring tiioonwri— « 


Bzp. 18. Tow. 


Cut from tho tMO Aug. 17. 1885. 


▲ag.18. 


p.111. 


Bote 




8-48 


ll-O 




49 


11-0 


(i) 


48 


Out tbiooA A of jUiMiiHi 




49 


ll-O 




ST 


11<6 


(«) 


88 


Oat throogh X of iHonwilw* onoAi 
(i) oad 1 001. higbr 




40 


908 




7 


11-8 


Hon (in Exp. 18) tbo doablo umiag. prodoood jntiAetHij m 


diminotum in tbo nto of obooiption. 


Eu.lO. 




Aug. 18, 1889. 


pbin. 


Bote 




18-87 


40-0 




04 


S«'0 


0) 


68 


Pot tliroM^ 8 of iHoMotwr 




07 


88-0 




1- 8 


804 


(B) 





Ont tiiroaib | lSb» dioaetw opporik 
^ and 1 OHi; UriMT op 




7 


88-8 




87 


80-9 



* DUmetar of teMMh le mm., imirfeaa 18 Mid 15 flOL from c«l 
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If the rMult be gmphically represented, it will be seen that 
be inciiions make practically no difference in the gradual &11 per- 
BptiUe in the rate of abeorption. 

In another experiment the results were as follows: 

The first cut produced no slowing, but a slight quickening of 
be rate. The second cut produced a slowing represented by 100 
» 01-6. 

Lastly, in another experiment the amount of slowing was 
00 to 06. 

The following is an abstract of the above potometer experi- 
lents. The figures gtYen represent the amount of slowing 
foduced by double sawing. The rate before sawing being taken 
slOO* 



Portugal laurel 100 to 8-2 

20-8 

6-2 

13-4 

4-4 

6*6 

28-6 

15-9 



Iseeb 



lyoamore 11*7 

33-0 

Oder 

L Chestnut 



Pinus sylyestrin 100 to 96 

50-8 

50 

SS 

72-8 

95-5 
89-2 
91-5 
96 



Taxus baooata 



lelianthus taberosus 



5 

380 

18-3 

1-6 

1-7 



Average 100 to 74*9 



Uerage 100 to 14 2 

The different results obtained, in most cases, with Oymnosperms 
m compared with Angiosperms will be discussed later on. 

Effects of dotiHe sawing estimated by weights of water 

absorbed. 

The following experiments were made with the view of con- 
tnning 1^ another method the exi)eriments made with the poto- 
neter. The branches were fixed with their cut ends in water, and 
he amounts of water absorbed in a given time were estimated by 
iveighing the vessels at regular intervals. The branches were then 



* Wliere the rate increaaed after the flnt eat oving to the air beooming drier, 
fce. Ae., the rate after the first ent In taken as 100. 
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sawn half through, first at one place, then at a seoood oppMte 
point 2 cm. above the first, and the amounts of water abiomd 
by them (i) after one cut, (ii) after being "doubly sawn* w«w 

estimated. 

The experiments were made on branches of Portugal laurel tf 

various sizes. 

Exp. 20. 





Brsnoh 
A. 


Brsnch 
B. 


Bnndh 
C. 


Bnath 


Diameter of branch in mm. 


15 


• 

12 

• 


1 


U 


Distance of lower, first sawn cut from 
the end, in cm. 


13 


13-5 


16 


13 


Distance between lower and upper 
cuts in cm. 


2 


2 


S 


S 
8 


Depth of lower cut in mm. 


9 


8 


6 


Depth of upper cut in mm. 


8 


5-5 


6 


8S 


Weight of water in gramms absorbed 
during the first half-hour after 
fixing 


238 


1-62 


0-97 


ii 


Weight of water al«orbed during 
second half-hour after fixing 


2*28 


ISS 


OM 


2HK 


Weight of water absorbed during 
bslf-hour interval between first 
and second cutting 


2-23 


1-2S 


0-8S 


HS 


Weight of water absorbed during 
half -hour after second cutting 


0*35 


0-48 


026 


<H9 


Weight of water absorbed per half- 
hour during second and third half- 
hours after second cutting 


0-43 


0-60 


0*82 


0-«9 



It will be seen in all four cases that the first cut prodaoed 
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little effect, while the Beoond cut produced a great depreeiion 
bllowed by alight amount of recovery. 

In the second serieB of experiments, also made on Portugal 
laurel, both the sawings were made at one time. It will be seen 
that here again a considerable diminution in the absorption of 
irater occurred, followed bv a certain amount of recovery. 

The case of luranch a is instructive ; the two saw cuts were 
not made either quite parallel or quite deep eoough, so that they 
lid not completely overlap, consequently the effect of the double 
lawing was much less than in the other cases. 

Exp. 21. 



* 


Brmnoh 


Bkmneh 
F. 


Bnneh 
G. 


Bmneh 
H. 


Diameter of branch in mm. IS 

1 


12 


15 


17 


Distsnce of lower from the end in cm. 


19 


15 


13 


1 17 


Distance between lower and upper oats 
in cm. 


2 i 

1 

1 


2 


2 


2 


Depth of lower cut in mm. 





8 
8 


9 


8 


Depth of upper cut in mm. 


5 


9 


9* 


Weight of water ingiamms absorbed 
daring one hour after fixing 


4-31 


2-85 


5-39 


4-96 


Weight of water absorbed daring 
1 boor after doable sawing 


0-91 


0-83 


0-86 


2-47 


Wdffht of water absorbed per hour 
daring next 17 hours, chiefly at 
night 


112 


0-G8 


M2 


2*16 



Before discussing the experiments, a possible source of error 
»nnected with them must be pointed out It is clear that the 
iction of the potometer depends on the apparatus being air- 

* Not peraUel end therefore not eeroes. 

24-2 
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tij^ht If a flaw were to eiist in the india-nibber tubing it ia 
evid nt that the air would be drawn in thronffb it instead of water 
beiuff drawn up throuffh the thermometer tuoe. It may be rap- 
poeed therefore that if an incision is made into the Teaaela of the 
plant the result would be the same, and no readings would be 
obtainable since the apparatus would no longer be air-tiffht The 
foUowinff experiment shows that thui result may actudly oocur. 
A branch of Acacia [Robinia) was cut under water and fitted into 
the potometer. The branch was cut half through, and after a 
minute or two a chain of bubbles was seen rushing into the polo- 
meter from the cut end of the branch, and no reading cooid be 
taken since no water was being drawn through the thermcmieier 
tube. On another occasion the same thing was observed^ as shown 
in the following table : 



Exp. 22. 



p.tn. 

1.16 
18 



Rate 

1-47 
1-43 



(i) A nick was cut down the pitli : 

19 |0 

The cut was rubbed wiih lard : 

21 I 12-7 

Branch nwed | through opposite ^i) and 2 cm. lower 
down; the place being covered with lard : 

SOI 4-9 



Exp. 22 also shows that a great depression follows the second 
incision, even when leakage of air is prevented by using laid. 

Bobinia was the only plant met with in which a stn^ cot 
reduced the rate of absorption to sero. And it is certain that in 
the other plants experimented on, the great diminution oboenrable 
after the second cut was not due to leakage of air into the nma- 
ratua If this had been the case it is dear that the preat fiuf in 
rate of absorption would have occurred when the first mcisioii wm 
made ; or at any rate the falls in rate caused by the first and 
second cuts would have been equal. But this was not the case. 
The tact that recovery, i.e. an increase in the rate of abeoiptioD, 
usually follows the depression caused by double sawing, is a further 
proof that leakage is not the cause of the depression. In the case 
of Portugal laurel the following results show cleariy that the kind 
of leakage which occurs in Bobinia has no share in depressing the 
rate of absorption ; and this might have been inferred firom the 
fact that the wood consists chiefly of tracheida 
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Exp. 23. Portugtl Umrel cut from tree, Aug. 13, 1885. 

«.ni. Bate 

11.29 39*0 
43 38*8 

(i) Sawed half through*: 

48 363 

65 36-4 

13. 8 36*8 

(ii) Sawed half through at right aiij^ee to (i), 
of original trantrerte seotion intact: 



quarter 



p.iii. 

13.12 

85 



(iii) 



33-8 
360 

Sawed io as to leave ^th intact : 



p.in. 

12.29 
43 



Bate 

307 
331 



(It) Sawed to as to leave yVth 



13.47 
1. 



28*6 
30-1 



(V) 



Made a tangential cut so as to reduce the bridge of wood 
through which the current passes to a piece measuring 
2 mm. tangentiaUy by 1 mm. radially : 



1. 6 
12 



21*6 
22-8 



Thus the sectional area of the wood was reduced from 91 
square mm. to 2 square mm., while the current was only reduced 
from a velocity of 80 to 82*8, Le. from 100 to 68*5. It is clear 
therefoire that if the leakage of air could depress the rate of ab- 
sorption, that so deep a section must have produced serious 
depfoarion. But it will be seen from the rest of the experiment 
here given that a serious depression only occurred when a small 
incision 2 mm. in depth was mlsde on the opposite side to the above 
described deep cut 



Exp. 23 (pontinued). 



Time 
1.12 



Bate 
22-8 



(^) 



Made a cut 16 cm. above and opposite to (v), to the 
depth of 2 mm. 



16 
19 



20-9 
22-8 



* At 14 on. ftom the out end of the brandi. The branoh wm 13*6 mm. in 
dismster. Saw (i) wm 7 mm. deep. 
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(vii) Oat 2 mm. deep, 8 em. above and opposite to (v) : 



22 
27 



19-8 
21-2 



(viii) Gut 2 mm. deep, 4 em. above and opposite to (v) : 

30 I U-3 

(ix) Cut 2 mm. deep, 1 em. above and opposite to (v) : 

35 I 7-9 

Thus the large incision described in the first part of Expi S3 
only reduced the rate from 39 to 22-8, while by sawing to the 
depth of 2 mm. at several places on the opposite side tlie rate of 
absorption was reduced from 22*8 to 7*9. 

Fmally it may be pointed out that by a simple experiment 
it can be shown that the leakage in question does not take plaos 
even in such vascular plants as the Jerusalem artichoke {HMakAwi 
tuberonul). 

Exp. 24. A Portugal laurel was placed in the potometer and 
gave the readings : 

Time I Bate 

4.44 49-0 
52 I 49-3 

The india-rubber cork {e, fig. 1) was removed and a piece of 
Helianthus stem, cut square at both ends*, fixed with india-iubber 
tubing so as to act as a cork. If it were to act as a leaking cotk 
the rate ought to fall. But the following readings show practicallj 

no fall : 



Time 

5.5 
24 



Bate 

51-8 
40*3 



The india-rubber cork was then i-eplaced with the result : 



Time 

5.35 
43 



Bate 

40-0 
380 



The laurel was then removed and the piece of Helianthus fixed 
in the potometer, not as a cork but as the transpiring plant, to 
ascertain what rate of absorption could be produced by the evapo* 
ration of its free cut end : 



Time 
5.59 



Bate 

1-4 



* At first 36 cm. in Ipttgth then ' after a fctr minutes ncdnccd to 19-S em. 
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> that it IB eyident that when it was acting aa a cork it was not 
dding materially to the water absorbed, and therefore did not 
iterfere with the reading given by the Portugal laurel. 

Concliuion8 as to Dufour^s Experiments, 

'We may safely conclude from the result of the above experiments 
hat the e£Eoct of double sawing on the transpiration-stream of 
kO^ofiperms is great And we can by no means agree with 
!>ufour's statement, that the difference in absorbiog power between 
lormsd and doubly-sawn branches is ''at first only slight*". 
[Hifour only gives three experiments in which the amounts ab- 
orbed by sawn and not sawn branches are compared. In two of 
iheae the difference is certainly slight (126 : 124, and 52 : 41) 
^ first ; but even in these the difference mounts up so that on 
A^e Istf t day of the experiment the intact branch absorbed 97 cc. 
irhile the sawn one absorbed 2 ca 

I 5. EeHmation of the effect of ** double sawing " on branches 
through which a current of water is drawn by means of a 
pump, Ac. 

The method employed was as follows : 

A branch is fixed by its upper end to a thick india-rubber pipe 
(a fig. 2) connecting it to a water air-pump, the other end of the 
bnuiob being fixed to the potometer b. A slight suction of 
the pump causes a rapid current of water through the branch, 
tbe rate being read by the potometer. The branch is then sawed 
at c and d and the effect on the reading of the potometer 
noted. 

Exp. 25. Aug. 13, 1884. A branch of Portugal laurel 658 mm. 
in length was cut between and 10 in the morning, was kept 
damp until it oould be immersed in water iu the laboratory, 
i.e. about half an hour after it had been cut from the tree. It 
was fitted to the Sprengel pump (at 11.13 a.h.) in such a way 
that the current of water was drawn through in a natural 
direction, i.e. firom the basal to the apical end. The sucking power 
was about 10 cm. of mercury. 



Time 
12.04 



Bate 
125 



Sawed half through at 27 cm. from the base. 
2 83*3 
33 781 
37 Bawed half through on the opposite side at 

25 cm. from the base. 
42 I 34*7 

* Sach*s ArhttUn, P* 60. 
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Exp. 26. Au|^ 14, 1884. A sunilar experiment 
with a bnmch of zew 65 cm. in length. The brandi 
nected to the potometer and to the Sprengel pump at 10l7 
The sucking force being kept at about 6 to 6 5 cm. of mercoiy*. 



Time 

10.44 

10.49-50 

11.26 

41 

4S 

47 
12.8 

46 



Bate 

79-8 

Sawed half through 21 cm. from the 

78-1 

75-2 

Sawed oppodte half at 184 cm. from 

85-7 

36-4 

37-4 



In the above experiments, the cut end of the farandi wUeh 
was not fixed to the potometer was exposed to a farmed st- 
mosphere in the air-pump tube, and therefore the eTapotmtioa d 
this end would cause a sbeht transpiraJticn current in the wooi 
It was therefore determined to immerse both ends of the biaack 
in water; thus the negative pressure from the pump was tiaas- 
mitted to the wood through a small column of water. 

In some cases a siphcm was used instead of a Spiengid pnn^; 
this was the case in the following experiment 

Exp. 27. Aug. 19, 1885. A branch of Portugal laurel 68 csk 
in length was fixed by its basal end to a potometer, at die odier 
end was ^applied a siphon with a fall of 118 cm. of water. 



(i) 



(«) 



Time 

12.5 
15 
20 
21 

22 
32 
25 
37 

42 



Bate 

74-1 
72-5 
76-2 
Sawed Arough ^ ef 

21 cm. fimn lower end 
46*5 
46-5 
46-9 
Sawed through ^ of diamaiter 

site to aiM 2 cm. from fi) 
4-5 



Exp. 2a Aug. SO, 1885. A Portugal laurel braaoh 6S 
in length was &ced into the potometer, the upper end beiig 
attached to a siphon having a fail of 1S5 cm. of water. 



Time 

5.1 
10 



Bate 

46-5 
47-6 



* We pupoeeljr emplogred fkr lower nretiares tiisa Dttfiwr 
rMdings moro eompumUe with thoie o eee cvu d in trantplriiig 



WtlMV 
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(i) Bftwed Ihnmgb -^ of cUaiiieter» at 34 om. from batio 



(ii) 



18 


S9'S 


89 


351 


40 


351 


43 


33!) 


47 


Sawed through ^ of diameter, o|ipo- 




■ite to Mid 8 em. from (i) 


54 


5-6 


e.i8 


5-0 



In both these catet it is dear that the second cuts produce 
great depression in the rates of absorption, though the effect 
{ttodnced by the first cut is different in the two cases ; in the second 
may be seen the absence of the recoveiy which occurs in the 
tnaupirationHitream after incisions have been made. 

In the following experimeuts, the suction was applied by a 
Sprengel pump to the upper end of the branch, which was 
eoverra by a few centimeters of water. 

Bxp. 29. August 21, 1885. A branch of Sycamore (cut 

under water) about 80 cm. in length was used. The current of 

water was estimated by weighinff the amounts of water sucked 

up bj the bnmch in given intervals of time. 

ChMuamt. 
Intact braaeh transssitted in half an hour (Suction 

slT'S to 18*6 cm. of neroury) 2*14 



After two incirioDS J^ and -fg^ of diameter, it 
transmitted in half an hour (Suction « 18*5 to 
19 cm. of mereury) 



0*63 



Kxp. SO. lalae (Syrinffa). August 21, 1885. A branch 
cm. in length, cut under water. 



Intaet branch transmitted in ^ hr, under a sucking 
force of 16 cm. of meroury 

After two inoisioiis had been made, it transmitted 
1*11 gr. in 2 hrs. Lsi per 4 hr* 

The incisicBS (2 ens. apart) were each ^ of diameteri 
and wivs at 23 em. and 25 cm. from the base. 



OfSBUDS. 

2-75 
0*28 



EXF. SI. Sycamore, cut under water, Aug. 24, 1885. 

Intaet branch transndtted per half hour under a 
suddn^foroeof 17 cm. of mereury 

After two m cisi o ns had been made it transmitted, 
per half hour 



OiBmnii. 
6-59 
0-23 



• 18*5 em. sad IS em. frem Ibe base. 
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The incitioni were sawn at 17 cm. and 19 cm. from the 
opposite sides, and to the depth of over half the diameter. 

It will be seen that there is a general resemblance between 
the effects obtained, with the pump and those obtained when tiis 
transpiring branch supplies the roroe, though the effect woold 
seem to he greater in the pump-ezperimenla. Thus in both ws 
get a depression in rate when the first cut is made and 
greater depression following the second incision. 



§ 6. Discussion on a point of difference between the pump aai 
transpiraJtion-resuUs. 

In the pump— or siphon — experiments no recovery takes plaes 
after the d^ression. This is exactly what we should expect — the 
force exercised by a pump is constant; whereas the force exercised 
by the transpirinff plant can increase when anything occurs to biod: 
the passage of the stream. As soon as the current of water is 
diminished, the transpiration of the leaves will begin to empty 
the xylem elements of water, and this will necessarily inoreaae the 
sucking power and will increase the current thronm the blodced 
place. This effect may be clearly seen in cases sucb aa Sachs hai 
described where tho absorbing power of a cut branch has been 
lessened by lengthened immersion in water. If a fresh surbee 
is cut and the branch (|uickly fitted into the potomcter the current 
will be'found to be extremely rapid. It is found that tliis quick 
rate of absorption is not pcnnauont but is rapidly falling. 

Exp. 32. A branch of Fortu^ laurel whidi had become 
very dirty at the cut end, and which was absorbing water slowly, 
gave the following readings : 



July 24, 1884. Time 

4.27 
5.11 



Bate 

28-6 
27'8 



A clear surface, was out and the branch refitted to the ^>panUM 



5.18 
18i 
23 
32 



333 
333 
222 
161 



The same result may be obtained if a branch is cut off ahofs 
the place where two opposite incisions have been made, and thii 
shows once more that the double sawing of a branch acts as a 
serious block to the transpiration-stream. 
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Exp. S3. Aug. 25, 1885. Portugal laurel. 



Time 

1.5 

2.35 

2.40 

2.50 
3.11 
5.16 



Rate 

61 
65 
Sawn more than half through on 

oppoiiite iiides, at 2 cm. apart 
16 
19 
27 



Branches aerered above the double wtw-inciflions, and remounted: 



5.20 
24 
30 
40 
47 



137 

143 

93 

67 

09 



Exp. 84. Another experiment on Portugal laurel may be 
quoted, which confirms the last. 



Aug. 25, 1885. 



Time 

2.42 
45 

52 
3.9 
5.29 

35 

38 
48 
57 
6.8 



Bate 

83 

Branch sawn more than half through 

at 2 cm. apart on opposite sides 
19 
23 
32 
Cut off 14'5 cm. above the upper 

incision, and remounted 
182 
116 
96 
7^ 



Lastly the same thing was proved by weighing the amounts 
of water absorbed in given times. 

Exp. 35. Two brandies of Portugal laurel which had been 
<loubly sawn on the previous day, and bad remained in this con- 
dition all night, were severed above the double saw-cuts, and were 
main allowed to absorb water by this new surface. 
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Weight of water abeorbed daring one hour before 
the branches were doubly sawn 

Weight of water absorbed during one hour after 
sawing 




Weight of water absorbed during one hour after 
the branch had been out off above tlie 
saw cuts 



Q'S6 



4-91 



It will be seen that the difference poittted out between the 
transpiration- and filtration-streams is quite in accordance with 
the intracellular theory of water transport^ though it may sIbd 
perhaps be consistent with what We know of imbibition. 



• • 



§ 7. StpmimenU wUh solution ofeomn and wUk water oomiaima§ 

coloured particCee in suspension. 

The adherents of the inhibition theory naturally look with 
suspicion on experiments made with coloured fluids, but to otheD 
they are not without interest 

If a transpiring branch be placed in a solution of eoeuip the 
colour as is well ktiown gradasJly spreads over the wk<de speci- 
men, so that the leaves Mcome discoloured and the wood of the 
smallest twigs shows a bright pink colour. But if the bimnch 
has been doul^Iy sawn before it is placed in the eoein a vefy 
characteristic appearance is produced. Fiff S is a diagram re- 
presenting the appearance of suoh a branch. Above the "donbb 
saws " the colour snows in two narrow strips running dose behind 
the uppermost saw-cuts, that on the side nearer to the obeerrer 
being shown at a. Below the two saw-cuts is a strip of tiane h 
corresponding to a; this spreads out until lower down at a point not 
shown in the diagram the whole branch has become oolonred. 
Between the saw-cuts is a belt of colour marked by a horiaontal 
arrow which unites the streams a and 6. 

The more usual appearance is shown in fig. 4 where the eoloor 
is fairly spread over the whole surface of the branch below the 
lower cut, but where above the^ upper saw-cnt the two strips a» % 
are seen. In a transverse section these two streams may oe eeea 
as two wedge-shaped areas of colour. 

The course of the stream may abo be shown in another way. 
If the out end of a transpiring branch be immersed in water 
containing coloured particles in suspension, the cut surfi^e rapidiy 
assumes a bright tint of the colour employed. 
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If tbe branch has been previously ** donble-sawn " it will not 
»fe lesst at first) be UDiformiy coloured, but will show two some- 
rliAt wedge-shaped patches of colour each of which corresMnding 
o posiuoD to one of the lines of colour in fijO[& 3 and 4. These are 
(bown in fig. 5. It will be seen that one side of the wedge verti- 
aIW below the inner edge of the lower saw-cut is sharply defined, 
rlitle tbe other edge is feathered. This shows that the suction 
B strongest where the stream passes by the edge of the saw- 
tvkt, and gets weaker along radii further removed from this point. 

The chief point of interest connected with this subiect is that 
limilar appearances can be produced by forcing eosin solution 
through doubly sawn-branches ; it is impossible to distinguish 
inch a specimen from a transpiring branch which has been doubly 
Hkwm and placed in eosin. The wedge-shaped patches of colour, 
arith one feathery edge, as seen in fig. 5, may also bo produced 
by attaching a double sawn branch to a pump while tho other en<l 
is in a mixture of carmine and water. 

§ 8. Conchmon on Dufoiir*s Ej:perimentM, 

We have not enough data to criticise Diifour's paper. Rlfving* 
itnd Scheit'f' have pomted out a possible source of error from tho 
e£Eect of air on the cut ends of the branch. Wc have shown tht* 
importance of great care in making the saw-cuts ; it is eiisy (even 
without carelessness) to leave a small region of transverse section 
iinaeveroii^ and we have shown how readily a cuiTcnt may be 
conveyed over a very narrow bridge of wcod. Both these sources 
of error may liave contributed, in different ways, to leading Dufour 
to an untenable result. That it is untenable the foll«>wing re- 
capitulation of our results seem to prove. 

I. Double sawing does produce a great depressicm in the rate 
of abaorption. No one who will make a single careful potometer 
experiment (with an Angiosperm) will l)o able to doubt it for a 
moment. 

II. Double sawing does not absolutely interrupt the filtration 
earrentl. 

[Absolute stoppage of the current is required for Dufour'H 
argument, since the withering experiments which are coordinated 
with the pressure experiments in the argument give no quantitative 
record of the amounts of water passing by the saw-cuts.] 

ni. Double sawing produces a depression in the filtration 
carrent similar to, though possibly greater than, tho depression 
caused in the transpiration current. 

* BoU Zeihing^ 1SS4, No. IS. t Acta Soc. Ffnnie<r, t. xir. 1S84. 

^ Sebeit hM shown this fact, loc. cit. 
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IV. The eKperimentt with coloured fluidi tend to conilim ov 
belief in the aimilarity between the tianipiration and filtntiao 
streams. 

We have hitherto considered our results chiefly with refianoce 
to Dufour^s experiments. We will now discuss them in a men 
general manner. 

An imbibitionist might argue that since the normal directioa 
of the stream in wood is lonffitudinal, it naturally caimot be 
transmitted by imbibition so easuy in a transverse direction. We 
have too little experimental knowledge of the nature of imbi- 
bition to enable us to criticise this argument on general gronuk 
But our experiments do yield an argument against the view in 
question, though not one of great value. 

We have shown that an tk$ average the depresrion in the rste 
of absorption is considerably greater in Angiosperms than ia 
Qymnosj^erms. This at least seems to be true for Tazus as com- 
pared with Angiosperms : the results obtained with Pinoa heiag 
possibly too discordant to be trusted. If on general prindides it 
IS to be assumed that water of imbibition cannot travel esusily in 
the transverse direction we must assume it to be true for all kmdi 
of wood. There is no reason why it should be applicable to 
Angiosperms and not to Ovmno8{>erms. Therefore " double saw- 
ing ought according to the imbibitionists to produce the same 
effect on O^ranosperms as on other trees — and this is not the 
case. But it must be added that we are not able quite cleariy 
to explain the difference iu question by any theory of water- 
transport 

It is clear, since double sawing destroys the vesaeb as 
carriers of water, that therefore the operation in vascuhff plants 
is equivalent to destruction of a large part of the water-chaxmda 
And these channels are of large Dore and without trantveiae 
divisions, in 6ther words the destroyed channels are those best 
fitted for longitudinal transmission. But in wood made up of 
tracheids as is that of Gymnosperms, this destruction of pari of 
the water-course does not take place. 

But it may be said that our experiments in which a jMfb 
deep cut was made, show that the destruction of a veiy greet 
nart of the water-channel does not seriously depress the rata 
Mence it may be aigued that the chief cause of the depffsioa 
in the double sawing experiments, is rather to be sought in the 
fact that the current has to travel transversely than in the 6et 
that it has a diminished amount of tissue to travel in. 

But the above-mentioned remarkable fact (Exp. 23) that a 
deep single cut does not seriously depress the rate shows tkat 
transverse transmission is easily enectCKl if there is given a sof* 
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Beimit leDgth of bnaeh in which trmatverae diffusion of the 
rarrent taaj be effected. In other words the curreot can flow 
idoee the bnnch if the obliquity of flow imposed on it is slight 

The following experiments bear on this point : 

Exp. 86. Portugal laurel. Aug. 14, 1885. 

The first incision I. was at 11 cm. from the cut end. Incisions 
Noa. H., III., lY., v., VI. were then made successiyely at distances 
of 10, 8, 6, 4, 2 cnL from L, as shown in the diagram, Fig. 6. The 
incisions were 7 mm. deep, the branch being 18 — 14mm. in diameter. 



Time 


Rate 


11.60 
54 
67 


26 
27 
27 


8«ved at i, 


12.1 

6 

16 


24 
86 
26 


Oiwed at it, 


21 
30 
39 


13 
17 
17 


Sawed at in, 


89 
66 


17 
18 


Sawed at iv, 


66 

1.36 
4.8 


17 
18 
19 


Sawed at T, 


4.13 
35 


16 
17 


Sawed at vi, 


4.46 1 


about 6-6 



We see that when the branch was sawn on the side opposite to 
the first cut, even though at 10 cm. distance, a considerable depres- 
sion oocorred. That is to say, a considerable depression was caused 
hj the cunent being forced to traTel obliquely. The depression was 
not markedly increased until the obliquity of transmission was 
greatly increased by sawing at 2 cm. from the first cut 
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Exp. 37. Tlie following experimeiiii, also on Porlunl koid, 
confirms the above result The first cut (L) was at 10 col ham 
the base, II., III., IV., V. were on the opposite side at dislanees of 
10, 7, 4, 2 cm. from I. 



Sept 1, 1885 


Time 


Bete 




11.69 


S3 




12.6 


34 




flawed (t), 




18 


32 




22 


33 




12.23 Sewed (11). 




28 


16 




51 


30 




54 


Sewed (tti) 




60 


13 




1.30 


16 




it 


Sewed (IT) 




87 


11 




4« 


IS 




49 


Sewed (t) 




66 


6 



In the following table the amount of diminution in the rate 
of absorption produced by the cuts is expressed as a percentage 
of the rate recorded before each cut was made. 



Number of Incision (See Diagram) i 


1 1 

II lU i I? 

i 


1 

! T 

1 


I 

i " 

• 


Depression produced (1st Exp^ment)! U 

1 


48 
64 


i ff 


16 68 

■ 


1 
Depression produced (2nd Experiment) 6 

1 


36 81 


88 





The point in which the experiments oonfirm each other ia tbsl 
the big effects are moduced by the second cut^ and b| the kst eat 
That is to say (i) when the eunent is thrown across the line of tke 
branch, and (ii) when the obliquity reachos the amount psodneed 
by a distance <« two centimeters between the eotsi 

EUVine^ has explained the difficulty exptfienoed in feidif 
water unaerpreasure through coniforous wood in a taaMtisI 
direotion. The same exrianati<m is i^vplicable to the donfck 
sawing experimenta. Fig. 7 represents a *' doubly sawn ** bnundk 

* lUit. Zeitung, 188S. 
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The current is supposed to flow upwards, and in paasing from 
the line ab to cd has to traverse a large number of partitions* 
formed by the longitudinal walls of the elements in which the 
current flows. The longer ac is, i.e. the more the saw-cats over- 
lap, the greater is the number of such walls and the greater the 
block in the current. Again, the shorter ab is, the fewer will he 
the pits through which the current can find its way; and this 
maj account for the ieuctB given in Experiment Xo. 35. where 
the amount of diminution of the current is shown to be modi 
greater when a6 is 2 cm. than when it is 10 cm. 

It may be urged that all these aiguments apjdy to wood iDch 
as that of the Yew, consisting entirely of tracheids, aa well as to 
angiosperm wood, and that therefore we ought to have the same 
effect m gymnosperms as in angiosperms. 

The tracheids of the Yew are at least 70 or 80 times as long 
as they are broad, so that in travelling transversely the length irf 
a single tracheid the water current luis to traverse 70 cell walk 
instead of one. So that it is difficult to see why doable sawing 
produces so slight an effect in the Yew. It must however be 
remembered that in the case of wood consisting altogether of 
tracheids, a transverse current flows through the same elemeDts 
as a longitudinal current. It still travels from tracheid to tradieid. 
But in angiosperm wood the current when foreed to travel 
versely no longer travels in its former elements, since the 
are destroyed as channels, but must travel chiefly in the thiA- 
walled (what is more important) scantily pitted wood-cells. So 
that it is unable to travel laterally with any ease unless it has 
a long space to move transversely in. 

On the whole we think thaX the difference which probably 
exists between angiosperms and the Yew or Scotch Fir is to he 
explained by the fact that after the operation of double sawing the 
only tissues left are badly fitted for transmission, while in the case 
of the Yew or Fir no tissue is rendered incapable of transmissioiL 
Further experiments would be needed to clear up the point satis- 
factorily. 

* 

§ 9. EofperimenU on bending and compressing the tissue of 
transpiring branches, 

Dufour showed that twigs bent sharply on themselves, so that 
the apic»l and basal halves are parallel, do not wither, neverthde* 
he found that such branches are highly impervious to a stream of 
water under pressure. Hence, as before, he aigues that the tnm- 
spiration-stream does not flow in the cavities of the elements, for 
if it did so, it would be hindered in the same way as the filtration- 
stream is blocked by the process of bending. TVe proceed to show 
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that the traD8piratioii*8tream can be hindered by treatment such 
as bending or compressing the branch. 

Exp. 88. Sept. 18, 1884. Bramble {Rubua sp,), cut under 
water. 



Time 
1.0 



Bate 
40-8 



bent to an angle of 20* 

3 34-8 
unbent 

4 58-9 

4.6 I 37-0 
bent nearly parallel 



13 

unbent 
15 
26 



29-4 

50-2 
37-7 



Tbeae experiments show that (i) bending does depress the rate 
of absorption ; (ii) when the stem is straightened again, the rate is 
temporarily quickened by the removal of the blocking caused by 
the Dend. 

Exp. 38. Continued Sept. 18, 1884. 



Time 
4.44 



Rate 
34-7 



Stem bent twice and tied closely in this position 



52 

unbent 

54 

56 

5.25 



18-5 

57-1 (?) 

44-6 

32-8 



The bending and straightening were again repeated with 
precisely similar results, viz. : — 

Rate 

32-8 straight 
18-5 bent 
56*8 straight. 

These results confirm what was stated above. They are plainly 
explicable on the theory that the transpiration-stream travels in the 
cavities of the wood. 

They also confirm Bussow's statements that bending does not 
absolutely stop up the lumen of the vessels. 
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Since bending (even tmce) obvioualy did not aeriondj ^imiuMfc 
the lumen of the TesselB we tried squeezing the branch with t 
▼ice* — ^half the branch being cut away in order that the vice might 
be used more conveniently. 

Exp. 39. Sept 17, 1884. Bramble. 



Time 
5.53 



Bate 
291 



Vice screwed up ti^t 
57 I 111 

Vice daokened 
59 I S5-9 

Vice screwed up 

6.6 I 16-7 

Vice slackened 

6.7 I 43-9 



Exp. 40. Sept. 20, 1884. Hdkmihus tuberoiUM. Conditiott 
experiment similar in all respects to those oi the last 



Bate 
45-7 



Time 

5.28 
Vice 

32 I ISO 
Vice loosened 



33 
38 



74-6 
53-4 



Here a^n we get a considerable depression ; followed bj a 
temporary mcrease when the block is removed. 

It may be argued by an imbibitionist that the severe piessme 
exercised bv the vibe may have injured the cell-walls by cmdiiiig 
them and thus interfered with their transmitting qualities. 

The fact that the rate recovers when the vice is loosened shows 
that the path of transmission, whatever it may be— cell-wall or 
cavity — is not permanently injured, and it is easier to believe that 
the lumen of a tube might recover its previous sise, when the 
pressure is removed, than that a crushed cell-wall should recover 
its original properties. It may be added that the doctrine cf im- 
bibition seems to exclude the possibility of pressure affiBcting the 

* Vsiqne found that a wiUow bxftnoh oonM be macU to wither bjr ■qombiis il m 
A vibe {Ann, Se, Nat 1864). Kohl has paUlihod ezperimenti similar to om. BtL 
Xeitmip, 1886. 
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mter of imbibition. Thus Dofour says : " Als Qrandaats gilt : 
M in Zellwandern imbibirte Waaaer iit duroh gewOhnliche Druck- 
rmfte Uberhmupt nicht Tenchiebbar." 

It seems to us that the above results of experiments on bending 
nd squeezing are. only explicable on the tneory that the chief 
tream of trauqxiration is in the cavities and not in the cell-walls. 

We caunot understand the great difficulty found by Dufour in 
>rcin^ water under pressure through bent twigs. In the only 
zpenments which we made on this point the difficulty was not 
rand to be so great 

A bramble 218 cm. in length, was cut under water, and was 
itted to the potometer by its misal end, while the apicsi end was 
ttached to the water air-pump. It was subjected to a suck of 
to 66 cm. of mercury and the readings of me potometer taken 
.t various pressures. Then the branch was bent in two places, the 
tends beinff tied as closely as possible. The result was tnat with a 
ffessure of 60 cjn. mercury the potometer rate for the unbent 
nranch was'45'4; for the bent branch 19*0 ; or as 

Straight 100 
Bent 41*9 

In another similar experiment the result was greater. The 
mmch was 76 cm. in length : the pressure varied between 29*5 
Old 80*6 cm. of mercury. 

Rate 

Before bending 60*9 or 1 00 
Doubly bent 13-6 32*3 
Btrsightened 61*3 100-7 

These experiments show the similarity that exists between the 
xanspiration and filtration currents, and tney can only be explaioed 
m the sanposition that the water of transpiration travels in the 
savities of the wood-elements. 
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February 1, 1886. 
Prof. Foster, President, in the Chair. 

The following were elected Fellows of the Society : 

M. M. Pattison Muir, M.A., Caius College. 

A. B. Basset, M.A., Trinity College. 

A. H. Evans, M.A., Clare College. 

T. Brill M.A., St John's College. 

F. 0. Heathcote, M.A., Trinity College. 

Dr C. Olearski was elected an associate. 

The following communications were made to the Society : 

(1) On a fall of temperature resulting from an inci^ease in the 
ipply of heat. By G. D. Liveing, M. A. 

In the course of some experiments on the formation of ethyl 
o-cyanide by the action of potassium cyanide on oxalic ether my 
ssistant, Mr Robinson, observed that when the gas flame employed 
) heat the oil-bath in which the mixture was digesting was 
amed out the temperature of the mixture rose while that of the 
ath fell. On again heating up the bath the temperature of the 
fixture fell to rise again when the bath cooled. 

The apparatus used was simple. The mixture was placed in a 
ask to the mouth of which was fitted, by means of a cork, a 
Bversed condenser, so that any distillate could flow back into the 
*isk. Through the cork two thermometers were passed, one dipping 
ato the mixture in the flask, the other giving the temperature of 
ke vapour above the mixture. The flask was placed in a bath of 
U, or in later experiments of paraflSn, and was held in such a 
losition that the level of the oil, or paraffin, outside was the same 
8 that of the mixture inside the flask. A third thermometer was 
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dipped into the oil or paraffin and gave the temperature of tb 
bath. The bath was heated by a Bunsen burner beneath it 

The oxalic ether and the potassium cyanide were mixed ii 
proportions intended to correspond to two molecules of the latter fa 
one of the former, so as to react according to the following identic 

((7H7C0* + 2KCN = 2(7H»N + KKfO*. 

Commercial cyanide was employed, which was afterwards foa&d tfl 
contain a great deal of carbonate. The effect of this was eqamleDt 
to having an excess of oxalic ether. 

As the bath was heated all the three thermometers rose gndo- 
ally until that in the paraffin indicated 150*, when the thenno- 
meter in the mixture stood at about 108^ and that in the vapour 
at about the same degi*ee. The mixture at this temperature boQal 
rapidly, and the thermometer immersed in it shewed rapid flactoa- 
tions between 90^* and 110*, which were no doubt due to convectioB 
currents, and to the return of the condensed distillate to the ft^ 
We seemed to have a substance evaporating which had a bmlisg 
point not far from 100*. The boiling point of ethyl-cyanide or 
propio-nitrile, one of the two isomers which have the composition 
C*H*N, has been given by different observers at various d^rees 
between 82^ and 98**5, and it seems probable that the h^facr 
figure is the more correct Gautier, using a carefully purified 
sample, found its boiling point to be 96*'7 {BvU, de la Sac Chm. t 
IX. p. 4). Oxalic ether does not boil below 180^. It is therefore 
most likely that the vapours evolved at this stage oonsisted fffin* 
cipally of propio-nitrile. 

When the heating was continued and the paraffin reached ISt 
the temperature both of the mixture and of the vapour aboTei 
fell sudaenly to 85^ and that of the vapour soon dropped to aboil 
74®. As long as the temperature of the bath was kept at abed 
170® the mixture remained at a temperature between 85* and 9I| 
and the vapour at about 74®. 

When the lamp under the bath was now turned out, 
paraffin of course gradually cooled, and when it had reached ISI 
the mixture had nsen to 101® and the vapour to 90®. On a^" 
heating up the bath the fall in temperature of the mixture 
vapour was observed to occur as before when the paraflSn 
168® ; and the same phenomena recurred several times when 
bath was alternately cooled and heated. 

It seems, at first sight, strange that the rise of tempeiatuie 
the bath, and consequent increase in the supply of heat, 
cause a fall in the temperature of the mixture. But I have i 
doubt that it is due to a difference in the chemical chaxiges wl 
occur in the mixture at the different temperatures, wheo 
bath is at about 170® we seem to have a substance formed vi 
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las a boiling point somewhere between 74^ and 85^ This sub* 
itance I take to be chiefly ethyl iso-cyanide which boils at 78^ At 
iny rate the distillate smells strongly of that substance. The mix- 
ure does not give the liquid with the lower boiling point, at least 
n any quantity, until the bath reaches 1681 We may suppose 
hat the flask and the layer of the mixture next the bottom and 
ddes reach about the same temperature as the bath, and that this 
ayer is then resolved into the iso-cyanide and potassium oxalate. 
This may possibly be accompanied by a storage of some of the 
mergy supplied, but whether that be so or not, the evaporation of 
;he volatile compound would depress the temperature of the bulk 
>f the liquid. When the bath falls below 168^ only the less volatile 
liquid is formed in quantity, and the mixture rises to the boiling 
point of the latter. In both cases the temperature of the mixture 
is kept down by the evaporation of a volatile compound formed by 
the action of heat upon it, but at the higher temperature the com- 
pound formed has the lower boiling point. 

Although I have no doubt that the compounds formed are 
MTopio-nitme and the iso-cyanide, this has not been proved yet. 
Fhe distillates are by no means pure single substances, or easy of 
purification, so that the interesting chemical question as to the 
formation of propio-nitrile at one temperature and of its isomer at 
El higher is not yet fuUy solved. We know from Thomson's 
researches that the heat of formation of propio-nitrile is negative, 
that is to say it is formed with a storage of energy; but I have not 
been able to meet with anv determination of the heat of formation 
of the iso-cyanide. Considering the large storage of energy in the 
formation of hydro-cyanic acid it is probable that the storage in 
fche iso-cyanide exceeds that in propio-nitrile. 

It occurred to me that, if the explanation I have given of the 
changes of temperature were correct, similar phenomena must 
present themselves in other cases where chemical reactions pro- 
duciDg compounds more volatile than the reagents are determined 
by particuliur high temperatures. For example common ether is 
produced by the reaction of alcohol on ethyl-sulphuric acid at a 
temperature which is given at about 145*. At temperatures below 
that the distillate is chiefly alcohol. This case is not so simple as 
the former because when ether is formed water is also formed at 
the same time. Nevertheless until the bath gets hot enough ta 
determine the formation of ether the temperature of the mixture 
and its vapour will be dependent on the boiling point of alcohol, 
while when the bath gets hot enough ether and water will be 
formed, and the lower boiling point of ether will determine a lower 
temperature of the parts of the mixture not near the sides of the 
flask and as well as of the vapour. To test this I asked Mr Robinson 
to make an experiment with alcohol and sulphuric acid in the 

26—2 
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same apparatus >vhich had been used for the cyanide. The 
corresponded with anticipation. The thermometers in the 
and in the flask all rose together until the bath was at UT, 
mixture at 1 10® and the vapour at 75*. When the bath reached 1 
the mixture fluctuated from 108* to 115*^ and the vapour was 
77*, but on raising the temperature of the bath to 155* the A 
mometer in the mixture fell suddenly to 90* and that in the va 
to 65^ It has long been recognised that in the continuous pi 
whereby a small quantity of sulphuric acid gradually conTerts 
large quantity of alcohol into ether and water, the continuity 
the reaction must be due to differences of temperature in differed 
parts of the liquid. The directions for makmg ether given il 
handbooks of chemistry direct that the mixture is to be maintaiiiel 
at about 140*. This will certainly imply a much higher temperatuit 
for the retort and for the layer of liquid in contact with it Our 
experiment seems to indicate that the reaction between alcobJ 
and ethyl-sulphuric acid by which ether is produced begins at 153*, 
or at least begins to occur quickly at that temperature. With the 
bath at 154^ the temperature of the vapour was nearly that of 
boiling alcohol, and it dropped when the ether began to come; 
but of course it would never drop to the boiling point of ether 
because as much water as ether is formed in the reaction and both 
are vapourised together. Moreover Thomson's observations shev 
that this reaction is attended with a sensible evolution of heat 

(2) On the functions inverse to the second elliptic iniegroL 6j 
J. W. L. Glaisher, M.A. 

Consider the function inverse to ez x, where ez x is the Jacofaba 
form of the second elliptic integral given by the equation 

ez^sj ^T^xdx. 
Jo 

Let this function be denoted by eaa^ so that, if 

I dn^xdx^u, then ^=sez~'fi = eaK, 

Jo 

the letter ''a" in the functional sign ea suggesting the word 
amplitude. 

It follows that) if 

I A (<f>)d<f> ss u, then ^ » am ea u, 
Jo 



and if 



I — 771 — ~«r^ cte = t*, then 4> = sin am ea t«. 

Jo V(l-^) ^ 
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It is convenient to denote am ea u by ame u and to use sne u 
> denote sin ame « = sn ea w = sin am ea u, cne to denote cos ame u, 
;o. Denoting Bf — K' hj /', the function ea a? is such that 

ea (a: + 2^) = eaa; + 2ir, 
ea {x + 2ir) = ea a? - 2iK\ 
ea(«+ 2^+ 2i/') =:eaa; + 2ir- 2iX'. 
Taking the am of these equations we find 
ame {x + 2E) = ame a? + tt, 
ame (a? + 2i/') = - ame 4? + tt, 
ame {x + 2E -{■ 2i/') =? - ame x. 

The function amea? is therefore periodic with respect to 4-ff + 4i/' 
jad quasi-periodic with respect to 4J? or 4t/'. 

Taking the sn, en, dn of these equations we find that sne a?, 
ne X, dne x are doubly periodic, the periods being ^E and 4f/'. 

Corresponding to the formulae in Elliptic Functions in which 

ihe argument is increased by a quarter-period we have the equa- 

ions: 

/ , rr 7,8neircnea;\ ^ 

eafa? + j&-A;" — ^ l==eaa? + ^, 

/ , .J., snea?dnea?\ ..,,, 

ea a; + li = ea a? - xK , 

\ cne a? / ' 

\ sne a? / ' 

so that, for example, corresponding to 

we have 

(. „ , , sne X cne x\ cne x 
dne a; / dne a: 

In general, in results in Elliptic Functions in which the argu- 
ments are u,v,u + v we may replace sn, en, dn's by sne, cne, due's 
if we replace the argument u + vhj u + v — E^^ (leaving the align- 
ments u, V unaltered), where E^ , is a certain function of the sne, 
cne, due's of u and v. 

The author had considered not only the functions ea x, ame x, 
snear, i%c. but also the complete system of functions iaa?, gaa;, ea,x, 
amiar, amga;, ame a?, snia?, snga;, sneo;, &c. obtained by inverting 
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the integrals 



Jo 

Jo 
eza?=l dn' arete; 

JO 



of these the functions depending upon gz x are more regular ud 
symmetrical than those depending upon iz x and ez a;. The two 
periods of the doubly-periodic functions snga:, cngx, dngx are 
W and 4i(?' (where Q^E-k'^K, (?' = -ET - A'iTO, corresponding 
exactly to If* and 4dK' in the case of the elliptic functions. 

(3) On the movement of solids through ether. By Mr A. E 
Least. 

(4) On Mr Oalton*s anthropometric apparahis at present w 
use in the Philosophical Library. By H. Darwin, MJl, and R 
Thrblfall, B.A. 

The authors exhibited and described some of the apparatos 
used by Mr Oalton for his anthropometric measurements, and then 
gave an account of improvements and modifications which the? 
had suggested in some of the instruments. 



March 1, 1886. 

Prof. Foster, President, in the Chair. 

The President explained that the meeting on February 15 had 
not been held in consequence of the funeral of Mr Bradshaw, and 
referred to the loss the University had sustained by his death. 

The following communications were made to the Society: 

(1) On the Development of the Nervous System in Petrtmyam 
fluviatUis. By A. E. Shipley. 

The author commenced his communication by describing the 
formation of the neural cord from a solid keel of epiblast He 
pointed out that the central canal arose by the separation of the 
cells in the middle line, and that the canal is not lined by cells 
involuted from the epidermic epiblast, as previous observers hav« 
stated. The formation of the primary vesicles of the brain was 
then described ; and the origin of the 2nd, 6th, 7th, 9th and lOtk 
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serves was considered. The ganglia on the 5th and 7th nerve 
ruse with the skin, and the latter nerve branches round a gill slit 
i^hich subsequently disa,ppears. The next gill slit is the most 
ft^nterior in the adult. Hence the most anterior gill slit of the 
Liampreys corresponds with the first branchial gill of higher forms. 
Che Spiracle is thus not represented in Petromyzon. 

(2) On the changes imdergane by the proteid siibstances of seeds 
izmng germination. By J. R. Gbeen. 

The writer, after alluding to the work of Vines and others, 
vr hereby the nature of the proteid reserve materials in seeds had 
been satisfactorily ascertained, and to the undoubted presence of 
proteid matter in the growing parts of the young plant, derived 
from such reserve store, touched upon the theory held by many 
botanists that the changes wrougnt in the reserve proteids to 
enable them to be transported through the plant are brought 
about by ferment action. He described investigations made by 
hicDself upon the germinating seeds of Lupinns hirsutus which 
resulted in demonstrating there the presence of such a ferment 
This body was able to break up fibrin in the same way as the 
dig^estive juices do in the animal body, though its action was much 
less energetia 



March 15, 1886. 

Prof. Foster, President, in the Chair. 

The following were elected Fellows of the Society : 

J. J. H. Teall, M.A., St John's College. 
S. F. Harmer, B.A., King's College. 

The following communications were made to the Society : 

(1) On the Cerebral Circulation, By Prof. Rot, M.A., and 
C. S. Sherrington, B.A. 

(2) On a new method of Detecting Bromides; a case of so-called 
Catalytic Action. By H. J. H. Fenton, M.A. 

In former papers* it has been shewn that sodium hypochlorite 
is without action on sodium carbamate in presence of sodium 
hydroxide, whereas sodium hypobromite at once decomposes it with 
evolution of nitrogen. 

2C0NH,0Na + 3NaBrO 4-2NaOH 
= 2C0(0Na), + 3NaBr + 30H, + N,. 

• Chtm* Soc, Joum, xxxv. 12. Royal Society, Deo. 1885. 
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Carbamates differ in this respect from all other substances jet 
studied, and the actions serve to detect and estimate them in 
presence of ammonia, urea, &c; 

It appeared probable therefore, that if a soluble bromide were 
added to a mixture of sodium carbamate and hypochlorite, nitrogeii 
should be evolved, by reason of the hypobromite fomied ia solii- 
tion* potentially or actually. This is found to be the case. 

A solution of sodium carbamate may be prepared 

1st. By dissolving ammonium carbamate in a strong solutioQ 
of sodium hydroxide, and allowing the mixture to stand for one or 
two days over strong sulphuric acid under a bell-jar. 

CONH,ONH, + NaOH = CONH,ONa + OH, + NH,. 

2nd. By dissolving ammonium carbamate in solution of sodium 
hydroxide and adding a slight excess of sodium hypochlorite 

2C0NH,0NH, + SNaClO + 2NaOH 
= 2C0NH,0Na + 3NaCl + 60H, + N^ 

3rd. By Drechsel's method, namely by adding an alcoholie 
solution of sodium ethylate to ammonium carbamate dissolved in 
aqueous ammonia. 

If to a solution of sodium carbamate, prepare<l by any of these 
methods, an excess of sodium hypochlorite (and, if necessary, 
sodium hydroxide) be added, and the liquid shaken until bubbles 
of gas (due to traces of ammonia) cease to be evolved, the mixture 
may be kept for hours with hardly appreciable decomposition ; but 
the addition of a soluble bromide will cause a copious evolution of 
nitrogen — immediately if the quantity of bromide is consideraU^ 
and more slowly with small quantities. 

This reaction, then, serves to detect bromides in presence of 
unlimited quantities of chlorides, hypochlorites &c. Iodides appear 
to give a slight action, but so slowly in comparison with bromides 
that it seems not improbably due to contamination with bromideL 
I have not succeeded, however, in obtaining a specimen of iodide 
which gives no action at all. 

Where trcxes of bromide have to be looked for, it is advisable 
to make a blank comparative test, since there is usually a vexy 
slight decomposition of the carbamate solution, which might be 
misleading. Equal volumes of a solution of sodium carbamate, 
sodium hypochlorite in excess, and sodium hydroxide, are placed 
in two long tubes. The suspected liquid added to one, and an 
equal volume of distilled water to the other. The tubes are 
shaken and allowed to stand for some time (10 minutes to 1 
hour according to quantity). On again shaking, a few bubbles 
only will appear in the tube containing the blank test, whilst if 
bromide is present there will be a considerable effervescence in 
the other tube, due to evolution of nitrogen. 

* Lyonn, Pharmaceutical Record, May, 1886. 
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In this way it is quite easy to detect one part of bromiDe in 
6OO0 parts of water. Probably a much smaller quantity would be 
apparent. 

If the decomposition is due to the formation of hypobromite, it 
is evident that bromide will be again produced by its action on the 
carbamate, and provided that there is always excess of hypochlorite 
present the action should be continuous. 

The total amount of decomposition does, in fact, appear to be 
independent of the mass of bromide present, at any rate within 
very wide limits — ie. any appreciable quantity of bromide would 
he able to cause the decomposition of an almost unlimited amount 
of carbamate in presence of hypochlorite. 

Thus '3854 grams of potassium bromide readily caused the 
evolution of 340 c.c. of nitrogen from the above mixture, and the 
resulting solution was still strongly " active " — i.e. at once caused 
an evolution of nitrogen from fresh portions of the mixture. This 
quantity of bromide in the form of hypobromite alone, could only 
have caused the evolution of 2407 c.c. 

The initial rate of decomposition however is evidently a func- 
tion of the mass of bromide present (at any rate within certain 
limits). A rough preliminary experiment, in this direction, was 
made as follows: 

A mixture was prepared of sodium carbamate with excess of 
sodium hypochlorite and hydroxide. Three equal volumes of this 
solution were placed in separate vessels provided with stoppers 
and delivery tubes* 

5 C.C. (A), 10 c.c. (B), and 20 c.c. (C) of an arbitrary solution of 
potassium bromide were introduced into small tubes, the first and 




(Masses of Bromide. 
A : B : C itlii 



second being diluted with 15 c.c. and 10 c.c. of water respectively so 
as to make the total volumes equal. These small tubes were then 

* Chem. Soc. Journ., July, 187S. 
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placed in the larger vessels contaiDing the carhamate &c., and the 
operation conducted in the usual manner. 

After 3 minutes A gave 10 cc. Nitrogen 



B 


— 39 


C 


— 65 


After 6 minutes A 


— 40 


B 


— 61 


C 


59 


After 10 minutes A 


61 


B 


— 57 


C 


— 62 


After about 30 minutes A 


— 67 


B 


68-5 


C 


— 68 



The action is therefore much more rapid in the first instance 
with the greater mass of bromide, but as the action proceeds the 
weaker solution gains on it^ and eventually all yield the same final 
result. 

It appears therefore that this action of bromides belongs to the 
tvpe of certain so-called Cataljrtic actions in which the 'activity' of 
the agent is explained by an intermediate stage of little stability. 
We have in this instance perhaps stronger evidence of such a stage 
than is often the case in many actions which are similarly ex- 
plained. 

(3) On a Self-recording Barometer, By Horace Darwin, MJl 

In all self-recording apparatus there must be some means 
always at hand ready to perform the work required to keep the 
record. In the case of a barometer a clock is used in conjunction 
with some other motive power ; this may be the electric cuirent 
from a battery ; the radiation from a lamp acting on photographic 
paper ; or the work obtained from the change of the atmospheric 
pressure itself. The chief interest in the instrument shown in the 
figure is the unusual source of energy employed ; the pressure of 
the ordinary gas supply being made to do the necessary work. 
This is undoubtedly an extravagant motor, but in cases Uke the 
one before us the work required to move the mechanism is 
extremely small, and the cost of the gas used is quite insignificant 
The ease with which the energy can be applied and the handiness 
of the source makes this method most useful for a great number 
of cases where governing and automatic regulating mechanism is 
required. 

The gas from the main passes into the pipe A through a stop- 
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cock not sboVD in the figure. The Btop-cock is regalated 90 as to 
allow a very small quantity of gas to pass. The pipe branches. 




and the gas can either ptiss into the iD<Iiarubber bag B or else 
along the tube C. If this tube is closed, the gas will enter and 
expand the bag and compel the board D to turn about the hingea 
B. The pressure of the gas is more than sufficient to couoter- 
balaoce the weight at F; consequently a certaia amount of work 
can be done dunng the upward movement; this gives the requisite 
power to move the pen P. If more gas could pass along the tube 
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C than had entered by Ay the gas bag would empty and the pea 
would falL Thus by opening and closing the tube C, the board 
can be made to rise and fall, and to mo^e the pen with it. The 
barometer performs this function in such a manner, that the 
vertical movement of the pen is three inches upwards for eveiy 
&11 of atmospheric pressure corresponding to a head of one inch 
of mercury. The barometer is in the form of an inverted 
siphon, 0, H. The tube G is connected with a small glass tube 
passing down the open limb of the barometer at &; it is sup- 
ported by a bracket K fixed to the pressure board D at one-sixth 
the distance of the pen from the hinges E, Now suppose the 
end of the glass tube almost touches the surface of the mercury 
in the open limb of the barometer, and that the flow of gas 
through this small opening equals the flow entering by the tube 
A from the main ; then no ^as will enter or leave the bag and the 
pressure board D will remain at rest. When the mercury in the 
open limb of the barometer rises the leak will be diminished : 
gas will enter the bag and will raise the pressure board, together 
with the pen and the glass tube passing down the open end of 
the barometer; this will at once increase the leak and will 
shortly again establish equilibrium. The converse will take place 
when the mercury falls, and the end of the glass tube will 
accurately follow the movement of the surface of the mercury. 
If the atmospheric pressure increases by a head of one inch of 
mercury the surface of the mercury falls half an inch in the open 
limb of the barometer : the pen falls six times that amount, that 
is, three inches. The instrument has only been constructed in an 
experimental form, and it was not thought worth while to com- 
plicate the instrument by putting an arrangement to prevent the 
gas escaping into the room. But the leak is so small that with a 
similar instrument working d^ty &nd night for some weeks the 
smell was not perceptible. 

I am indebted to Mr Deacon for the design of the pen. It is 
used by him in his Waste Water Meter and in other self-recording 
apparatus. These instruments are left for long periods without 
being touched, the pen drawing the curves in a most 8atis£Eu:toiy 
manner. 

In the apparatus exhibited the tracing is made on paper cover- 
ing a drum rotating about a vertical axis. An American clock 
movement is fixed to the top of the drum, and the point of 
rotation of the hands is on its axis. The hour hand projects 
beyond the side of the drum, and rests against a fixed pin Q, 
and is thus prevented from rotating. Consequently the body (A 
the clock and the drum with it are compelled to turn ; the usual 
condition where the hands rotate and the body remains at rest is 
reversed. 



1886.] Mr H. Gadow, On some Caves in Portugal 381 

(4) A Verification of a transformation in Elliptic Functions. 
By J. Chevallier, B.A. 

The author contrihutcd the details of a verification^ by direct 
algebraical methods, of the following theorem : 

where Z = a!^- 2Ax^ + Ba? - Coi?^-Dx - E, 

Y=^x^^Ax + A\ i = i(-l+*>/l9). 

^=-H7i9+*), ^' = ^l^(ll + ^^/Jy), 
5 = J(25 + 6tVl9), a = -i(>/l9 + 6i). 
i) = i(2H-9is/l9), ^ = -i(N/i9 + llt), 

then ^i^-gji-g.^M^i^o^-gj^-g^i^ 

where g^ = 8, ^r^ = >/l9. 

(5) On «om6 Oave^ in Portugal. By H. Gadow, M.A. 

In the spring of 1884 I made a zoological excursion through 
the Algarve, my chief object being to explore the fauna of certain 
large subterranean caves. According to Murray's Handbook for 
Portugal, and von Maltzan's Reise nach Algarve, these caves are 
situated somewhere near the little village of Alte, nearly in the 
centre of the Algarve. Whilst travelling northwards from Faro to 
Loul^ I was told of the existence of some other caves in the 
neighbourhood. 

Leaving the high road from Loul^ towards Salir, I followed a 
mountain path leading eastwards over densely wooded very 
picturesque hills for about two miles, and came to a wild ravine 
through which dashed the Rio Secco, one of the eastern tributaries 
of the poisonous Bio Quarteira. According to the geological maps 
published by the Portuguese Government, the Rio Secco runs 
through Jurassic and Eeuper formations. Its banks are steep, 
with an incline of 60^ about 200 feet high near the caves, and 
strewn over with innumerable large and small, but extremely 
rough boulders, between which grow plenty of locust trees, olives, 
a few oaks (Q. suber and robur) and shrubs. Alongside, and in 
the bed of the river a dense and luxurious vegetation of oleander, 
olives, vines, cork trees and sarsaparilla delights the eye. On the 
eastern side there is a plateau, neai'ly fiat, with a few olive trees 
and dwarf palms (Chamaerops humilis). Cultivation of com has 
been attempted, but yields very little, because the plateau is 
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covBred ivith small rocks, which, although partly cleared away and 
heaped up here and there, leave only small irregular patches of a 
few inches of red clay, baked during the rainless summer into the 
hardness of bricks. 

The entrance to the caves, which are two in number, is just 
below the north-eastern brink of the valley; access to them is 
easiest from the plateau. The bearings of the caves are as 
follows : 

26^ to westward is the village of Salir, distant about 4 miles. 

140^ to south-east, distant 3 miles, Querent where the 
owner lives, a poor peasant of 73 years of ago, called Manoel da 
Silva. 

25^ to east a small village, called Serra da Corte. 

On the western side of the river, opposite the caves, are aeen 
at a distance of one mile several hamlets, distinguished as Coirte 
do Neto and Corte Ximica. 

During my visit in April, 1884, the caves did not yield anything 
but the following bats: Miniopterus schreibersi, Rhinolophus 
hipposideros, Bh. hippocrepis, Vespertilio murinus; there were no 
invertebrates visible, nor was there any water in the cave& 

The fragment of a recent goat's skull and a few bones of birds 
made me wish to excavate the caverns, but that was then im- 
possible. It rained in torrents during nearly the whole of April, 
and there is no inn in the villages, the nearest accommodaUon 
being at Loul^, and that is four or five hours offl In shorty to 
explore the caves properly would have required long preparation. 

I then (likewise in 1884) visited the Pbfo or Buraco dos 
Mouros (almost every cavern, ruin, well and castle in the south of 
Portugal is connected with the Moors by the peasants) near 
Benanm and Alte. The entrance to the cave lies nearly on the 
top of an abruptlv ending plateau of the Jurassic Rocha da Pena^ 
a mountain nearly 1500 leet above the sea level We had to 
lower ourselves for about 15 feet, and reached a funnel about 
6 feet high ; the floor, covered with blocks, slopes down towards 
the left for perhaps 50 yards, then comes a sudden turn to the 
right, which can now — on account of the fallen blocks — be passed 
only by crawling flat on one's belly, head downwards, because the 
incline is steep ; after having veered round two or three times at 
right angles towards the right, we suddenly entered an enonnoos 
vault with stalagmitic roof and many pillars. The dripping of 
water is heard in several nooks; except a small pool, holding 
perhaps a dozen buckets of water, there was no water whatever in 
this cavern, and that little contained no visible living creaturea 

The height of the vault may be from 20 to 25 feet, its diameter 
60 feet There is no outlet or large recess leading anywhere out 
of this round the dome, except that by which we entered. The 
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floor is partly covered with stalagmites, but chiefly by bats' dung, 
many feet deep, the bats themselves cIingiDg in ^eat numbers to 
the ceiling. We were a large party, about a £>zen, led by our 
host, the Mayor of Salir, and half a dozen peasants, whom we 
had at last persuaded to undertake this superstitiously feared 
exploration. From the church we had provided ourselves with 
some big wax candles, which gave no light to speak of, and 
torches made of unravelled grass ropes. These primitive torches 
could be kept burning only by being rapidly swung round one's 
head, whereupon they gave a sudden glare of light, smouldered 
away for a minute, produced a dense mass of smoke, and then went 
out. 

The dome of this cave had never been visited within memory 
of living men. Von Maltzan could not squeeze his big frame 
through the narrow passage; but they still tell the story of a 
priest, who proceeded from the dome into still another chamber, 
till he reached the source of a large river, when he thought it 
prudent to return. We all felt rather disappointed ; the passage, 
the chamber, and the large river have all disappeared, and the 
priest has died long since. 

Not far from this large and deep cave there is said to elist 
another, called Igreja dos Soudos, compared to a church because of 
its many stalactitic columns. 

This year I visited the caves near Querenga in July. A kind 
letter of recommendation from His Excellency the Minister of the 
Colonies, Barboza du Bocage, to the Govemador Civil of the 
Algarve, Joaquim Bivar, in Faro, caused the latter gentleman to 
request the Administrador do Conselho de Loul^, Joaquim Manoel 
Adelino Perreira, to facilitate the purpose of my exploration* Six 
excellent miners, who had recently returned from Spain, were 
requested to place themselves at my disposal for ISd, a day each ; 
moreover, I was allowed the use of the municipal crowbars, pick- 
axes, hammers and other necessaiy tools. I had also secured the 
written permission of Manoel da Silva, the owner of the caves, for 
exploring the latter, and last not least, Messrs Mason, Bary and 
Co., the owners of the rich copper mines of SSo Domingos near 
PomorSo on the Guadiana, had kindly consented that my friend, 
Thomas Warden, civil engineer, should accompany me for a time 
not to exceed a fortnight. My friend being thoroughly master of 
the Portuguese language, and knowing the ways of the workmen, 
his practical experience made matters easy and cheerful 

There being no other accommodation, we established ourselves 
in the antechamber of the south-eastern cave, and, considering 
that we never left the caves for longer than an hour, to take a bath 
down below in the Rio Secco, and that we lived there for 7 days 
and 7 nights, we may well be said to have played the Troglodytes. 
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Our provisions consisted of some tinned sardines and tunny fish 
in oil, and a daily supply from our cave-lord of wine, bread, ^gs, 
pig-butter, i.e. dripping, cucumbers, onions, and once for a treat 
twenty small potatoes. Our water supply was fetched from a 
powerful spring in the bed of the river; although apparently 
good, we deemed it advisable always to run it through one ii 
Lipscombe's small military filters. 

With this fare we kept remarkably healthy, not a moment's 
illness having been felt by any of us. The heat during the daytime 
was great From 10 A.M. to 5 P.M. generally from 95* to 101* in 
the shade and 128** in the sun, but this otherwise intolerable heat 
was greatly mitigated by a southern breeze, which with great 
precision set in daily about 10 A.M. and continued with increasing 
force until 5 P.M. when it left off, sometimes rather suddenly. This 
refreshing sea-breeze is, I think, caused by the over-heated plains of 
the Alemtejo. I encountered it likewise on the Serra de Caldeirao, 
which divides the Algarve from the Alemtejo, but not inside the 
latter province itself. There, on the treeless and shrubless plains, 
it was still hotter for us, one day 135^ vdthout any wind and all 
day long on mules' back. During the heat of the day no life is 
visible ; the very insects sit still below the plants and stones or 
are hidden in the cracks of the bark of the trees. The lizards and 
geckos have likewise vanished, and the only sound is now and 
then the shrill noise made by the ''Cigarra" (Cicada) in the dense 
foliage of the locust tree, the only plant which seems really to 
enjoy the Algravian summer, finding ways and means in the 
baked hard soil of the hills to keep up the dark green colour of its 
pretty leaves and to grow its numerous pendant beans. All the 
other vegetation was shrivelled up or wore the dusky greenish- 
grey garb of the olive tree. Only along the banks of the river 
and in the stagnant pools taking its place. during the hot seasoD. 
is there life and rich luxurious vegetation. The pools abound 
with snakes, fishes, frogs and small tortoises. The river itself 
was partly dry, but here and there were springs and pools, the 
water being dammed up by dykes and carefully saved for irrigating 
the rich groves of vines, melons and Indian com. 

In the antechamber of our cave the temperature ranged from 
72* to 80^ at night outside the cave never below 72*. Far inside 
the cave the thermometer stood permanently at 64*, which agrees 
very well with the mean annual temperature of the country. Rain 
does not fall from June to October. During my four weeks* 
travelling through the Algarve and southern Alemtejo I never 
saw a cloud, except one morning, when it was hazy and rather 
close for a few hours. There was likewise not the smallest trace 
of dew on the hills, which circumstance enabled us to sleep outside 
the cave, i.e. away from the gnats, mosquitos and fleas, under the 
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bright stars, in the calm halmy air, sung to sleep by the frogs 
down the ravine and by the melancholy call-note of the little scops- 
owl and the frog-toad Pelodytes. Bats flitted in and out, not 
much disturbed after all by our work in the daytime. 

The formation of the hill, in which the caverns are, seems to 
be Keuper. As said before, there are two of them; their entrances 
open below the edge of the valley. They are called Gruta de 
Solestreira (called by the country folk Sol e Estrella, sun and 
star); the south-eastern cave of the two, although actually by far 
the smaller, is distinguished as the Gruta major, because of its 
wide entrance. The accompanying plan will explain the shape of 
this cave. 

About 25 feet from the entrance is a huge pillar, A. The floor 
from the. entrance onwards to B is nearly horizontal, even and 
firm, consisting chiefly of red clay, trampled down by the men and 
goats, who collect there sometimes during the winter for shelter. 
The long axis of the cave is about 120 ft. long and runs, roughly 
speaking, from south to north ; the width varies from 12 to 20 ft., 
the height from 5 to 15. At B the cave turns and narrows 
suddenly ; then comes an irregular chamber, in the recess of which 
are the only stalactites and stalagmites worthy of notice, except 
those at G. In the eastern wall at C there is, about 3 ft. above 
the general level, a roundish entrance 3 ft. high, 2 broad ; the 
sides were not rough like all the rest of the cave walls, but 
peculiarly smooth, looking as if they bad been worn off and 
polished by frequently being crept through. This circumstance 
made me explore this side-chamber first. The hole leads to a 
roundish chamber, D, 6 to 7 ft. wide and 5 ft. high; sloping 
upwards stretches a passage 7 ft. long, 3 ft. high, 2 wide, covered 
with rubbish and a layer of stalagmite, 2 to 3 inches thick. At E 
is a sudden turn, gently sloping down towards F ; this passage was 
likewise 7 ft. long, perhaps 3 ft. high and 2 ft. wide, the floor 
covered with dry, loose, reddish clay. At F is another turn, the 
passage sloping down sharply and ending in a roundish chamber, 
5 ft. wide and 4 ft. high. Its ceiling is formed by a layer one foot 
thick, with a hole in it, just large enough to squeeze one's head 
and shoulders through, while standing in the chamber G in an 
erect position. Your head is then in another chamber, somewhat 
smaller than that of G, but the greater part filled with beautiful 
stalactites. We began to dig at D with the following result : 

I. One foot of clayish soil and crumbled pieces fallen from the 
ceiling. 

IL Hard stalagmitic shell, 2 to 4 inches thick. 

III. Half a foot of dense red clay. 

IV. Several teeth of Deer, well preserved, and a considerable 
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aain1)er of fragments of bones of Deer, Roe-deer and Rabbit, in 
cauch damaged condition. 

"V. 3 feet of red, very dense, somewhat moist clay, without 
my bones. 

\L Upon this followed the live rock itself. 

The end chamber, Q : 

I. 3 to 4 inches of loose soil, with bats' skeletons, jaw of rabbit, 
and a few bones of recent birds, mixed up with 

IL Pieces of a cracked and partly broken stalagmitic layer. 
After removal of this layer : 

IIL Human teeth in good preservation, a small piece of the 
cranium, some phalanges of fingers and toes, fragments of three 
ladii, of an ulna and of a metacarpal, but everything much 
damaged. The teeth, several phalanges, and the fragment of one 
radius belonged to a full-grown person ; the other phalanges and 
radii belonged to a much younger and smaller individual, as is indi- 
cated by the size of the bones and by the still separate epiphysis 
of the distal end of the radii. It was not possible to arrive at a 
conclusion regarding the original position of the skeletons. Below 
these bones an instrument made of the cannon-bone of a deer, 
8 inches long, 1 broad, the lower end being left untouched 
so as to form a convenient handle, the other end carefully 
sharpened off on one side into a cutting broad -bladed dagger \ 
There were also about a dozen small rings, of not more 
than 0*2 in. diameter, with a round hole in the middle, some- 
times 2 or 3 clinging together with their flat sides. They 
were decidedly not of metal, of gi-eenish or bluish white colour ; 
very brittle, some of them falling to pieces before I could clean 
these little peculiar objects ; some were broken by the workmen, 

^ Baron A. von Huegel has sent me ihe following remarks on this bone : 

Thia fine specimen, with some celts, flakes, &o, from Portuguese kitchen mid- 
dens, was presented by Mr Hans Gadow to the Cambridge Museum of Archaeology. 

The Bolestreira specimen (similar worked bones have been found in yarious 
caves both at home and abroad) consists of the metatarsus of a large deer, shaped 
inter an implement, which, to judge from the Cassowary bone *' daggers" now msule 
by the Fly Biver natives of New Guinea, was used not only as a weapon but also for 
varions other purposes, such, for instance, as the digging up of edible roots. Con- 
siderable care has been bestowed on the manufacture of this implement which 
though rough is quite symmetrical. The lower half of the bone has been kept in its 
natural condition, so as to form the hilt, which would be held in the closed hand, 
the condyles fitting very comfortably into the palm of the hand. From the remain- 
ing portion of the bone the posterior surfsice, only, has been cut away so as to 
leave a gradually tapering wedge with a neatly trimmed point, the inner margin of 
whidi has been, cut and ground into a smooth edge. 

Near this specimen were found, as Mr Gbtdow describes, stone beads and some 
fragments of human bones. It would be strange indeed were this the entire yield 
of so large a cave as the Solestreira, and it is but reasonable to suppose that a com- 
plete and fljstematio excavation will bring to light many other objects of prehistorio 
interest. A. v. H. 
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who discovered them and wanted to know what they were. I 
saved four of them, packed them carefully in wadding and in a 
small bottle, but this unfortunately was lost together with other 
things during an accident to the pack mule. There were certainly 
many of these rings, but we did not discover these tiny things 
before the excavated soil containing them had been carried from 
O to D, where there was a little more room for sifting and exami- 
ning the soil. I have little doubt but that these rings originaUy 
formed a necklace and consisted most probably of the mineral 
described by Dr M. A. Ben-Saude as Ribeirite (nouvelle variety de 
la Calai'te) ; cf. Gompte Rendu de la 9^ session du congris interna- 
tional d!anthropologie et d'arcMologie prShistoriqtte, 1880, Lisboo, 
pp. 693 — 696. I have seen such a " grains de colliers," but much 
larger, found in various caves of Alemtejo and Estremadura, now in 
the museum of the Academia das Sciencias, in Lisbon. 

Together with these human remains were found a few shells cf 
cardium. 

IV. Below this layer the soil consisted of compact red clay; 
we dug out a hole 4 feet deep and then sounded to a depth of 21 
feet more, with the same result. We had thus arrived at a dq>th 
of at least 7 feet below the floor of the chamber as we found it 
Considering that, as far as we could make out, the stalagmidc 
shell of the floor of the chamber G was on the same level with 
that of the principal cave from A to B, our instruments reached 
about 6 fl. below level AB. It is therefore possible that the tnie 
rock-bottom of chamber G is still deeper and may contain other 
remains. 

We then drove a shaft at the furthest end of the principal cave, 
at A, 5 fl. long, 3 broad : one foot below the surface were a few 
brittle scraps of bones, but nothing else. We dug 6 ft. deep 
through red clay and sounded 2 ft. more clay. 

Lastly we drove a large shaft at B, 4 ft. deep, and sounded 2^ 
ft. more, but found the same red clay. Two feet below the surface 
was charcoal and some broken pottery, which however undoubtedly 
belonged to an old water-jug as now used in the country. The 
workmen recognised that sort of pottery at once, and the owner of 
the cave explained that that portion of the ground had once been 
levelled to enable him to remove the bats' dung from the inner 
chamber. Between the stones in the antechamber was discovered 
a flat and nearly round stone of great hardness, 10 inches in dia- 
meter and perhaps 4 inches in thickness, its one surface was hol- 
lowed out so as to form a slight depression. The stone looked 
exactly like those in the Lisbon Museum, which are supposed to 
have served for grinding corn by hand. 
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Gruta pequena. 

The north-western cave, called, as I have already stated, Grata 
pequena, because of its narrow entrance, is by far the larger of the 
two. Its long axis runs from south to north and is, measured in 
the curve, about 250 ft. long. At its northern extremity it leads 
out to the slope of the plateau through an opening just large 
enough to admit a small boy. The base or floor of the whole cave 
is more or less horizontal, but enormous boulders have fallen down 
from various parts of the ceiling and have rendered many parts 
very uneven. It is a characteristic feature of this cave that there 
are several large ledges of stalagmite and of harder and more solid 
strata projecting horizontally out from the walls. There seems to 
have been such a stalagmitic layer, at least one foot in thickness, 
which once covered the whole of the space between C, D, E, Q, H. 
It is highly improbable that this mighty shell had been broken 
through by man; it must have been destroyed by masses of water; 
the broken pieces have then been removed by men to enable them 
to get at the soil below to be used for their fields. The action of 
the water is plainly visible on the side- walls and on the roof of tho 
large dome, M, all the stalactites having fallen down and the stone 
having a smooth water-worn appearance. 

At B is a narrow entrance, originally only 4 ft. wide and 1 ft. 
high, closed with a stone slab which about 10 to 15 years ago waa 
removed by the owner and is now used at Queren^a to serve as a 
door to his hen-house. At that time, as he told me, "thousands of 
cartloads of bats' dung, together with the rich clay soil, were re-- 
moved by the owner as manure for his fields." Between Q, E and 
D the original height of the soil is still visible on the walls, about 
5 to 7 ft. above the present level. Whilst digging under the protrud- 
ing stalagmitic ledge near E he found 3 sepulturaSy made as he 
said of cortica (bark of the cork-oak), containing three skeletons, 
the skulls perfect, even with traces of hair on them, the rest of the 
bones soft and badly preserved. Although taken to the houses of 
various peasants, they are now lost. At least I could not ascertain 
anything definite about their fate, the people being very reluctant 
to speak on this point. The same applies to " some peculiarly 
shaped earthenware pots," likewise found there. I do not doubt 
these accounts, because I heard them independently from various 
people, and it was only after I had been told about all this by 
some other peasants that I was able to force some more information 
out of the owner of the cave. 

We dug near E, following the advice of the owner, but found 
nothing. On the eastern side, under a similar ledge of stalagmite, at 
D and C we found several much broken bones of man but certainly 
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not in their original position, all that ground having been dag 
previously. 

Between F and M is a gigantic vault, about 35 (L wide and 
17 ft. high. All the roof and side-walls of this dome consist of 
white, water-worn and rather smooth stone, with only a few indi- 
cations of newly-formed stalactite. Above F, in the ceiling, is a laxge 
hole which leads obliquely up towards G. The owner told me, 
that before the removal of the soil his boy was lifted up there on 
the shoulders of several men, and that he saw there another slab 
door like that at B. This of course aroused my curiosity. We 
tried to climb up (m a long pole, but could not get over the edge. 
Then the six workmen were ordered to build a wall, 12fl.lox^ 
and 6 ft. broad at base. After 8 hours' work this wall was aboat 
10 ft. high. We constructed a sort of ladder and succeeded, after 
removing a large quantity of slippery bats' dung, to enter the upper 
passage. It is about 4 ft. high, 3 to 2 broad, and ends at O, a veiy 
narrow chamber. The ceiling of the latter leads into a vertical funnel, 
about 18 inches in diameter, and was crammed full of bata The 
floor of the chamber G was covered with reddish, soft, but diy 
soil ; digging revealed nothing ; there was no outlet whatever, and 
no slab door. This chamber cannot be far from the surface of the 
plateau, because several roots of trees had crept through the amail 
cracks in the walls. 

On the western side of the dome is a large mass sloping up 
from H, with several side niches ; they contained only red day. 
However we did not explore the bottom of the end chamber. 

There are plenty of deep and dry recesses in this enormous 
cavern which have never been disturbed, for instance the passage 
of P, the space and chamber near K and L. To excavate the floor 
between M and N would be very difficult owing to the masses of 
fallen boulders. 

Igrejinha dos Mouros. 

An hour to the south of these caves, between them and Querent 
is a third cave on the plateau, called the ''little church of the 
Moors." The entrance is narrow, rather steep for 10 ft, the bottom 
horizontal, the passage of the whole cavern only from 2 to 6 ft. wide 
and 8 to 10 ft. high. Ceiling, walls and floors formed by the most 
beautiful and large stalactites, which give this cavern the appear- 
ance of a small over-ornamented chapel. The people told me that 
there was there the petrified erect figure of a decapitated Moorish 
lady. It was a half-transparent stalagmitic pillar 5 ft. high, stand- 
ing on a bridge of stalagmite in the middle of the cave and bear- 
ing indeed a striking resemblance to a woman's figure, and in a 
yellowish white garment with long and exquisitely arranged fdda 
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The general belief of the people is that the Moors, when pressed 
Iiard during their expulsion from the country, took refuge in these 
caves. — This whole cave is about 30 ft. long. Near the further 
end I found the almost complete half-fossilized skeleton of a 



May 10, 1886. 
Prof. Foster, President, in the Chair. 
The following communications were made to the Society : 

(1) Some experiments on the electric discharge in a uniform 
electric field, with some theoretical considerations about the passage 
of electricity through gases. By Professor J. J. Thomson, 

As the experiments which have hitherto been made on the 
discharge of electricitv through gases have in general been ar- 
ranged in such a way that it is difficult to calculate what was the 
state of the electric field before discharge took place, I have 
thought it might be interesting to make some experiments when 
the state of the field was accurately known. For this reason I 
made the discharge take place between two parallel plates sepa- 
rated by a distance which was but small in comparison with their 
diameters. 

Fig. 1. 




The arrangement used is represented in fig. 1. ABCD, EFOH 
are two cast-iron plates, the flat portions of which are about 
6 centimetres in diameter, and 1^ centimetres apart They are 
shaped as in the figure, special care being taken to make the 
curved parts of the plate smooth and free from places of large 
curvature; the object of this as well as the peculiar shape of the 
electrodes is to make the electric field much less intense in those 
places where it is not uniform than in those places where it is^ 
so that the discharge will take place in the uniform field and not 
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in those places where the field ia not unifoim and difficult to 
calculate. The surfaces of the plates were worked veiy tnie, and 
some small holes that were left in from the casting were filled up 
with putty and then coated with gold leaf. The surfaces were 8o 
true that though the electrodes were of considerable weighty yet 
if they were placed in contact they adhered sufficiently to caose 
the under one to be lifted when the upper one was raised. The 
plates were maintained at the same distance apart by means of 
three glass distance-pieces, two of which are shewn at AE and 
DH, carefully made of the same length and their ends accurately 
ground; these were connected together by pieces of glass rod: 
these distance-pieces were placed m the hollow part of the plates 
so as to be out of the way of the discharge; the plates were 
placed in a box, LMNP, the side of which was a cylindrical piece 
of glass and the ends of it brass discs, fastened to the glass witb 
marine glue; into the upper one of these plates a piece of brai» 
tubing, R, was soldered in order to permit of the exhaustion of the 
gas in the vessel ; between the top of the box and the upper plate 
there was a spring, Q, which put the two into electrical connection. 
The spark was produced by means of an induction coiL 

The following are the phenomena which occur as the air is 
gradually exhausted from the box. At the pressure of the atmo- 
sphere the spark passes between two points, being evidently de- 
termined by some accident which makes the force a little greater 
at one place than another; at this stage the discharge is veiy 
unsteady and skips about from one point of the plates to another: 
as the pressure diminishes the discharge gradually settles down 
and remains at one place, and begins to present peculiar features 
which are represented in the accompanying figures, in all of whidi 
the negative electrode is supposed to be at the top. Fig. 2 re- 
Fig. 2. Fig. 8. Fig. 4. 
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presents the discharge when the pressure is that due to about 
90 mm. of mercury ; it is shaped something like an Indian dub 
with the handle at the negative electrode. As the pressure 
diminishes, the neck of the club lengthens, the lower part 
broadens out, and a disc appears at the negative electrode; the 
appearance at a pressure of about 40 mm. of mercury is repre- 
sented in fig. 3; the discharge being bluish near the negative 
electrode, but reddish towards the positive. As the pressure 
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i£alls the disc near the negative electrode broadens out, and the 
-handle of the Indian club lengthens, until the appearance is that 
represented in fig. 4, which represents the discharge at about 
18 mm. of mercury, the difiFerence in colour between the discharge 
at the positive and negative electrodes being now very marked. 
As the pressure diminishes the disc at the negative electrode 
increases in size, until at about 4 mm. this disc appears to con- 
stitute the whole of the discharge ; it is clearly separated from 
the negative electrode. I have not been able to detect with any 
certainty any discharge at the positive electrode, or any glow 
throughout the tube, and if they exist at this stage they are certainly 
exceedingly faint. There is a much greater contrast between 
the bright disc near the negative electrode and the rest of the 
discharge than between the glow and dark space in a vacuum 
tube of the ordinary kind. As the pressure diminishes still further, 
the disc gradually moves further away from the negative electrode, 
and a decided glow spreads through the vessel ; the colour of the 
discharge keeps changing, and when the pressure sinks below a 
millimetre it is a pale Cambridge blue. Bright specks also appear 
over the negative electrode. If an air-break be put in the circuit 
a curious phenomenon is observed. A glow is distinctly visible 
between the top of the vessel containing the electrodes and the 
upper electrode, though these are in metallic connection, and if 
they acquired the same potential simultaneously, could have no 
electric field between them. This was only observed when the 
upper electrode was negative, not when it was positive. The 
lowest pressure reached with this apparatus was about ^ of a 
millimetre. At this pressure the disc near the negative, though 
still observable, was not much brighter than the surrounding 
glow. 

These experiments were repeated, using coal-gas instead of air: 
very similar results were obtained, except that at high pressures 
the discharge jumped about more than it did in air. Coal-gas 
was used because stratifications are usually produced in it with 
great facility. I never observed any tendency however in the 
discharge to become striated where the field was uniform, though 
some small discharges which started from the edges of the positive 
plates were beautifully striated; on one occasion too a spot of 
dust had got on the positive electrode in the middle of the 
uniform discharge, a secondary discharge started from this point, 
which was very plainly striated, though the main discharge 
shewed no trace of stratification. 

Some experiments were tried with gases which are electrically 
very weak, such as the vapours of turpentine and alcohol ; with 
these gases I never was able to limit the discharge to a disc near 
the negative electrode, as was the case when air or coal-gas was 
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used. With these vapours there was always at low pressures a 
glow stretching across the space hetween the electrode and 
though the disc near the negative electrode was distinctly brighter 
than the rest, I was never able as in air to get the dischaige 
practically confined to the disc. The brightness of the glow was 
always comparable with that of the disc. 

The stratifications of the discharge followed the same law as 
in coal-gas; in the parts of the discharge where the field was 
uniform no tendency to stratification could be detected, but any 
secondary discharge started by some accidental inequality was 
always distinctly striated. 

With the arrangement described above, the pressure could not 

Fig. 6. 
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be reduced below that due to about ^ of a millimetre of mercury, 
and it was with great difficulty that it was reduced as low as ihu, 
so in order to investigate the phenomena at higher exhaustions 
the parallel plates were put m the apparatus represented in 
section in fig. 5. 

ABCDEF is a brass bed plate with a groove of the shape 
CDEFO cut in it; into this groove the glass vessel S whidi 
terminates in the tube T fits, and is fastened against the side BG 
of the groove by marine glue ; mercury is poured into the groove, 
and the space outside the glass vessel between the mercury and 
the brass is kept exhausted by a Sprengel pump, which is con- 
nected with this space by means of the tube PQ. Thus since the 
pressure in this space can easily be kept by the Sprengel lower 
than the pressure due to 5 millimetres of mercury, if the depth 
of the mercury in the groove be greater than 5 millimetres^ no 
air can pass into the vessel, however low the pressure inside may 
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be. The glass tube T was fused on to a Topler pump. With this 
arrangement the only joints between the inside of the vessel 8 
and the outside air are mercury ones, and the vessel can readily 
be exhausted. 

The discharge presents the following appearance as the vessel 
is gradually exhausted. After the pressure gets below the value 
reached with the first arrangement the glow between the plates 
gets more and more uniform, until no difference can be perceived 
m the intensity of the light between the plates ; as the pressure 
diminishes a glow appears above the upper plate, of the kind to be 
described below, and the intensity of the glow between the plates 
diminishes; as the pressure falls still lower the glow above the plates 
increases in intensity while that between the plates diminishes, until 
at a pressure which I estimated at about 3^ of a millimetre there 
was no glow at all between the plates which were separated by 
a dark space, while there was a strong glow above the upper 
plate. 

This glow is represented in section in fig. 6. ABCD, EFOH 
represent the glow, which is separated from the plate LMN by 

Fig. 6. 




dark spaces, which are left blank in the figure. The distance of 
the glow from the plates, that is the width of the dark space, 
depends upon the intensity of the discharge; by altering the screw 
of the commutator of the coil the glow could be made to rise and 
fall in a very striking fashion. The stronger the discharge the 
smaller seemed the dark space. 

From one edge of the glow a bright thread of striated glow, 
AP, extends, forming apparently the positive part of the discharge, 
the glow being the negative ; this positive part looked like a con- 
tinuation of the negative, there being no interval that I could see 
between the glow and the striated discharge. This striated discharge 
started from the place where the negative glow was farthest from 
the glass of the bell-jar. It was extremely sensitive to the action of 
a magnet, the point from which the discharge started being altered 
by the magnet. The direction in which the discharge moved was 
along the circumference of the glow, and the direction was de- 
termined by the component of the magnetic force along the radius 
from the centre of the glow to the point where the discharge took 
place; if the direction of this component was reversed the 
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direction of displacement of the glow was reversed. When thii 
component was in one direction the striated discharge was not 
only deflected but split up into several discharges, there being 
in this case often 7 or 8 striated discharges proceeding from 
the negative glow ; when the direction of tlie magnetic force was 
reversed, the discharge was deflected in the opposite direction. 
and instead of being split up seemed to be more concentrated 
than before. This part of the effect seemed to be due to the 
action of the magnet on the glow ; the place where the striated 
discbarge starts is where the glow is furthest from the glass'; if 
the magnetic force by its action on the glow reduces the in- 
equalities in the distance of the edge of the glow from the glass 
the discharge may start from several places at once, while if it 
tends to increase the inequalities the glow will be more rigorously 
confined to one place. 

Theoretical considerations about the electric discharges in gases. 

In a paper published in the Philosophical Magazine for June, 
1883, page 427, 1 gave a theory of the electric discharge in gases, 
in which the discharge was regarded as the splitting up of some 
of the molecules of the gas through which the discharge takes 
place ; the energy of the electric field being spent in decomposing 
these molecules, and finally by the heat given out on the recom- 
bination of the dissociated atoms appearing as heat, except in the 
numerous cases where the gas is permanently decomposed by the 
spark, when part of the energy of the field remains as potential 
energy of dissociated gas. 

In that paper I did not discuss the difference between the 
effects observed at the positive and negative electrodes. I think 
however that the theory is capable of explaining these differences. 
For we may imagine a molecule of such a kind that the atoms in 
it would tend to separate when the molecule was moving in one 
direction in an electric field, say that of the Unes of force, but 
would be pushed nearer together when the molecule was moving 
in the opposite direction. A molecule of the following kind would 
possess this property. 

Fig. 7. Fig. 8. 
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Suppose we have two vortex rings AB and CD of equal 
strength, whose planes are parallel and whose cores are nearly 
coincident, they will rotate round each other, the cores remaining 
at an approximately constant distance apart. Let us suppose 
that these rings are moving in a fluid which is in motion but in 
ivhich the distribution of velocity is not uniform ; then we know 
(&ee a Treatise on the ' Motion of Vortex Rings ' by J. J. Thomson, 
p. 65) that the radii of the rings will alter, and that the alteration 
will not be aflfected by reversing the direction of motion of the 
rings. 

Now let us suppose that the radius of -4.5 in consequence 

of the distribution of velocity in the surrounding fluid increases 

faster than that of OD, then since the velocity of a ring diminishes 

as its radius increases the diminution in the velocity oi AB will 

be greater than in that of CD, so that CD will now move faster 

than AB^ the distance between the rings will therefore increase, 

and if the difiference between the velocities is great enough they 

will ultimately separate. Next let us suppose that the rings are 

turned round so as to be moving in the opposite direction, as in 

fig. 8. Then, since the alteration in the radius of either ring is 

the same after the direction of motion has been reversed ; under 

the same circumstances as before, the radius of the ring AB, which 

is now in front, will still increase faster than that of the ring CD, 

which is now in the rear; that is, the diminution in the velocity 

of the ring in front will be greater than that of the one in the 

rear, that is, the front ring will move more slowly than the one 

behind, so that the distance between the rings will diminish and 

the connection between the atoms in the molecule be made firmer, 

while in the other case the molecules tended to separate. The 

only difference between the cases, however, is the direction in 

which the molecules are moving, so that a molecule of this kind 

may tend to be decomposed when it is moving in one direction 

and not when it is moving in the opposite one. 

It would, I have no doubt, be possible to give an illustration 
of this property by taking an ordinary mechanical system and 
supposing it to be acted on by a proper distribution of forces : the 
above illustration, however, is suflScient for my purpose, which is 
to shew that the properties of molecules may be such that they 
are decomposed when moving in one direction in an electric field 
but not when moving in the opposite. 

Let us trace some of the consequences of supposing that the 
molecules are decomposed when moving in the direction of the 
lines of force and not when moving in the opposite direction. 
If we consider the electric field near the electrodes, this means 
that at the negative electrode those molecules which are moving 
towards it are the only ones which have any tendency to be 
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decomposed, while at the positive electrode it is only those ixK^e- 
cules which are moving away from it which are in this conditioD. 

The consequence of this will be that the molecules will be 
more easily decomposed at the negative than at the positive 
electrode. For consider first of all the case of a non-uniform 
fidd, when the intensity of the field diminishes as we recede £rom 
the electoo dfl BL, At the negative electrode those molecules which 
are approaching the deetwide aie the ones which tend to get 
decomposed, and these are going firam weak to strong parts of the 
field, so that the tendency to dissociate gets stfu i i g ta aad stronger, 
while it keeps getting a better leverage, as it were, for the a t — s 
in the molecule get further and further apart as the molecule 
moves, and thus the difference in the alteration in their radii 
would increase even if the field were uniform, but when the field 
increases in intensity, as the molecule moves on, the effect is still 
more increased. On the other hand, those molecules at the positive 
electrode which are likely to be decomposed are those which are 
moving away from the electrode, and in this case when the inten- 
sity of the field is neatest the atoms are nearest together, so that 
the separating tendency which is the difference in the effects on 
the atoms is minimized as much as possible ; while in the case of 
the negative electrode, when the tendency to produce a difference 
was greatest the distance between the molecules was greatest too, 
so that we see in this case the molecules will dissociate more 
easily at the negative than at the positive electrode. Apk^n^ we 
must remember that those molecules which are near to the 
positive electrode and moving away from it, must previously have 
been approaching the electrode, and that during this time the 
action of the electric field was to make the atoms come closer 
together. When the direction of motion of the molecule is reversed 
by reflection at the positive electrode, the action of the electric 
field in separating the atoms in the molecule is reversed, so that 
unless the course of the molecule is extraordinarily unsymmetrical 
it will be in the same state when it gets away from the electrode 
as it was before it approached it» and as it was not dissociated ia 
the one case it will not be in the other. 

Next let us suppose that the electric field is uniform, as in the 
experiments described above ; then as there is no evidence for any 
considerable condensation of sbs about the electrodes, we shall 
suppose that the density of the gas is approximately uniform. 
Since everything is uniform the molecules will dissociate most easUy 
when they are moving for the longest time in the direction of the 
lines of force. Now according to the vortex atom theory of gases 
the vortex rings as they approach the planes which form the elec- 
trode will expand, and as they expand they move more and more 
slowly, so that the molecules will be moving for the longest time 
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in the same direction in the neighbourhood of the electrodes. And 
just as in the non-uniform field the molecules will be more likely 
Id dJMnritte ai the negafciTe deeirode than at the positive, for at 
the positive electrode those molecules which are likdj ta be diar 
sociated are those which are moving away from the electrode^ but 
they must previously have been approaching it, during which time 
they were being pushed nearer and nearer together, so that at 
this electrode the molecules which have any tendency to be dis- 
sociated are those which have been specially prepared to resist this 
tendency, and as this is not the case at the negative electrodes the 
molecules will be dissociated most easily at this electrode. 

Hence the conclusion we arrive at is, that whether the field be 
uniform or variable, dissociation is more likely to take place at 
the negative electrode than at the positive, aud that the dis- 
sociation is more likely to take place close to the negative elec* 
trode than in the body of the gas ; though if the field be very 
strong or the gas very weak the molecules in the body of the gas 
may get decomposed. Thus in the experiments described above, 
though in gases which are electrically strong, such as air and 
coal-gas, the discharge under certain circumstances could be con- 
fined to the neighbourhood of the negative electrode, yet in 
electrically weak gases, such as the vapours of turpentine and 
alcohol, the gas was under all circumstances (when the pressure 
was low) decomposed throughout the field, though the greater 
brightness of the layer near the negative electrode shewed that 
more gas was decomposed there than in other parts of the field. 

There seems too in the case of the discharge through ordinary 
vacuum tubes considerable direct evidence that there is a con- 
siderable amount of decomposition going on near the negative 
pole, more so than in the rest of the field, for in the first place, 
the spectrum of the glowing gaa surrounding the negative elec- 
trode generally shews lines, while the spectrum in the rest of 
the field is a band spectrum, and line spectra are believed to 
denote a simpler molecular constitution than band spectra : and 
secondly, the gas near the negative electrode is hotter than that 
in other parts of the field. 

Let us trace some of the consequences of the gas being 
decomposed more easily at the negative than at the positive 
electrode. Since, accordiug to our view, decomposition of the 
molecules means a spark, it follows that according to this theory 
a spark ought to pass more easily from a negative thau from a 
positive pole, a result which was long since observed by Faraday 
{Experimental Researches, § 1501). 

Again, decomposition, and therefore discharge, takes place the 
more easily the longer the molecules move continuously in the 
direction of the lines of force ; thus the longer the average time 
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the molecule takes to have its velocity reversed, the more likely 
is it to be decomposed by the electric field. Now this time will 
depend on the average time between two collisions and the in* 
tensity of the force between the molecules: thus, for example, 
if the molecules acted on each other like two perfectly elastic 
spheres, that is, if when they collided they interchanged the 
velocities parallel to the line joining their centres, the mean time 
taken to reverse the motion of a molecule would be a little less 
than twice the mean time between two collisions, for the motion 
of the molecule will be reversed when it meets a molecule moving 
in the opposite direction, and it is rather more likely to meet one 
moving in the opposite direction than one moving in the same 
direction as itself. Again, it will take longer to reverse the direc- 
tion of motion when the changes brought about by a collision are 
'small than when they are large ; so that taking the ordinary view 
of a collision as due to forces between the molecules, the greater 
the forces between the molecules the smaller the time ta^en to 
reverse the direction of motion. Other things however being the 
same, it is evident that this time will vary inversely as the 
number of collisions per unit time. The particles will be moving 
very much longer in one direction when the gas is rare than when 
it is dense; so that the rarer the gas the more easily will the 
molecules be dissociated : this explains why a rare gas is electrically 
weaker than a dense one. There must however be a certain 
density, such that if the rarefaction l)e carried beyond it the 
electric strength of the gas will increase as the rarefaction in- 
creases; for, according to our view, if there were no molecules 
there would be nothing to discharge the energy : so that when the 
density is zero the gas has infinite electric strength. This point 
will depend, among other things, upon the energy required to 
dissociate a molecule of the gas into atoms, other things being the 
same ; the greater this energy the lower the critical pressure. It 
will also depend upon the time during which the molecules are 
moving in the same direction ; if we were to shorten this time 
without altering the density of the gas or the energy required to 
dissociate a molecule we should raise the critical pressure, for we 
should hamper the efforts of the rarefaction to diminish the 
electric strength, while we should not affect the causes which tend 
to increase the strength. De la Rue and Mliller, Proceedings of As 
Royal Society, 1882, have found that the size of the vessel con- 
taining the gas has an effect upon the critical pressure. This is 
just what we should expect if the above view were true, for the 
size and shape of the tube will, when the pressure gets so low 
that the distance traversed by the molecule while it is moving 
continuously in one direction is comparable with the dimensions 
of the tube, affect the time during which the molecules are 
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noving in the direction of the lines of force, and we should expect 
hat any change in the shape of the vessel which diminished 
he average time the molecules were moving in the direction of 
be lines of force would raise the critical pressure. 

We must remember that the quantity we are comparing the 
limensions of the vessel with is not the mean free path of the 
nolecules, which no doubt at the critical pressure is very small 
!ompared with the dimensions of the vessel, but the average 
pace taken to reverse the direction of motion, which may be very 
nuch greater. For if the force between the molecules be very 
imall, it will require a great many collisions to reverse the 
iirection of motion of the molecules. 

The well-known phenomenon that a thin layer of air is 
elatively electrically stronger than a thick one, might be explained 
n the same way as we explained the dependence of the critical 
pressure upon the shape and size of the containing vessel. For 
onsider the case of two parallel planes, when the distance between 
he planes is comparable with the average space through which 
he molecules move continuously in one direction, the constraint 
caused by the planes will have the effect of diminishing this 
Hstance, and therefore of diminishing the chance of the molecule 
)eing decomposed by the electric field, it will therefore make the 
ayer stronger than an equally thick layer of gas at the same 
)ressure placed in open space. 

The same explanation will also apply to an experiment of 
Sittorf (Wiedemann Lehre von der Electricitdt bd. iv. § 417); 
A this a sealed glass flask is furnished with two electrodes 
nade of straight pieces of wire, one being put in the neck, the 
)ther in the bulb of the flask. When the one in the bulb is 
negative it glows all over, but when the one in the neck was 
legative it only glowed over the tip. In this case the electrode 
8 near the glass sides of the flask, so that the average distance 
he molecule is moving in the direction of the lines of force is 
liminished by the glass in those parts of the gas away from the 
if more than it is in those near the tip, so that the gas away 
Torn the tip is electrically stronger than that close to it. We 
hould therefore expect the discharge to take place at the tip, 
rhich is exactly what happens; on the other hand, when the 
ilectrode is in the bulb the glass is a great distance from the 
^ectrode, it can not therefore affect the distance a molecule 
J^avels before its direction is reversed : the eas is therefore equally 
Irong all over the electrode, and we should therefore expect, as is 
he case, the electrode to be covered with glow. 

These considerations would seem to have an important ap- 
>Ucation to the case when there is a contraction in the cross 
«ction of the discharge tube at some point. If the tube is 
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narrowed so that its dimensions in one direction are comptnUe 
with the space it takes to reverse the direction of motion of t 
molecule, then the gas will be electrically stronger in that direedon 
than in one at right angles to it. This will have the etfect of 
confiniDg the discharge to one direction, and so making it more 
intense in that direction than it would have been if it had been 
free to spread out equally in all directions : this perhapi inll 
explain Goldstein's result that the narrowing of the tube prodaoa 
much the same effect as would be produced if there iveie a 
secondary negative electrode at the contraction. 

If this theory of the effect of the limitation of the apace 
taken to reverse the direction of motion of a molecule be tnie, 
we should expect the following results, which as fiur as I know 
have not been investigated. 

The ratio <tf the electric strength of a thin layer to a thick one 
should be greater at low pressures than at high onea» because the 
ratio of the average distsmce the molecules travel al<»g the lioes 
of force before their direction of motion is reversed to the dis- 
tance between the plates is greater at low pressures than at kigk 
ones. 

The difference between the electric strength of a thin and a 
thick layer will depend upon the intensity of the force b^ween 
the molecules, because the greater the intensity of the force tlie 
less the space required by a molecule to reverse its direction; 
but the smaller the force between the molecules^ the greattf the 
coefficient ot viscosity, so that the difference between a thici aod 
a thin layer ought to depend upon the coefficient of visoositj of 
the gas. 



The motion of the gas itself produced by the electric 
must produce important effects on the dischai^ When the 
electric dischar^ passes through a gas, the pressure of the gas 
increases, this mcrease however only lasts as long as the spaifc 
passes. This was originally observed by De la Rive, it was afte^ 
wards ro-discovered by De la Rue and Muller, when investigatiiig 
the discharge produced by their large chloride of silver battei;; 
by keeping the current on they were able to get an iucreaae of 
pressure in a laige bell-jar of about 30 per cent of the origiaal 
pressure (PhiL Trans. 1880, p. 86). This increase has beea at- 
tributed by Dr Schuster (JProceedinge of the Royal Society, 1884), 
to the deconiposition of the molecules of the gas by the dischaigtr 
but though 1 believe some of the increase to have been doe to 
this cause, yet the effect seems to be too large to be aliogethtf 
explained in this way, for if the molecules were split in tiro ft 
would require about 50 per cent, of the molecules to be diaaociated. 
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and as the discharge took place in a large bell-jar between pointed 
electrodes, it is hardly possible, I think, to imagine that anything 
like so large a number of molecules were dissociated by the spark. 
In addition to this, in some experiments on the subject which 
Pru£ Threlfall and myself have been making during the past year, 
we got effects which were too large to be explained even by sup- 
posing that all the molecules were dissociated, and in these ex- 
periments only a small fraction of them became luminous. These 
results seem to point to a kind of explosion taking place at the 
place where the spark passes, which projects the surrounding 
gas away from the place of explosion. We should expect from 
Faraday and Maxwell's theory of stress in a medium that some- 
thing of this kind should take place. For according to this theory 
there is a tension along the lines of force and a pressure at right 
angles to them ; this distribution of stress producing when the field 
is steady equilibrium at a place where there is no electrification. 
When however the electric field disappears at one place and not 
at another the stresses will no longer be in equilibrium, and since 
the original state was that of tensions along the lines of force, 
the effect produced by the disappearance of this stress from some 
part of the field will be much the same as if there was an 
explosion at the place of discharge, at least as far as the motion 
of the gas parallel to the line of force is concerned. This effect 
too will be increased by the decomposition of the molecules which 
takes place when the spark passes, because this decomposition 
fMxxluces a sudden increase of pressure. For these reasons we 
conclude that there is a violent projection of the molecules paral- 
lel to the lines of force from the neighbourhood of the place 
where the electric field is discharged. 

Let us now consider what takes place when a spark parses 
through a gas at a moderately high pressure. The electric strength 
of the gas will break down in the neighbourhood of the negative 
electrode through some of the molecules there being decomposed. 
Some of these dissociated atoms will get projected away from 
the negative electrode, parallel to the lines of force ; after going 
for a short distance, the length of which depends on the density 
of the gas, they will recombine, giving out heat in so doing ; this 
vTarms the neighbouring molecules, they are then more easily 
dissociated, that is they are electrically weaker; the spark passes 
bhrough them, and the same process is repeated until the spark 
reaches the positive electrode. 

The explosion which takes place when the electric field gets 
iischarged is perhaps one of the reasons why polarization is not 
produced by the passage of an electric spark through a gas, as 
t is when an electric current passes through an electrolyte, though 
according to our view, the process in both cases is very much the 
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same. The polarization in an electrolyte is due to the preaenoe 
of the products of decomposition on the electrodes ; if we had any 
mechanical appliance to wipe them off as fast as they were formed, 
or if we could prevent them from settling on the electrodes, we 
should get rid of polarization. Now this is just what is done 
by the violent explosion which takes place when the spark passes^ 
the explosion drives the products of the decomposition vioiently 
about, and prevents them from settling on the electrodes, so that 
in this case we should not expect any polarization. 

The only assumption we have made about the electric field is, 
that in it there is polarisation of the motion of the ether. 
Now the motion of the ether must depend to a certain ex- 
tent upon the motion of the molecules moving about in it 
This is very clearly seen in the case of the vortex ring theoiy 
of matter, and would seem to be a necessary consequence of 
any conceivable theory of the relation of matter and the sur- 
rounding ether. Thus whenever we have a polarization of the 
molecules we should expect a polarization of this motion of 
the ether. Now though it does not follow that the polarizatioii 
of the ether is always accompanied by electrostatic effects ; — ^the 
existence of permanent magnets with presumably a polarized 
arrangement of molecules, and therefore a polarized arrangement 
of the ether surrounding them, without any corresponding electro- 
static phenomenon, seems to shew that it is not — yet if we consider 
the system of polarized molecules with which we are acquainted, 
we shall find that in nearly every case they are accompanied by 
electric phenomena The property of exhibiting pyro-electric 
phenomena which all crystals seem to possess, shews, according to 
Sir WilliamThomson's view of the phenomenon, that in crystals the 
polarized state of the molecules is accompanied by electric polari- 
zation. 

Again, the Thomson effect in thermo-electricity i.e. the pro- 
duction of electric effects by the polarized motion of the molecules 
of a body consequent upon differences of temperature in the body, 
shews that in this case the polarization of the molecules is accom- 
panied by electrical phenomena. The production of currents in a 
solution of varying strength, the phenomenon of galvanic polariza- 
tion, the electrification of bodies by strain, the effects produced 
in thermo-electric circuits by inequalities in the strain or state of 
magnetisation, are only some among many of the instances when 
a polarization of the molecules is accompanied by an electrical 
effect. 

These considerations would seem to have an application to 
the electric discharge at low pressures. Let us suppose that the 
electrodes are plates, as in the experiments described above, and 
suppose the pressure is so low that the discharge spreads to a 
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considerable extent over the surface. Then in the gas between 
the electrodes we have, when the discharge has just commenced 
next to the negative electrode, a region where the electric field 
has been discharged, and beyond this a region where the molecules 
have not been dissociated but into which a few atoms from the 
dissociated molecules have been projected by the explosion con- 
sequent upon the electrical discharge. Now in the region next 
to the negative electrode the molecules are in a polarized state, 
since those molecules which were moving in a deiinite direction 
have been dissociated. We may expect this polarization of the 
molecules to produce an electric field, the effect of which on the 
field, away from the negative electrode, is of an opposite character 
to that of the original field which produced the electric discharge ; 
if it produced a field of the same kind in this region there would 
be instability. 

Thus the field outside this layer will be less intense than 
the original field inside it, or than it was outside before the layer 
of gas next the negative electrode broke down, so that if it did 
not break down at first, it is not likely to do so afterwards. This 
would evidently have a tendency to confine the discharge to the 
neighbourhood of the negative electrode, which was a prominent 
feature in our experiments with air and coal gas. 

Actual measurements by Hittorf and others of the electric 
force in a discharge tube of the ordinary kind have shewn that 
this force is very much less outside the first luminous patch which 
we meet with as we travel from the negative electrode, than it is 
between this bright patch and that electrode, and this being so it 
is easy to understand why the discharge should be greatest near 
the negative electrode. 

We shall now go on to apply the views we have been dis- 
cussing to the case of the electrical discharge through a gas at a 
low pressure, say less than 2 mm. of mercury. Before doing so 
however it may be convenient to describe the phenomena observed 
when the discharge passes through a tube filled with such a gas. 
Suppose we start from the negative electrode; in contact with 
this we have a bright glow whose spectrum does not bear much 
relation to the gas in the tube, it is presumably due to gas 
absorbed by the electrode or by glowing matter from the elec- 
trode itself. Next to this we have a dark space whose dimensions 
depend upon the density of the gas, getting larger as the density 
diminishes ; next to this we have a luminous mass of gas whose 
spectrum shews bright lines and whose dimensions depend upon 
the shape and Hze of the electrodes and the density of the gas ; 
next to this we have a non-luminous space, for which the name 
dark interval has been proposed by Dr Schuster ; after this we 
have a glow often striated, reaching up to and touching the positive 
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electrode. At very low pressures there are luminous rajs 
start from the negative electrode in a direction nearly at ligbt 
angles to it, and travel on in this direction until they meet tiie 
glass tube which fluoresces brilliantly at the places where the 
rays strike the glass. 

Let us now consider from our point of view what haj^iem in 
the tube. The gas near the negative electrode gets decomposed, 
and the explosion which occurs when the decomposition takes 
place drives the dissociated atoms about, these after going for 
some distance recombinei giving out as is usual when gases 
combine light and heat. The dark space corresponds to the 
region when the dissociated atoms are moving about, the Inrai* 
nous glow to the space within which they are recombining. The 
distance through which the molecules must travel before they 
recombine must evidently depend upon the density of the gu^ 
for the smaller the density the fewer atoms will a given atom 
meet with in a given distance, and so the fewer chances it has of 
entering again into combination. Again, the number of coUisioiis 
which on an average an atom must make before it recombines will 
depend on the nature of the gas — if the atoms of the gas have 
a strong affinity for each other fewer collisions will be needed 
than if the affinity is weak, so that the dimensions of the dark 
space will be a smaller multiple of the free path in the first case 
than in the second. Crookes found that the dimensions of the 
dark space in carbonic acid gas was a smaller multiple of the free 
path than that in hydrogen. We must however remember that 
the free path we are considering is not the free path of the 
molecules but that of the dissociated atoms, and about this we 
have no direct evidence ; again, the disturbance produced by the 
discharge will no doubt influence the free paths, so that we cannot 
expect to be able to calculate with any accuracy the dimensions of 
the dark space from the length of the free path. 

The electromotive intensity outside the negative glow is much 
smaller than that inside, and the molecules are not so easily 
decomposed as they are near the negative electrode, so that in 
a region outside the negative glow we have no decomposition of 
the molecules at all; this region would correspond to the dark 
interval. 

Let us now consider what takes place at the positive electrode: 
the molecules there are accordine to our view not so easily de- 
composed by the electric fleld as those near the negative electrode, 
and it may be that, as in our experiments with the parallel platen, 
we can arrange matters so that practically all the discharge takes 
place at the negative electrode ; in general however the conditicMis 
will not be such that the phenomena at the two electrodes ace 
contrasted so much, there will be more molecules decomposed at 
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be negative electrode than at the positive, but there will still 
lowever be some decomposed at the positive. The molecules 
rhich are decomposed at the positive electrode are those moving 
way from it, for the molecules which are dissociated are those 
fhich are moviug along the lines of force, and the lines of force 
toint away from the positive electrode. Since the molecules will 
lave to move some distance before they are decomposed, the 
decomposition will take place some little way from the positive 
lectrode ; the explosion produced by the discharge will drive the 
iiasociated molecules in both directions, so that some will be 
[riven towards the positive electrode and will recombine them, 
o that if the distance which a molecule has to travel before it 
3 decomposed be not too great, the luminous glow will extend 
ight up to the positive electrode. If the field be uniform this 
^low will stretch away from the positive electrode, and we shall 
lave the glow which we observed in the experiments with parallel 
dates when we used electrically weak gasea 



The very interesting experiments of Dr Schuster on the electric 
iischarge through mercury vapour which is monatomic, and there- 
ore cannot be dissociated, shews that though in this cajse the 
dectric discharge presents quite different characteristics yet it 
;till exists. The electric field is still discharged, though with great 
lifficulty, so that there must be other means of electric discharge 
resides that of the decomposition of the molecules. 

What is essential for the electric discharge is that there should 
>e some means of dissipating the energy of the electric field; 
he decomposition of the molecules is one way, and we have seen 
hat there is considerable evidence that part at least of the energy 
n the electric field is dissipated through this channel, the fact 
»hat the discbarge takes place through mercury vapour shews 
»hat there must be other means of dissipating the energy. The 
me that, seems most obviously suggested by what is perhaps the 
nost striking feature in the discharge, the luminosity, is that the 
mergy is dissipated by radiation. We shall consider some of the 
consequences of supposing that this is the case. When a system 
>f molecules is acted on by any system of forces, the kinetic theory 
>f gases tells us that the distribution of kinetic energy among the 
nolecules is exactly the same as if no forces acted upon the 
nolecuies provided the temperature is the same. So that the 
>nly effect which could be produced by the application of a system 
>f forces to a collection of molecules is one that would shew itself 
3is a rise in temperature, the distribution of kinetic energy being 
% function merely of the temperature and not of the applied forces. 
Now the radiation presumably depends upon the distribution of 



408 ^Tof. Thomson, On some experiments on the [Maj 10, 

kinetic energy, so that the radiation of a system of molecules 
is not altered by the application of a system of foices, proTided 
the temperature be not altered ; but the temperature of the mole- 
cules in the electric field is only altered slightly, if at all, before 
discharge takes place, so that the radiation from the molecales 
can only be slightly affected by the electric field, and there 
will only be very little if any additional loss from radiation. 

The above results however are only true when the applied 
forces are not intense enough to produce in the intervals between 
two or at most a small number of collisions a velocity in a oo- 
ordinate of any type, which is large compared with the aven^ 
value of that velocity at the temperature of the gas. 

When the forces are intense enough to do this in a coordinate 
of any type it is obvious that the energy of this type will be 
radiated away enormously more quickly than it would have been 
if the same amount of energy had been acquired by the molecnle 
so slowly that it had had time to get distributed by collisioDS 
among other molecules. Let us apply these considerations to the 
electric field. 

When the intensity of the field is small, the increase in tem- 
perature produced by it must be very small, otherwise it would 
have been observed, hence the energy lost by radiation will be 
very small, and the gas will insulate almost perfectly. When, 
however, the field gets so strong that in a space comparable with 
the free path of a molecule it is able to generate in some co- 
ordinate a velocity which is large compared with the average 
for that temperature ; then since the molecule will have to make 
many collisions before this coordinate is reduced to its average 
value, and since it is losing energy by radiation all this time, 
there will be a considerable dissipation of energy, and therefore 
an electrical discharge. A numerical calculation will shew that 
enough energy to discharge the electric field might easily be lost 
by radiation. 

In air, at the atmospheric pressure, the maximum electrostatic 
energy which can exist without there being an electric dischaige, 
is about 500 ergs per c.c, now the energy required to raise the 
temperature of 1 c.c. of air at the atmospheric pressure 1 d^ree 
is about 15000 ergs, and the temperature of the gas would not 
have to be raised very much for it to lose its heat at the rate of 
1 degree per minute ; so that if in the electric field the mole- 
cules on the average radiated ^ as much as the gas at this 
temperature the electric energy in the field would be dissipated 
in one minute. At lower pressures the radiation would not have 
to be nearly so much, for until we set near to the critical pres* 
sure, the electro-motive intensity which the dielectric can stand 
decreases almost as fast as the pressure, and $ls the energy in the 
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field varies as the square of the electro-motive intensity, the ratio 
of the greatest .possible electro-static energy to the amount of 
energy required to raise the temperature of the gas 1 per cent, will 
diminish very rapidly with the density, so that the capacity of 
radiation to dissipate the electrical energy will incretise as the 
pressure diminishes 

The discharge would also take place more readily at low 
pressures than at liigh ones, for at low pressures the free path 
18 greater, and therefore the electric forces have a better chance 
of producing that abnormally great velocity which is necessary for 
radiation, and in addition, the collisions are not so frequent; so 
that when it has got it, it does not run so great a chance of losing 
it by collision with other molecules. 

The discharge by radiation will be much more continuous than 
that by the decomposition of the molecules, and probably a much 
larger number of molecules will participate in it. 

The decay in the energy in the medium will destroy the 
equilibrium of the stresses, which according to Faraday and 
Maxwell, exist in the medium, but as the decay is much slower 
than if the energy were dissipated by the decomposition of the 
molecules, the motion of the dielectric which the disappearance of 
the stress produces will be much less violent. 

Whether the discharge of the electric energy takes place by 
radiation or by the decomposition of the molecules will evidently 
depend very much upon the nature of the gas ; if the gas is one 
whose particles are easily dissociated, then we should expect the 
discharge to take place chiefly by the decomposition of the mole- 
cules ; if, however, the molecules are dissociated with great di£Sculty 
then we shall expect the discharge to take place chiefly by radiation. 
From what we have said, it will be seen that the discharge is more 
likely to take place by decomposition at the negative than at the 
positive electrode; so that we may have a case where the discharge 
is by one means at one electrode and by the other at the other elec- 
trode. This I think may be the reason why stratifications are pro- 
duced more easily in the electrically weak gases, such as the vapours 
of turpentine and alcohol, than in those which are electrically 
stronger, for according to our view of striae, their formation depends 
upon the decomposition of the molecule, and at the positive elec- 
trode the discharge does not take place so easily by this means as 
it does at the negative ; so there would be a greater tendency for 
the discharge to take place in the other way, whatever that way 
may be, and the formation of the striae would be much facilitated 
if the molecules of the gas were easily decomposed, as gases of 
complicated chemical constitution usually are. 
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(2) On an experiment in Ventilation. By W. N. Shaw, ILA. 

This paper results from an attempt to improve the ventilatiQii 
of the Biological Lecture-Room of the New Museums in oider 
to make the room serviceable for lectures to lai^ classes tat 
consecutive hours. 

The room is of the ordinary lecture-room shape* a rectai^lar 
room partly filled by raised seats so that the lon^tudinal secdoo 
would be somewhat as represented in Fig. 1 ; A,B,C,D being the 

Pig.l. 




rectangular outline and E, F the slope of the line of seats. There 
are two doors in the North wall near the comers B, C, that near C 
opening into a passage under the higher seats, represented by 
HOK. There is another door in the East wall near the corner 
diagonally opposite to the door C. The room is heated by a row 
of hot-water pipes cased in wood running alon^ the floor on the 
South side, immediately under the row of windows in the same 
wall by which the room is lighted. 

The means of ventilation hitherto provided consisted of two 
Tobin inlets T^ T m opposite comers, and two exhaust ventilaton 
F, F. 

The Tobin T in the comer B of the North and East walls 
is one square foot in area and is supplied by air &om the space 
underneath the floor of the room, communicating with the out- 
side by a number of open grids. In this space there are numerous 
hot-water pipe connections so that the air delivered by the 
Tobin is warmed, and enters the room at a temperature of about 
80' F. 

The other Tobin, in the opposite comer where the passage 
turns to enter the room, is about 12" x 13" in area and com- 
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municates directly with the outside air, and consequently delivers 
cx>ld air. 

The ventilators V, V are not far from the middle of the two 
end walls and close to the ceiling. 

The accepted theory of ventilation upon which this arrange- 
ment is based is that a source of heat in the room warms the 
air, which rises to the ceiling and passes out by the flues of the 
ventilators V, V. The sources of heat in the room in question 
may be taken to be the lecture class. The air which they have 
used will according to this theory rise to the ceiling and be drawn 
out by the ventilators as desired, its place being supplied by fresh 
air delivered by the Tobins. 

Other sources of heat which should produce a like effect 
are the hot- water pipes; these, by the simple application of the 
theory, should cause the air near them to rise and pass out by the 
ventilators in like manner. That this is not the case is clearly 
shewn by the fact that the room is rather more than comfortably 
warm; but the row of windows above them would produce an 
opposing downward current and may very easily account for the 
diffusion of the hot air produced by these pipes. 

The general theory of ventilation has been illustrated by 
various lecture-room experiments and I found some additional 
ones in endeavouring to trace the course of the air which 
the Tobins T, T supplied to the room. For this purpose I 
used a gold-beater's skin balloon filled with gas only to such 
an extent as to make it as nearly as possible of the same density 
as the air of the room. On placing this over the Tobin T^ 
which delivered warm air, it rose at once to the ceiling and very 
slowly made its way along there, so that we may conclude that this 
air passed at once to the ceiling and there formed a warm layer. 
The cold air from the Tobin T on the other hand carried the 
balloon downwards to the floor at once and it then passed along 
the passive towards the door at C. If placed close in the comer 
over the Tobin, the current of incoming air raised it about 3 feet 
and then carried it over, but the impression conveyed was that 
the air behaved very much like water flowing over the top of the 
Tobin. 

I did not find it possible by means of the balloon to trace the 
course of the air far along the ceiling or floor respectively. The 
only other additional current was one from the passage up the 
stairs leading into the room. At the ceiling over the seats the 
air seemed almost motionless but the fieict that the ventilators 
were active was amply evidenced by the balloon being firmly 
held against them when brought near to them. 

It would appear therefore that, whatever happens to the 
vitiated air, in actual practice and in accordance with the usual 
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theory, the warm air supplied by the Tobin T does pass to the 
ceiling and that the ventilator V derived a large part of its 
supply directly from that source, and that this Tobin was practically 
useless as a means for renewing the air of the roonL 

The theory of ventilation is no doubt applicable in cases like 
the one mentioned, in which the source of heat heats sufficient air 
to form a steady convection current, such as would be generated by 
the hot air in the shaft of the Tobin T, or by means of a gas 
flame, but with some hesitation I offer the following reasons for 
regarding the diffusion of air surrounding persons in a room as a 
much more complex phenomenon; which in a case like the one we 
are considering would result not in a transference of the bad air 
to form a layer along the ceiling leaving fresh air beneath, bat in 
a local circulation i.e. passing upwards for some short distance and 
then sinking again over the space not occupied by the audience. 

The air which is respired does not rise upwards without mixing 
with the surrounding. We mi\y form some idea of the rate at 
which mixing goes on from the fact, that, in breathing into a 
cold room a cloud is formed which disappears almost instantly, 
shewing that the. air has become sufficiently mixed to take it 
above the saturation point by the time the expiration is completed. 
Assuming that 30 cubic inches are expired and that these contain 
4 p. c. of carbonic acid and are saturated with moisture at the 
temperature of 35" C. and breathed into an atmosphere of 15*C 
I find that in order to reduce it to air which is just saturated 
its volume must have increased to nearly twice its original value. 
Its temperature would then be 28° C. and its density -96 of that 
of the surrounding atmosphere, thus giving a lifting force on each 
gramme of air of about 3 centigrammes; this would be veiy 
rapidly diminished by further mixing. Moreover the moist air 
would rapidly radiate heat through the drier surrounding air 
and approach very nearly to its temperature, so that before it 
had been raised any considerable distance its lifting force, due 
to difference of temperature, would have become inappreciable. 
It would have become generally diffused at some small height 
above the people at the same temperature as the surrounding air 
and would be loaded with carbonic acid, which would render it 
heavier, and thus unless mechanically removed it would tend to 
sink and replace the colder air taken from below to supply its 
place when it originally rose. 

In the Biological lecture-room the mechanical effects of the 
ventilators and the cold Tobin T would interfere to some extent 
with the establishment of the circulation in question, and the 
effect may not be so readily perceived as in some other instances, 
such as the lecture-room of the Cavendish Laboratory, which 
furnishes a very good example. In that lecture-room a dozen 
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persons sitting on the raised seats under which are hot-water pipes 
are sufficient to make the atmosphere behind the lecture-table 
quite appreciably foul. I have in contemplation some experiments 
to shew the existence of this circulation but I have not yet bad 
time to complete them. 

That hot air projected into cold does not rise with any 
^reat rapidity is further illustrated by the steam which issues 

from locomotives, which, although very much heated when ejected, 
lies on a still day very little above the train level, and 
contrasts remarkably in its behaviour with the vortex ring of 

steam that is sometimes seen and which penetrates the air with 

much greater rapidity. 

These considerations tend to shew that the circulation of air in 

a room cannot be regarded as a simple case of convection current; 

probably in many cases the result depends more upon diiFusion 

than convection. 

The ventilation of the lecture-room might be considered to 

have been faulty in these respects : — 

(1) The hot-air Tobin T delivered its air direct to the 
ceiling and there formed a layer ; a large part of it probably 
escaped directly by the ventilator V, 

(2) The row of hot pipes also produced an upward current, 
warming some of the air supplied by the -cold Tobin T and 
sending it direct to the ceiling. This as stated would be to a 
certain extent remedied by local circulation produced by the 
windows. 

(3) The foul air immediately over the audience probably 
formed a circulation of its own; part indeed escaping by the 
ventilator V, and the rest falling upon the lecturer. 

There are two acknowledged principles of efficient ventilation, 
the first to supply fresh air in such a way that the position it will 
take up is known, and in such quantity that it must extend 
rapidly enough over the whole room, and then to let the foul air 
find its way out ; the second to remove the foul air by means of 
exhaust pipes drawing air from where it is known to be foul 
and leaving the fresh air to find its way in. In altering the 
ventilation of the room in question I have endeavoured to secure 
the advantages of both these methods in the following manner. 

The Tobin T forms a layer of hot air at the ceiUng. I have 
prevented this escaping by covering the ventilator F by a 
wooden shaft attached to the wall which has an opening 24"" x 14'' 
inclined at an angle of 45^ to the wall about 6 feet above the 
floor. The layer of hot fresh air must therefore gradually thicken 
and in time fill the room (neglecting that part of it which will 
escape unused by the ventilator V). This is the application of 
the first method. 
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To secure the advantages of the second method I bare laid 
an open tube 24" x 12'^ one opening of which is horizontal and is on 
the level of the rail of the partition between the lecturer and 
the audience and just behind that partition, the other opening 
is in the boiler room where are the two furnaces of the hot-water 
apparatus of that part of the building. By closing the door of 
that room and measuring the amount of air which went throo^ 
the window to supply the fires I had calculated that I could 
by means of this tube extract 18,000 cubic feet of air per boor 
from a part of the lecture-room where the air was certainly 
impure. I had intended to increase the hot air inlets by adding a 
Tobin between two windows on the south side connected with 
one part of the case of the hot-water pipes, providing the opening 
to the outside air in another part of the same case, bat this has 
not yet been done. 

The present arrangement of exhaust and supply Tofains may 
therefore now be represented by Fig. 2. 

Fig. 2. 




Tand T are the old Tobins, Fthe new position of the ventilator 
in the east wall, V the ventilator in the west wall as before. 
W the new tube connected with the furnace room. 

I have made some measurements of the amount of air whidi 
passes through the various openings, first with the new shaft open 
and secondly when it is closed. The results are given in the 
following table. The cubical content of the room is about 36000 
cubic feet* 

The measurements were taken by means of a Gasella wind- 
gauge. They are of course very rough and especially so in the 
case of the inlets, the rate for which varied very considerably with 
the wind. It will be seen that the new shaft does very much what 
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it was expected to do in the way of extracting air, and that 
without interfering with the action of the veotilators, which still 
behave as exhausts. 







Inlets. 






Oatlets. 






T 
12" X 12" 


r 

12" X 18" 


TotaL 


W 

18" X 12" 


V 
24" X 14" 


22" X 10" 


Total. 


Airpassing 
in cu. ft. 
per hr. W. 
open. 

Airpassing 
in cu. ft 
per hr. W, 
shntw 


1 

5480 
4920 


13200 
11580 


18680 
16600 


18960 



13080 
14520 


9000 
8280 


41040 
22800 



Besides the Tobin inlets I have found that when the shaft W 
is open, there is a supply of air from both the dooi*s at B and C, 
but an outlet to the door in the comer opposite to (7. When the 
shaft is closed there seems to be a reversal of the currents, under 
the doors at B and (7, so that in the one case the staircase outside 
is fed by the lecture-room and in the other the reverse is the case. 
This may account for some of the very large difference between the 
exhaust and the inlet measurements. 

The effect upon the atmosphere of the room is of course not to 
be expressed by measurement; the reports however of some of 
those who use it seem to shew that the experiment has to a 
certain extent succeeded. 

In the report of the Parliamentary Commission on warming and 
ventilation of dwellings (1857), Boscoe gives the amoimt of air 
required per person for continuous occupation of a room as from 
15 to 20 cubic feet per minute. This would require for a lecture- 
room, occupied by a class of 100 persons, from 90,000 to 120,000 
cubic feet per hour, so that the exhaust at present operative of 
41,000 cubic feet is still deficient. 



(3) On the series for e\ log, (1 ± x), (1 + x)' 
Hill, M. A 



By M. J. M. 



The object of this paper is to give a proof of the series for 
log;,(l ±x), which does not employ the method of indeterminate 
coefficients nor the method of limits. 

The necessary work nearly completes a proof of the Binomial 
Theorem which does not involve the principle of permanence of 
equivalent forms. 
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The whole investigation being based on the Elxponential 
Theorem, the writer has developed a proof of this theorem dis- 
tinctly indicated, but not fully set forth, by Sir W. R. Hamilton in 
his Theory of Conjugate Functions or Algebraic Couples in the 
Transactions of the Royal Irish Academy for 1837 (pp. 411 — 412). 
As the writer has not seen this proof in any text-book, the Gam- 
bridge Philosophical Society may consider it worth printing. 

The Binomial and Multinomial Theorems for positive integral 
indices will be assumed to be known. 

Art. 1. The proof of the Exponential Theorem proceeds very 
nearly after the manner of £uler*s proof of the Binomial Theorem, 
except that here the equation 

/(m) x/(n) =/('m + n) 

where /(m) = 1 +w + 777+ ... +— r + ... 

is directly proved. 

Art. 2. The identity of the series 

iC fx of af^ Y 

■'■r!Vl"*'2"'"3'*'"7"*"" 
and the series 

2! r! 

is established. 

Art. 3. Putting in the identity of the last article, n = 1 ; using 
the Exponential Theorem, and the known expression for the sum 
of a Geometrical Progression, it is shewn that 

1 —a; 

X of of 
whence T "^ 9 "*" T "*"*'* ~ ""^^S* (^ " ^)» 

which is the logarithmic expansion. 

Art. 4. Making use of the Exponential Theorem and the 
result of the last article, the first series in Art. 2 may be written 

/-. \-« , 7i(n + l) • w(w+l) ... (w + r— 1) - . 
.-. (1-a;) "=l-4na;+— ^2^^— V+... + -^^ '—^^ V+... 

nvhich gives the Binomial Theorem. 
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Art 1. The Exponential Theorem. 

(a) Let f{rn) denote the series l+m + x-j+...H — r+... 

It is required to show that whatever m and n may be 

/(m)x/(7i)=/(m + n) (A). 

Let the coefficient of mV be calculated on both sides. 

On the left hand it is -j . — , . 

On the right hand the term mV can only occur in the term 
T— • Its coefficient is therefore — : — r . — ; — r' . 

The coefficient of any term mV being the same on both sides, 
the equation is demonstrated. 

ifi) Now suppose X a positive integer, then 

[f[l)Y =/(!) x/(l) x/(l) X ... until there are x factors 
=f(x), by repeated use of the equation (A). 

(7) Next let re be a positive fraction - , where p and q are 
positive integers ; 

.••/H=/(f). 

But/[^j x/T- j x/f^j X ... until there are q fitctors, 

— /(P)» ^y repeated use of the equation (A), 

= [/(I)]', by the previous case since ^ is a positive integer; 

••• [/(!)]'= [/(I)]'. 

••• /(f) =[/(!)]'. 

•■• /W =[/(l)?. 
(S) Lastly, let x be negative and = — n, so that n is positive. 

Then /(- n) x/(n) =/(0), by equation (A), 

= 1, 
1 

VOL. V. PT. VI. 29 
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1 1 

.-. / (^) =/(- w) =^ = [J^Y ' ^^ *^^ previous case 

= [/(!)]"*> ^y ^'^e definition of a negative index 

= [/(I)]' 

Hence whatever x may be 

/W = [/(!)]". 

But /(I) = 1 + 1 + Q-j + qj+ ••• which is usually denoted by 
the symbol e, 

213! r\ 

whatever x may be. 

The series is convergent so long as a? is finite. 

Art 2. It is required to establish the identity of the series 

and ^^^l-nin^D.^jn + r-l)^ 

r=l T\ 

the summations being effected for all positive integral values of r. 






+ 



n^ (X ^ a? ^ oT V 

+ 

Let it be written for brevity c^ + cjc + c^a? + . .. + c^sf + ... 

Then c- = w . - 
•^ r 

.•,«S__J L__ where l^''"'*"^''*"*"-^'^"''' 

^rft-r4 ,.^ , where {^"» + ^+-+^'==:' 

+ 

^rn^ i.iTo;^>^hereP«* + ^ 



1886.] e, log, (1 ± x\ (1 + xy. 419 

The S in each case denotes summation for all possible solutions 
of the corresponding equations in a^, aj...a , in which each of 
these quantities have any positive integral values between and r 
inclusive. 

Remembering that r = la, + 2a, + . . . + ra^, 

multiplying both sides of the equation for c^ by 

r _ la,-h2gg-h ... -fra^ 
n n ' 



n 



l^rit la > + 2s+>-> .±Zgr_ where l^'^^"^^'^'"^-"*"'''^^"''' 
^^^ a,!a,!...aJli2-....7-' ' ^'^^^^ t a,+ a,+ ...+ a, = 2 

^ ^ a,Ia,!...a,llt2-....r«' ' ^'^^'^^ | a,+ a, + ...+ a, = 3 
+ 

^1^ la^-f-2a ,+ ... + raf^ , fla, +2a,+ ... +ra^ = r, 

a,Ia,!...a,I 1*»2«« ...r*' ' ^ ^"^ I aj+ a^+ ...+ a^-r. 

Now the coeflScient of rC"*'^ is 

3 K + 2i,+ ...+rg, where l^^*'*"^'''"*" •••■*■ ^*'"^' 
aj a,!...a^! l*»2««...r^ ' 1 <^i+ a,+ ...+ a^ = r — «, 

the summation extending to terms corresponding to all possible 
solutions of the equations in a^, a, ... a^, where these quantities have 
any positive integral values between and r inclusive. 

Suppose that in one set of values of the quantities a,, a, ... a^, 
which satisfy the equations, the value of a^ is not zero (the value 
of any or of all the remaining quantities a, ... a^^^^a^^^ ... a^ may be 
zero), then the corresponding term is 

la, + ... + (^ - 1) q^^ 4-<ge +{t + Vj g^^-i + "'•¥roL^ 
a,l...a^Ja,!a^J...a^!l«t... (^-l)**-^^ (<+ l)-^^.../-* ' 

This breaks up into the sum of terms, of which 

t^ 

aj!...a^,! a,! a^j!...a^! l*i... (^^ - 1)«« >^ (i+ l)»*+»... r*'- 

is a type ; and this may be expressed thus 

1 

a,! ... a^j! a,- 1 ! o^,! ... a^l 1*» ... (« - l)«*->^-H* + 1)"*^* ••• ^ * 
Now putting 

29—2 
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this becomes 

1 

which is of similar form to the terms in the coefficients of the 
powers of n in the expression for c^, but here 

= la, + ... + (« - 1) a^, +«(a,- !) + (< + 1) a,« + ... H-n^ =:r- 1 
and ^i+...+A-i+^r + ^m+---+^r 

In these equations t must be > 1, and also since none of the 
^s are negative and one at least must be positive 

.\ r^s—\ <r—t, ' 

,\ t<s + l. 

Hence 1<^<5+1. 

Hence on breaking up all the terms included in 

V la, + 2a,+ ... +ra, ^here l^"*"*"^^*"*" •••■^''*'"^' 
Oj! a,!... a^! l»»2*«...r*' ' 1 «i+ «,+ •••+ a, = ^ — «. 

there is obtained the sum 

t 



/3,!/3,l...yS,llft2'^...rfr' 
where m + 2^,+ ...+r^, = r-e, 

1<^<« + 1. 

And in this last summation terms corresponding to all possible 
solutions of the equations 

/3i+ /S. + .-.H- )8, = r-«-l, 
1<^<« + 1, 
are included. 

.For take the solution /8j = 7i, /8j = 7j, ... A = 7„ ...)9^ = 7,, 
then 

.l7i + 27, + ... + e7,+ ... + r7^ = r-e, 

7i+ 7i+'-+ %+-•+ 7r = ^-«-l» 
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ivliich can be re- written in one way only in the fonn 

l7i + 27, + ... + < (7, + 1) + ... +r7^ = r, 

7i+ 7,+ ---+ (7r + l) + ---+ 7r = '^-«; 
showing that the term corresponding to the solution 

^l = 7i» ^» = 72»--- A = 7«>--- ^r = 7r» 

c&n be derived by breaking up that term in 
S ,^'- + ^"' + '; -±!g^, where jl«. + 2a.+ - +"r = r, 

for which ai = 7i, aj= 7,, ... o'i = 7t+l, ••• ar = 7r; *"^^ '''^"^ *^*^ 
term only. 

Hence the coefficient of n'"'~* in — '' is 

n 



for all possible solutions of the pairs of equations 

and l/8, + 2/8,+ ...+r)8, = r-l;; 

or /8, + )8,+ ...+)8^=r-«-l 

and l;9^ + 2)8,+ ...+r/8, = r-2; 



or /8,+)8,+ ... + /8, = r-s-l 

and l^, + 2i8,+ ...+r)8,=r-^; 



or )8j + /8,+ ...+)9^ = r-s-l 

and 1/8, + 2/8, + ... + r/S, = r - 5 - 1. 

Now consider the coefficient of n*"''^ in 

Cj + Cj + Cj + ... + ^r-1 • 

It consists of parts contained in 

c,_.., + c,., + c,_^, + . . . + c^_,. 
Therefore 

/remembering that the coefficient of n" in c^ is \ 

( ^ 1 where fl«, + 2». + ••• + ?«, = ? ). 

\"'a,! a,! ... 0,! l.'2«»...<^ ( a,+ a,+ ...+ a,=p/ 
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the coeflScient of n'""' 

. ^ 1 1 

m c,...,is Z^, ^^ ^ , . j^ (^_,_i)^-... 

^ 1 1 

"^ "'- "* ^ a.t. a,.. ! • 1- (r - »^-. 

where fla,+ ... 4-(r-«)«,.. = r-, 



in c^., IB 



where 



a,! a^.,\ ' 1*^ (r-Q-v- 



I flj + ... + a,. J 



m c^.i IS 



where 



u 



1 



! 



or^.i! ■ !•» (r -1)^-1 



= r — « — 1* 



aa^-^- .,.^^■{r- 



Now consider the equations 

which written more fully are 

1/9^ + 2/9,+ ... +(r-0/8,., + (r-« + l)/8,.^, + ...+r/8, = r-< 

In these it is impossible that 

Pr-t+19 Pr-t{%> '" Pr 

can be different from zero, for if any one of them were, the left- 
hand side of the first of these equations would be greater than the 
right, because none of the fia are negative. 

Hence these equations have the same solutions as the equatioDS 
l/3, + 2y9, + ...+(r-0A., = r-< 

(leaving out of account the zero values of fi^-t+iy /8,-*+i ••• firy ▼hich 
in no way affect the terms following the symbol S in the previous 
part of the investigation). 
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Hence the equations 

1/8^ + 2^9, + ... +r/8, = r-« 

have the same solutions as the equations 

la, + 2a,+ ... + (r- a^-* =^- < 
a, + a,+ ...+a^.e =r-«-l, 

where 1 < < < « + 1. 

Hence coefficient of vT^^ in — ^ is the same as in 

n 



Co + Ci + C, + ...+C^_j 



re. 



Hence coefficients of all powers of n are the same in — ^ and 

c^ + c, + c,+ ...+c^.i; 

-—- — Cjj + c, 4* Cj 4* . . . + c,-i> 

, (»' — l)c,_, 
whence ^^ ^ - =Co+Cj + c,+ ... + c^_j; 

.-. rc, = (n + r--l)c,.i; 

_w + r— 1 _n+r— 1 n+r— 2 _ 



w+r— 1 w+r— 2 n 



tC„. 



r • r-1 •"l"" 

But c, = l; 

_ n (n + 1) . . . (n + r — 1) 
•'• ^' H • 

This demonstrates the identity of the two series in question. 
Art. 3. The Logarithmic Series. 

The series t + -s + ■« + . . . is convergent if «? < 1. 

1. 2t o 

Hence by the Exponential Theorem 

— ij.^^j.^j.'"' ^ ^ ("^ ?* '^ V 
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Putting now n = l on both sides of the identity of Art 2, it 
follows that 

(X a^ ,0^ , \j.^ f^ ^ ^ V 

which is a Qeometrical Progression to an infinite number of term& 
Since a? < 1, its value is :; ; 

i — ^ 

/. log. (H-fl?) = j-'- + --... if x<l. 

Art 4. The Binomial Theorem. 

Taking x<\ 
(1 - a?)"* = e-»i<w.a-«) 

(« 0^ «* \ 
_ ^ i'*"2 + 3 ■*'"7 when a? < 1 by Art 3 



- (X of of \ 



"*" fl (l "*" 2"'' F "*" ■ • 7 "^ ■ ■ ' ^^ "^^ '' 

^n(n + l). (n + r-l)^ ^ ^^^ 

r! •' 

Changing the sign of Xy and putting n^-^m, 
(H-a?)"' = l+?na?+— ^g-j — -^a;^+... 

+ — ^^ r -of^ ..., whena?<l, 

which is the Binomial Theorem. 



1886.] Mr Basset, On the Potentials of Circular Discs. 425 

(4) On a method of finding the Potentials of Circular Discs by 
'means ofBesseVs Functions, By A. B. Basset, M.A. 

1. The present paper was commenced last summer, with the 
object of developing a method for findiDg the potential of an elec- 
trified circular disc by means of definite integrals involving Bessel's 
functions, when the disc is placed in a field of force whose potential 
is given. The same problem has been recently dealt with in a 
similar manner by Mr Qallop in the Quarterly Journal*, but as my 
own method is somewhat more general than his, it may be worth 
while to lay this paper before the Society. 

Let us take the normal through the centre of the disc as the 
axis of z, and employ cylindrical co-ordinates z, p and 0. The 
potential of the field of force may be expanded in a series of terms 
of the type 

/«(^' /))cosm0 (1). 

If F be the potential of the induced charge, V will consist of a 
series of which the term corresponding to (1) may be written 

F« = 2^^(X)€-^j;,(V)cosm0 (2). 

There is nothing to determine the value of X excepting that it 
must be positive on the positive side of the disc, and we must 
therefore suppose X to have all values from oo to 0, and replace the 
sum by a de&aite integral, whence 

V^ = coam<f>r€-^F{X)J(Xp)dX (3). 

At the surface of the disc f^ (z, p) will be a given function of p 
only, say — ^ (/>), hence if c be the radius of the disc, we 
must have 

<i>(p)=rF(\)j^{\p)d\ (4), 

when p<c. 

The density which is proportional to —dV/dz must vanish 
when p>c, hence we must have 



= f'xF {\) J„i\p) d\ (5). 

J 



when p>c; and the solution of the problem consists in deter- 
mining F (X) so as to satisfy (4) and (5) when <f> (p) is given. 

I have only succeeded in obtaining the solution of this general 
problem in the two cases in which m = or 1. The first case can 
be deduced by means of the theorem of Art. 2 and a theorem of 
Mr Gallop's ; the second case is dealt with in Art. 5. 

* Vol. XXI., p. 229. 
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2. The first step is to establish a theorem analogoas to Fooner s 
theorem, for expressing any function in the form of a definite 
integral involving Bessel's functions. The theorem is as follows : 

Ifp and q be any positive real quantities, and <f> (p) ts a Junction 
ich u 



which is finite and continuous for dU values of p which lie 

the limits p and q, but which is not necessarily finite at the liaute, 

then the defi/nite integral 

I d\\ \u(f> (w) J^ (Ku) J^ (Xp) du 

is equal to <f> (p) when p lies between the limits p and q, and is equal 
to zero when p lies beyond these limits *. 

In order to prove the theorem, consider a thin plane conductor 
bounded by two concentric circles of radii p and q, which is 
electrified in such a manner that the density on either side is 
equal to 

The potential will be 

^p r2*-+^ ^ (^) eos m4>dudif> 



■a 



[Z^ + p« + «•- 2pt6C08 (^'-<^)}* 

Let ^' ~" = 17 

IP — p*+u*— 2pu cos iy. 

The second integral vanishes, and the first is equal to 

2cosm^l dKJ dul €''^V4J>{u)cosmffJ^(KR)dfi'f. 
Jo Jq Jo 

Now j; (XjB) = J^ (Xp) j; (Xu) + 22iV« (V) Jm (^^) c^s mv. 
whence F = 2^ cos m^ I dX, I e^^uif} (u) J^ (Xu) J^ (Xp) du, 

Jo Jq 

Thedensifcy —:^^' 

hence this quantity must be equal to ^^ (p) cos m^ when p> p>q, 
and must be zero when p lies beyond the limits p and g, whence 

jdX I Xutf>(u)J^ {Xu) J^{Xp) du = <l>(p) p>p> q (6) 

= P 
or p 

* The particular case of n»0, 9=0, ps=co is given in Heine, KuffetJuncUcmm, 
Vol. n., p. 299. 

t Since /oV^ Jo 0^) <»^ = («• + i?*)"* . 



Z] («-)• 
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3. If a charged conductor of the form which we are consider- 
ing be placed in a field of force, the density will usually be 
infinite at the edges, but dV/dz will always be finite except at the 
edges ; whence although it is necessary that ^ (p) should be finite 
and continuous between the limits p and q, it is not in general 
necessary that it should be finite at the limits. There are however 
two special cases, viz. (i) q^O, p finite ; and (ii) p = co , g finite, 
which require separate consideration. 

The first case is that of a circular disc of radius p ; and if 
^ (p) became infinite when p — 0, there would be a singular point 
at the origin. 

The second case is that of an infinite plane screen having a 
circular aperture, and if ^ (p) became infinite when p = oo , the 
density would be infinite at an infinite distance from the aperture, 
which seems to be physically impossible. 

If therefore in the first case ^ (p) = oo when g = 0; and in the 
second case ^ (p) = oo when p = oo , the theorem could not be 
safely employed. 

It must also be borne in mind that although the reduction of 
the integral in the form given may not always be easy to effect, 
yet as a matter of fact, the integral is really the limit of 

j je-^u<f>{u)J^{\u)J^{Xp)du, 

when z = 0, and we may therefore reduce this latter integral to 
a simpler form, whenever it is possible to do so, and then put 
z = 0. 

4. If 4> (p) IS finite and continuous for all values of p between 
and 00 inclusive, we may put p = oo , j = 0, and the theorem 
becomes 



>ao i>ao 



^ (/))"= 1 d\l \v^ (u) J^ {\u) J^ (Xp) du 
Jo Jo 

for all positive values of p. In order to solve the problem of find- 
ing the potential of an electrified circular disc which is placed in 
a field of force, we must determine a potential function 17^ cos m^ 
which satisfies the conditions that when z = 0, 

U„, = Jn,{Xp) p<c, 

-^ = p>c, 

and the potential of the disc will be 

S cos 7710 I dX \ Ujju^ ( u) J^ (Xu) J^ (Xp) du... .(7). 
Jo Jo 
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The case of m » has been solved by Mr Gallop, who finds that 

C^o— ~ ' i ^M'i e"*** COS \v COS fivJ^(jip)dv (8). 

'f Jo JO 

If therefore we put m = in (7) and substitute the above value 
of U^, we find that the integral 



9 r« /•» r® 

F,= -. dfij d\\ du 
w Jo Jo Jo 



/, 



€""*** \Uf<f> (w.) COS \v COS fjbvJ^ (Xtt) J, (/ap) dr (9) 



satisfies the conditions that 

5. In order to find U^, consider the integral 

TTj = - . I d/x I €""'** sin \v sin /it;Jj (/Ltp) rfr. 
'T Jo Jo 

Now 
I I € "*** COS (iip COS 0) snr OdOdu = / T^f- — = — r-^ 

Jo Jo \r'r f r- J^^ + p^cos^ff 

DiflFerentiating with respect to f, we obtain 

Let f = 5 — AV where t = i^— 1, then 

A I €"*** sin /itn/j (jip) dfi = imaginary part of 

1 Z^LV 

'p' {{z-^ivy + p']^' 
Transform the left-hand side into polar co-ordinates, and put 

iJ cos 2;^ = 7^ - t;", 

R sin 2x —^ ^ c^s Of 
so that iJ « (r* + 1^ + 2r*i;* cos 2^)*, 

and we shall obtain 

f €-'^sin /iv/, (fip) dp^^jy^^ [v (R + r« - v*)* - ^ (jR - r^ + ti^)*}. 

Jo -'^p V^ 
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When z^O and v> p, then 

and the integral vanishes. 
When -? = and p>v, then 

V 



and the integral 



Hence when p<c, the limiting value when z = of the integral, 
T«- _ 2 r** v sin Xvdv 

2X r^ . 

~ Z7 • I VP* — V cos Xvdv 

= J,(X/)). 
Again, 

1 1 /xe"*** sin fivJ. (/xp) d/t = imaginary part of \ -. 

^0 K^-ivr-^pr 



= f,3m3x 



dz 
whence U,^ W,. 



= when z^O and p>v, 
when £: = 0, /) > c, 



Hence, if 

9 /•• r« r« 

F=- . d/x dX du 

^ Jo Jo Jo 

I €"'*'Xw^(w) sin Xv sin /Lti;e7'j(Xu) Jj(/i/)) dt; (11), 

Jo 

then V^ = <f>{p), p<c, z-0\ 

^I-o. ^>-=«| '"'• 

6. If the conductor consists of an infinite plane screen having 
a circular aperture of radius c, the solution can be obtained when 
the potential is S3^mmetrical with respect to the axis of the circular 
aperture. In this case the problem may be stated as follows. 
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It ^ (p) be any given function of p which is finite and con- 
tinuous for all values of p between the limits infinity and c, it is 
required to find a function of F {\), such that 



<f>{p) = l F {X) J^{\p) dK, p>c 

J 







a3). 



0=1 \F(}C}J^{\p)dK p<c 

Jo ' 

7. In the case of m = 0, consider the integral, 

W^—l dfi I €'f^ sin \v sin /ivJ^(jip)dv. 

IT Jq J e 

By a known formula. 

r* 1 

Let (f = if — tv, where i = >/ — 1, then 

i\ €~*^ sin /xr J^ {p,p) dp, = imaginary part of j , 

Jo {(^ - *i^)* + />*]* 

and if we transform to polar co-ordinates, and put 

i2 cos 2;^ = r* — v*, 

R sin 2;^ = 2rt; cos d, 
as in Art (5), we obtain 

j^€ i^smpvJ^[/ip)dp=^ — ^-j^2 

when z^O and /:> > t; the integral vanishes ; but when jr « and 

p<Vy the integral = -. . 

n/v* - /:>■ 

Hence when p>c, the limiting value of the integral W is 

2 r^sinXwiv 
^ ' Jp 7v" ~p' 

= - / sin {\p cosh ^) dtf 
by a known formula. 



1886.] Circular Discs by means ofBesseHs Functions, 431 

Also 

t,\ fie'^ sin fivJ^ (fip) dfi = imaginary part of ^^^ — — . 

Jo {(2;-4t;)' + p'j* 

= -j (« sin 3;^ - 1; cos 3x) 

= when ;? = and p<v, 
/. when £: = and p<c 

^ = 0. 
dz 

A rOD i»oo i.00 

Hence, if F = - I dX I dw / di; 

wjo Jo Jo 

I 6"*** Xw ^ (w) sin \v sin /xvJj, (Xw) J^ {fip) dfi (14), 

then F= ^ (/>) when z = and /:> > c 

dF y (15). 

-1— = when -sr = and p<c 

8. In the last article we have quoted the known formula 

J^ (X) = - f sin (X cosh 6) dO. 
^ Jo 

This result may be easily established by comparing the results 
obtained by integrating the definite integral 

I du I cosa? cos w' (a? — X*) dx 
Jo Jo 

with regard to x and u respectively. If we first perform the 
integration with respect to u^ the result 

_1 /•"'/'* cosxdx 1 /"w f ^ co^xdx . . 

-2 V 2A ^^r^+2 V 2Jo ^^JZ^i ^'^^' 

The second integral on the right-hand side is equal to ^J"^(X)/2; 
and if in the first integral we put ^»Xcosh<^, and afterwards 
make ^ successively equal to 2Xu' and l/2Xu' and add the results, 
we shall find that 

r^co^wd^ r^(^,^.^i\du 
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lu the same way we can show that 

h (a^-x*)^ Jo ^ 
Whence, the right-hand side of (16), 

-yi/>(xv.l.)l%^> a»x 

Now if we integrate the original definite integral, with respect 
to X, the result 

-VI/>(^•»•^^.)f-l^/l/>(^■»•-^■)?■ 

whence by (18) and (19), 







2 r 

= - I sin(X cosh <f>)d<f>. 



9. As an example of the formulse of Art. (4), consider the 
case of an uninfluenced disc which is electrified to unit potential: 
then 



A ^OD ^00 ^OD i«QO 

V^- \ dX I dul dv \ e'^uX cosXv cos/itvJl (Xu) J^ (uv) d'/i. 
"T J Jo Jo Jo 

Now [ U€-P''JJXu)du= ^ — .. 

Jo (X' + zS*)* 

Therefore 

I dul u\ cosXi?J„(Xw)c?X = lim of I — =- 

^0 Jo Uo 03* + X«)* J/i-t 

Put X = /8y, and the integral 

=iin,ofrr^??^l 

Uo (H-j^)iJ/l«0 

= 1, when /8 = 0. 
Hence ^~ *" / sin ficJ^(fip)dfi, 
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which is Weber's result*. This integral can be easily evaluated 
in the form 

F = - sm * 



when jo' = r' + c' + 2rc sind, 

gr^ = r' + c* — 2rc sin^, 
which is the well-known expression for V. 

15tk April, 1886. 

May 24, 1886. 

Pbofessor Foster, President, in the chair, 

Mr H. F. Newall, M.A., Trinity College, was duly elected a 
Fellow of the Society, and Mr Percy Groom, of Trinity College, 
an Associate. 

The following communications were made to the Society : — 

(1) On a New Species of Dinophilue. By W. F. R. Wkldon> 
MA. 

(2) On the life-history of Pedicellina. By S. F. Harmer, B A 

(3) On the organ of attachment of Laminaria buJhosa. By 
Walter Gardiner, MA. 

The author stated that correlated with the flattened stem and 
enormous leaf of this plant there were especial mechanical arrange- 
ments to enable the organism to withstand the force of the wave- 
beats to which it was continually exposed. The additional stability 
was chiefly attained in two ways. First, the flattened stem twisted 
upon itself at its basal portion ; and secondly, there was developed 
just above the root a meristematic ring of tissue which rapidly 
grew out on all sides, until finally in its adult state it formed the 
well-known irregular bulbous structure so characteristic of the 
species. The true root persists for some time, but gradually atro- 
phies and disappears. From the bulbous portion, adventitious 
roots arise which function in every way as root organs, and hold 
the plant firmly to the substratum. 

* Borchardt's Journal, Vol. lxxv., p. 77. See also Heine, Vol n.^ p. 192. 
VOL. V. PT. VI. 30 
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